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Abstract

A typical goal for a gambler facing an online selection problem is to choose the
best element, particularly in comparison to the best hindsight-optimal selection.
This objective is nontrivial when there is high competition for top elements. For
example, highly skilled job candidates are often recruited by top companies, leav-
ing less competitive companies with the remaining candidates. This phenomenon
introduces nontrivial correlations among the remaining candidates; hence, a gam-
bler facing this problem with misaligned beliefs might act sub optimally if she
expects a top element to still be available for selection. Motivated by these con-
siderations, we introduce the residual prophet inequality (k-RPI) problem. In the
k-RPI problem, we consider a finite sequence of n nonnegative independent ran-
dom values with known distributions and a known integer 0 < k < n — 1.
Before the gambler observes the sequence, the top k values are removed from
the sequence whereas the remaining n — k values are streamed sequentially to
the gambler. Upon observing a value, the gambler must decide irrevocably if to
accept/reject a value without the possibility of revisiting past values. We study
two variants of k-RPI, according to whether the gambler learns online of the
identity of the variable that he sees (FI model) or not (NI model). Our main
result is a randomized algorithm in the FI model with competitive ratio of at least
1/(k + 2), which we show is tight. Our algorithm is data-driven and requires
access only to the k 4+ 1 largest values of a single sample from the n input dis-
tributions. In the NI model, we provide a similar algorithm that guarantees a
competitive ratio of 1/(2k + 2). We further analyze independent and identically
distributed instances when k = 1. We build a single-threshold algorithm with a



competitive ratio of at least 0.4901, and show that no single-threshold strategy
can get a competitive ratio greater than 0.5464.
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1 Introduction

The prophet inequality is a classical model in optimal stopping theory [1-3]. In its
simplest form, a finite sequence of n independent and nonnegative random variables
Xi,...,X, is observed sequentially by a gambler. Upon observing the i-th value X;,
the gambler has to irrevocably accept the value and stop the process or reject the value
and observe the next value in the sequence, if any. The gambler’s goal is to devise
an online algorithm that maximizes the expected accepted value. The quality of an
algorithm is measured by means of the competitive ratio which is the fraction between
the expected value obtained by the algorithm and the expected optimal offline value
E(max; X;), the so-called prophet value. The competitive ratio measures the price paid
by the gambler who does not know the entire sequence of values upfront. Surprisingly,
[3], showed that a simple single-threshold rule guarantees a competitive ratio of at
least 1/2 and this is tight. Prophet inequalities have received renewed attention due
to their applicability in posted price mechanisms and auction theory [4-6] and have
become a cornerstone modeling tool for online algorithms in Bayesian scenarios and
resource allocation [7-9].

In this work we introduce the residual prophet inequality (k-RPI) problem: For a
fixed integer 0 < k < n — 1, the k variables corresponding to the top k realizations in
the sequence Xy, ..., X, are removed before the gambler observes the sequence. The
gambler’s goal is to maximize the expected accepted value among the remaining n —k
variables. Since some variables have been removed and the gambler will only observe
the remaining ones, two different models can be considered, depending on whether the
gambler knows the identity of the observed variable at each time or not:

Full-information (FI) In this version, the gambler observes the n— k variables sequen-
tially and upon observing a value, he also observes the identity of the variable.

No-information (NI) In this version, the gambler only observes the n — k remaining
values after removing the largest k values.

Algorithms designed for NI k-RPI imply algorithms for FI k-RPI. Regardless of the
information model (FT or NT), the gambler can only hope to accept a value comparable
to the expectation of the largest value of the n — k non-removed values. This is the
same as the expectation of the (k + 1)-th largest value in the original sequence of n
values, that is, the expectation of the (k + 1) order statistics E(X(;Hl)).l

Given an information model, the competitive ratio of an algorithm for k-RPI is the
ratio between the expected value of the algorithm and E(X(;1)). Hence, a competitive

1We assume that the order statistic of the variables X1, ..., X, are ordered as Xy = -+ 2 X(n)- Note
that this ordering is the reverse of the convention commonly used in the literature.



ratio of v for NI k-RPI implies a competitive ratio of v for FI k-RPI. Likewise, hard
instances for FI k-RPI imply hard instances for the less informative model NI.

The k-RPI problem can be regarded as a robust version of the classical prophet
inequality problem (case k = 0), where high values are impossible to obtain due
to exogenous factors. The k-RPI problem is very general and naturally relates to
problems such as the postdoc problem [10, 11], which have applications in hiring
problems [12-14]. Specifically, one could imagine a gambler attempting to hire an
employee in a highly competitive market where the top candidates are hired by leading
companies, leaving the gambler to select the best applicant from the remaining pool
(see also, [15]). Another related application is in advertising. Several platforms (e.g.,
YouTube, Spotify, Canva, Pandora) offer both a free version supported by ads and
a premium version without ads. Essentially, users paying the premium opt out from
observing ads, leaving the platform to focus on advertising the high-value users among
the remaining free users.

In contrast to the classic prophet inequality problem, the observed values in k-RPI
are correlated. The following example demonstrates that correlation plays a signifi-
cant role in k-RPI, rendering the single-threshold solutions from [3, 16] unsuitable for
direct application to k-RPI.

Example 1. Consider the following instance of k-RPl1 with k =1, n =3, X; =1
with probability (w.p.) 1 and Xo and X3 both independent and identically distributed
(i.i.d.) taking value 1/e® w.p. e < 1/2, and 0 otherwise.

The quantity E(X (9)) is given by

E(X(9) =% 2 +2e(1—¢) = 1+ 2¢ — 2%

Let us analyze the performance of the strategy with the single-threshold solutions
from [3, 16], that is E(X (2))/2 and the median of X (2. For the former, a case analysis
shows that the gambler gets 0 when X5 = X3 = 0, which happens with probability
(1—¢)? and gets 1 with the remaining probability. Thus, the gambler gets in expectation:

E(Alg) =1— (1 —¢)® = 2 — &2,

and therefore, we have

E(Alg)  2e—¢? - 1
E(X@) 142 -2 "2
Moreover, ]EE(()‘?(IQQ))) = O(e) and then the gambler cannot guarantee a constant factor

On the other hand, we see that the median of X2y is 0, so using any threshold
between the median and (X)) will not produce a different result.

In fact, any strategy that accepts value 1 is ineffective because, once the value 1
has been observed, the expectation of the second variable is 1/((2 — €)e) > 1. Such a
positive correlation between the two observed variables is what makes classic strategies

fail.



1.1 Results and technical contributions

The previous example illustrates that correlation plays a major role for k-RPI. The
examples also show that traditional and well-liked thresholds such as the median or the
expectation of X(;,1) can be arbitrarily poor choices. This is contrary to the negative
correlated case where we can guarantee a competitive ratio of 1/2 [17-19], as in the
independent case. Our first contribution is a new algorithmic approach that bypasses
this hardness.

Main Result [Lower bound on competitive ratio]

We show that for the full information model of k-RPI, there exists an algorithm
with a competitive ratio of at least 1/(k + 2). Our algorithm first samples one value
from each input distribution and randomly selects one of the k + 1 largest values in
the sample. It then uses this value and the identities of the arrivals to perform the
online selection. The randomization is independent of the input, and we note that our
algorithm extends the approach of [20] for the classic prophet inequality problem. We
present the details of our algorithm and its analysis in Section 3.

Our algorithmic solution for the FI k-RPI is robust in some key aspects. On one
hand, it works against any arrival order making it highly applicable in online problems.
On the other, by construction, it does not need to know the distributions of each vari-
able, but only requires one sample from each variable. This is particularly important
for applications in posted price mechanisms, where consumer valuation distributions
are typically unknown, and only a limited amount of past sales data is available.

For the no-information model of the k-RPI, we prove that there exists a single-
threshold strategy with a competitive ratio of at least 1/(2k + 2). The idea is similar
to that of the FI k-RPI model, but the algorithm uses only one of the top k& + 1
sample values—selected uniformly at random—as the threshold for making the online
selection. The lack of information regarding the identities of the removed variables
leads to a degradation in the competitive guarantee. Nevertheless, this guarantee can
be transferred to the FI k-RPI model, showing that it is possible to achieve a constant-
factor approximation of E(X (1)) using a single-threshold strategy.

Next, we prove that our main result for the FI model is tight.

Tightness [Upper bound on competitive ratio]

For any information model of £-RPI, there is no algorithm that has a competitive ratio
larger than 1/(k + 2). To provide this negative result, we construct a hard instance
in the FI k-RPI model; which will imply the negative result for the model with less
information. Our instance extends the hard instance for the classic prophet inequality
problem: it consists of a sequence Xi,..., Xox41) of two-point distributions, where
each X; € {0,a;}. The values a; are positive and increase rapidly with 4, while the
events X; = a; occur rarely for ¢ larger than £+ 1. We provide the details in Section 4.

Our hard instance unveils that part of the hardness of the k-RPI problem stems
from the order in which the values are observed by the gambler. For every infor-
mation model of k-RPI, if the gambler observes the values in random order (RO),
then there is an algorithm with a competitive ratio at least 1/e. The algorithm is a
straightforward application of the secretary problem algorithm [21-24] and we defer



the details to Appendix A. Our last result is an exploration to the independent and
identically distributed (i.i.d.) k-RPI problem where X;i,..., X, are drawn from the
same distribution.

Additional result [i.i.d. k-RPI, k =1]

The previous observation implies that for i.i.d. random variables and arbitrary k, we
can always guarantee a factor 1/e using the classic secretary algorithm. This shows a
stark difference between k-RPI and its i.i.d. counterpart and indeed even for small k
this improves upon our tight factor of 1/(k + 2) for k-RPI. Therefore, it is interesting
to explore the gap between the i.i.d. and the independent versions of the problem, even
in the case k = 1. We prove that for both information models of 1-RPI, if the values
Xiq,...,X,, are i.i.d., then there exists an algorithm with a competitive ratio 0.4901.
Our algorithm here is more standard. We propose a single-threshold strategy for NI 1-
RPI which determines the threshold 7 via Pr(X > 7) = ¢, where ¢ is an input quantile.
Our analysis follows a quantile-based approach, expressing both the expected value of
the algorithm and the optimal value E(X(9)) as functions of quantiles. By comparing
their ratio, we derive a lower bound that depends solely on g. Optimizing over g yields
the desired result. We also establish that no single-threshold strategy can achieve a
competitive ratio greater than 0.5464 in any information model. This result shows that
the optimal competitive ratio of 1 —1/e for single-threshold strategies [2, 25|, attained
when k& = 0, cannot be recovered for k > 1. We present the details in Section 5.

1.2 Related Literature

The prophet inequality problem, as introduced by Krengel and Sucheston [1], was
resolved by using a dynamic program that gave a tight approximation ratio of 1/2.
[3] later proved that a single-threshold strategy yields the same guarantee; this also
showed that the order in which the variables are observed is immaterial. The renewed
interest in prophet inequalities is due to their relevance to auctions, specifically posted
priced mechanisms (PPMs) in online sales [26-30]. It was implicitly shown by [27]
and [29] that every prophet-type inequality implies a corresponding approximation
guarantee in a PPM, and the converse is true as well [5].

The closest work to ours is likely that of [20], where the authors used the principle
of deferred decision to prove that a single sample from each distribution is sufficient
to achieve a competitive ratio of 1/2 for the classic prophet inequality. This technique
has also been applied to other optimal stopping problems (see, e.g., [31, 32]).

In essence, after obtaining one sample from each distribution, [20] sets the thresh-
old as the maximum of these samples. Although our proof for the general case is also
based on this principle, the analysis is much more intricate due to the complexity of the
k-RPI problem, which necessitates a more sophisticated algorithm. Specifically, for our
approach to be effective, it is insufficient to simply use a threshold based on the j-th
order statistic of the sample set for some fixed j. Instead, the algorithm first selects j
according to a carefully chosen distribution. Moreover, in the FI model, the algorithm
must discard certain elements based on their identity, even when their values exceed



the j-th order statistic. Thus, in contrast to Rubinstein’s work, where j is determin-
istically fixed at 1, our approach introduces an additional layer of randomization, and
the j-th order statistic is not exactly used as a threshold in the FI model.

There has been a growing interest in competitive versions of online selection prob-
lems [33-37]. The closest paper in this stream of literature to ours is the one by [33],
where the authors consider a generalization of the prophet inequality problem with
k + 1 gamblers. Gambler j observes the sequence after the first j — 1 gamblers have
gone through the sequence, and they study reward guarantees under single-threshold
strategies. Note that, in our case, we can imagine that there are k+ 1 gamblers but the
first k gamblers are all-mighty. These k& gamblers are not strategic, hence we do not
need a game-theoretic analysis, unlike in the aforementioned papers on competitive
prophet inequalities.

2 Model

For 0 < k < n — 1, an instance of k-RPI is given by a sequence Xi,...,X, of
nonnegative independent random variables, where X; has cumulative density function
(cdf) F;. Nature removes k variables corresponding to the top k realizations,? and we
denote by D the corresponding set of indices of the remaining variables. We consider
two information models that determines what the gambler observes sequentially.

In the full information (FI) model, the gambler observes online the pairs (X;,4)iep.
That is, the gambler observes both the value and the index of the random variable
from which the value originates.

In the no information (NI) model, the gambler only observes online the n—k values
in the sequence (X;);ep. In both information models, D is unknown to the gambler
upfront. Given an information model (FI or NI), the gambler wants to implement an
online algorithm ALG that observes the online values according to the information
model and accepts a value. Regardless of the model, and abusing notation, we denote
by ALG the value accepted by the online algorithm. The expected optimal offline
solution corresponds to E (max;ep X;) = E(X(41)).

For v > 0, we say that ALG has a competitive ratio y if E(ALG) > v - E(X (1))
for any input of k-RPI. For each k, we are interested in finding the largest - such
that there is an algorithm ALG with competitive ratio v, for k-RPI. Note that for
k =0, we have vp = 1/2 [3]. We note that an algorithm with a competitive ratio v for
the NI model implies an algorithm with competitive ratio « for the FI model.

3 Lower bound on competitive ratio

In this section, we prove our main result. We assume that the distributions Fi, ..., F,
are independent but not necessarily identically distributed.

Theorem 1. For the FI model, there is an algorithm for k-RPI with competitive
ratio at least 1/(k + 2).

2If there are several choices due to ties, Nature randomizes the choice of the k variables.



Theorem 2. For the NI model, there is a single-threshold algorithm for k-RPI with
competitive ratio at least 1/2(k + 1).

To prove both Theorem 1 and Theorem 2, we employ a randomized strategy. In
the case of Theorem 2, the strategy is, in fact, a randomized threshold strategy. We
highlight here that, as a corollary of Theorem 2, we obtain that in the FI model, there
exists a threshold strategy with a competitive ratio of at least Wlﬂ)

To understand the rationale behind the construction of our randomized strategies
to prove Theorem 1 and Theorem 2, let us recall the result obtained by [20] in the
classic prophet inequality setting. By drawing one sample from each distribution and
taking the maximum of them as a threshold, the gambler can guarantee a competitive
ratio of 1/2. A natural adaptation of that algorithm to our setting is to consider as
a threshold the (k + 1)-th maximum of the samples. We denote by MSAy11 such a
strategy.

Unfortunately, such a strategy does not guarantee any constant competitive ratio.
Indeed, consider again the instance in Example 1 with £ = 1.

The expected value of the algorithm MSAs is:

E(MSAs)

E2E(MSAy|m = 2) 4+ (1 — 2)E(MSAy|m < 1)
=22 et (1-H)-1-(1-¢)F-1
= 2 — 23 4+ &4

Given that E(X()) — 1 when ¢ — 0, we obtain that E(MSAz)/E(X2)) — 0 as ¢
tends to zero.

To tackle this problem and prove the competitive ratios in Theorem 1 and
Theorem 2, we draw one sample s; from each distribution Fj, and consider k + 1
algorithms. For the NI model, we analyze single-threshold algorithms, denoted by
MSAq,...,MSAg1, defined as follows: in algorithm MSA;, for i € {1,...,k+ 1},
the gambler’s strategy is to set the threshold 7 as the i-th largest value in the sample
set, and then select the first observed value x; exceeding 7.

For the FI model, the algorithms differ slightly for ¢ € {1,...,k}: they select the
first value exceeding the threshold that does not come from the same distribution
as the sample that defined the threshold. We denote these algorithms by MSA; for
1€ {l,...,k+1}. It is worth highlighting that M SAy; is identical to MSAgy;.

Note that the algorithms MSA;, for ¢ € {1,...,k}, must determine whether the
arriving value originates from the same distribution as the sample used to define the
threshold, and therefore, the knowledge of the identity of each variable is necessary
for the online selection.

A complete analysis of these algorithms is provided in Subsections 3.1 and 3.2,
with some proofs deferred to Appendix B.

By the principle of deferred decision and following the formalism in [20], instead
of considering one sample for each distribution and then looking at the real values in
an online fashion, we can draw two samples from each distribution F;, namely y; and
z;, and then flip a fair coin to decide which is equal to s; and which is equal to x;.
This procedure correctly generates s1,...,s, and x1,...,x, as independent draws of




Fy,...F,. From now on, we will denote by S the set of samples {sy,...,s,} and X

the set of true values {z1,...,2,}.
To analyze the performance of the algorithms, we assume that for each i, y; > z;
and we order all these samples in decreasing order, relabeling them as w1, ..., wsy,, so

that w; > wy > wsg > -+ > wa,>. We say that (w;,wy) is a pair, or that w; is paired
with wy, if they originate from the same distribution.

Moreover, for each j € {1,...,k+ 1} we define ¢; as the corresponding position of
the j-th value z in the sequence of w’s values. For example, if the first elements of the
w sequence are given by

Ys Ys Y1 25 Ys 28 X3 .-,

then & = 4 and &, = 6. Note that {; can be also seen as the position at which the
j-th pair (y, z) from the same distribution appears.

In the subsequent analysis, we fix specific realizations of the pairs (y;, 2;), which
in turn determine the §; and the w;.

3.1 Proof of Theorem 1

To show Theorem 1, we consider the k+ 1 algorithms MSA;,..., MSAk4+1 defined in
Section 3, and we use them to define the randomized strategy M SAranp as follows:
(1) before the game starts, select a random number I in {1,...,k + 1}, such that for
all i € {1,...,k}, I = i with probability 1/(k + 2), and I = k + 1 with probability
2/(k+2). (2) Play MSA;.

We will prove Theorem 1 by showing that the strategy MSAgranp has a compet-
itive ratio k7~1k2 Before proceeding to the proof of Theorem 1, we need to introduce
some definitions, and two technical lemmas, whose proofs have been deferred to
Appendix B.

Definition 1. Let | € {1,...,2k + 1}. We say that w; is blocked if there exist
ror' e {I+1,...,2k+ 1} such that w,» = y; and w, = z; for some j. We denote by
my the smallest T that satisfies this property.

For example, if £ = 3 and the first 2k + 1 = 7 elements of the w sequence are given
by
Ys Ys Y1 25 Ys 28 21 .-,
I = 2 is blocked, since the pairs (y1, 21) and (ys, 2s) appear between the 3-rd and 7-th
positions. Moreover, in this case mg = 6.
The pair (y;,z;) “blocks” wy, in the sense that no matter whether z; = w, is in
X or S, no threshold below w, can guarantee selecting the value wj.

Definition 2. Let ] € {1,...,2k + 1} and p such that w, is paired with w;. We say
that wy is ill-paired if p e {I+1,...,2k + 1}.

3If some values are identical, Nature randomizes their order within the sequence.



That is, we say that a value w; is ill-paired if it is paired with a value greater
than or equal to wsgp41. For instance, considering the same sequence as before, ws is
ill-paired since z5 appears before wy.

Definition 3. For eachl € {1,...,2k + 1}, we define the parameter 6; as follows:

27 2k+=1ifwy is not blocked and not ill-paired
§; = 27 2kH if wy is not blocked and ill-paired
0 otherwise.

Lemma 1. If the gambler plays according to MSAyy1, his expected reward is at least

2k+1 1 Ekt1
E(MSAk+1> Z 5 Z P(X(kJrl) = ’U)l)wlal + 5 Z P(X(k+1) = wl)wl
I=k+1 1=2(k+1)

Note that E(X(41)) is equal to 215354_1 wiP(X (1) = w;). Consequently, when
k = 0, Lemma 1 recovers the result from [20] which states that MSA; gives a 1/2
competitive ratio (07 = 1/2 since w; is neither blocked nor ill-paired). The challenge
when k& > 1 arises from the fact that, for k + 1 < [ < 2k, the coeflicient accompany-
ing the term P(X (1) = w;)w; may be smaller than 1/(k + 2). In other words, for
k+1 <1 < 2k the coefficient may be “too small”, while for 2k + 1 <1 < £gq4q, it is
“larger than necessary” (equal to 1/2). This imbalance motivates the introduction of
a randomization over the MSA; algorithms: by blending M SAy,1 with MSA; for
i € {1,...,k}, we redistribute these coefficients more evenly. To analyze such a ran-
domization, we need first a lower bound on the performance of MSA;,i € {1,...,k}.

Lemma 2. The sum of the expected reward of the gambler playing according to M S A;
for i <k, conditional on & for j € {1,...,k+1} is at least

k 2k+1
S E(MSA) > Y P(X(er1) = w)wi(l = &)
=1 =1

The coefficients accompanying the P(X (1) = w;)w; in the above inequality are
higher than those in the expression of Lemma 1 for k + 1 < [ < 2k, while they are
equal to 0 for [ > 2k + 1. This supports the idea that combining algorithms enables a
redistribution of coefficients. The surprising fact is that there exists a way to combine
the MSA;,i € {1,...,k+1} in a way that all the coefficients are simultaneously
higher than 1/(k+2), yielding the competitive factor of 1/(k+2). We prove this below.

Proof of Theorem 1. Let us consider the strategy for the gambler M SAganp consist-
ing on playing according to MSA; with probability 1/(k + 2), for i € {1,...,k}, and
to M S A1 with probability 2/(k + 2).




Then, (k + 2)E(MSAganp) = Y. E(MSA,) + 2E(MSAy,,), and by using
Lemma 1 and Lemma 2, we obtain

2k+1

(k+2)E(MSAganp) > Z P(X(k+1) = w))wi(l — &)
=1
2k—+1 5, kv 1
+ 2 Z P(X(k+1) = wl)wl§ + 2 Z ]P(X(k+1) = wl)wl§
I=k+1 1=2(k+1)
Ek41
= Y P(X(s) = wwy = E(X(p41)),
I=k+1
where the equality holds because ]P’(X(kH) =w;)=0forl <k+1.
This concludes on the proof of Theorem 1.
O

3.2 Proof of Theorem 2

In order to prove Theorem 2, we use algorithms MSA;,..., MSA;,; defined in
Section 3. Then, we define the randomized strategy MSAgranp as follows: (1) before
the game starts, select a number I in {1,...,k+ 1} uniformly at random, that is,
I =i with probability 1/(k + 1). (2) Play MSA;.

Note that, unlike the randomized algorithm we used to prove Theorem 1, here
MSARranp does not need access to the identity of the arriving variables. In the next
proposition, we prove that M SAranp has a competitive ratio of at least m
Proposition 1. The strategy MSAranp has a competitive ratio m

Proposition 1 implies directly Theorem 2. Indeed, MSAranp is a randomization
over single-threshold algorithms. By linearity of expectation, there exists a single-
threshold strategy in the support of M\SAgranp that performs as well as MSAganD-

We defer the proof of Proposition 1 to Appendix B.

4 Upper bound on competitive ratio

In this section, we prove the tightness of the competitive ratio result for FI k-RPI
presented in Section 3, by providing a parameterized hard distribution for FI k-RPI
showing that no algorithm can have a competitive ratio of v, with v > 1/(k +2) + 8
for any 8 > 0. This leads to a similar result for the lower-information model NI.

Theorem 3. For each > 0, there exists an instance with 2(k 4+ 1) variables such

that no algorithm has a competitive ratio larger than 1/(k + 2) + B, regardless of the
information model in k-RPI.

10



Proof of Theorem 3. Let 0 < ¢ < 1/(k + 1). Consider the following 2(k + 1) random
variables: X; = W forie{l,....,k+1}and forie {k+2,...,2(k+ 1)}
€ i1

X, = {0 w.p. 1—¢,
1/ektt wop. e

We now prove that for the instance with these 2(k 4+ 1) random variables, no
strategy of the gambler can attain a competitive ratio larger than 1/(k + 2) 4+ O(e).

Note that, as ¢ < (k+ 1)71, it holds X; < X;41 for 1 < i < k. That is, the
deterministic varlables arrive in increasing order. Indeed, for i € {1,...,k}, X; > Xerl
if and only if € < 7—75. As ;—75 is increasing in ¢, it is enough to have e< (k+1)7!

Let us compute E(X(;Hl)). To this end, note that the (k + 1)-th largest varlable
will correspond to X; with ¢ < k+1 if and only if exactly ¢ — 1 variables take the value
1/e*+1 (because the deterministic variables arrive in increasing order with respect to
their value), and it will correspond to a variable X; with ¢ > k + 2 if and only if all
variables j > k + 2 take the value 1/€k+1.

We define the random variable Y as the number of variables among
Xky2,- -, Xops1) that take the value 1/5k+1. Then, conditioning on the value of Y,
we have:

k+1
E(X(k41) = O E(Xpa|Y = HP(Y = )
j=0

k
1
(1= )"+ 3 B(Xpea|Y =5) - P(Y = j) + g - ™

k1
j=1
1 k+1 - .
= k+1+2 < + ).51.(1_E)k+1—3+1
1 51 J
i=
k .
=14+ (1—ghtt™

Jj=0

Let us now compute the optimal guarantee of the gambler. First, observe that the
gambler should always accept the value 1/e*+1, as it is the highest possible one. Fur-
thermore, since the deterministic values are strictly increasing, if the gambler sees that
a deterministic value has been removed, then all remaining variables—both determin-
istic and non-deterministic—must have either been removed or are equal to zero. In
this case, the gambler receives 0. As a result, the gambler does not gain any useful
information from observing past values, allowing us to restrict to strategies of the fol-
lowing form: (1) stop at time 4, for some ¢ < k + 1 (2) stop at the first positive value
appearing after stage k + 2.

Call ALG; the payoff of a strategy of the form (1). Under such a strategy, the
gambler will pick X; if and only if there are at least ¢ — 1 variables taking a value

11



1/e**1. That is, if Y is greater than or equal to i — 1. Then, under this strategy, the
gambler obtains in expectation

k+1
E(ALG;) = Y E(ALG,|Y = j)P(Y = j)
j=i—1
k+1
= 1k i (k+1>€j k+1 —J
€Z 1( - ) Jj=i—1 J
k+1 (k+1) A
_ (1 k z+2+z (k-]H) Ej z+1( E)k*‘rl*j'
Jj=t \i—1

Last, consider strategy (2). This strategy gets a positive payoff if and only if all
variables Xy 1o,..., Xo(x42) are positive, which happens with probability e+, When
this is the case, it gets payoff e~ (**1) . Consequently, (2) guarantees e#+1.e=(F+1) = 1,

It follows that the optimal payoff of the gambler goes to 1 as ¢ — 0. Moreover, we
have E(X(41)) — k +2 as ¢ — 0. Consequently, for each 3 > 0, one can find € > 0
such that no algorithm achieves a competitive ratio larger than 1/(k + 2) 4+ 3 in the
corresponding instance. This proves the theorem.

O
5 I.LI.D. Case for k =1
In this section, we focus on i.i.d. instances where F} = --- = F,, in the case of k-RPI
with £ = 1. That is, in the sequence Xi,...,X,, the maximum value has been

removed. The main result of this section is the following:

Theorem 4. For any information model, there is an algorithm for 1-RPI with a
competitive ratio of at least 0.4901.

For the rest of the section, we assume than X; are continuous with cdf F(-). Fur-
thermore, following [38], we can also assume that F is strictly increasing and infinitely
differentiable. Since the gambler observes the sequence of n — 1 values, we can assume
that the maximum of the n values occurs in the last position n. Hence, the gambler
faces the problem under the event F = {X1,...,X,_1 < X,,} = {max;«, X; < X, }.
Note that P(F) = 1/n by the continuity of F.

To prove Theorem 4, we provide a fixed-threshold strategy that computes a
threshold based on quantiles ¢ € [0,1]. That is, given ¢ € [0,1], the algorithm will
compute u > 0 such that ¢ =P(X > 7) =1 — F(7), and will accept the first value at
least u in the observed sequence. We denote such an algorithm ALG,. The following
lemma provides a lower bound for a particular choice of quantiles q.

12



Lemma 3. Let n > 3. For NI 1-RPI, if ALGy is run with ¢ = o/(n—1) for o € [0,2],

then,
E(ALG,) C[1—e@ o
E(Xg) zmln{ " ,1—e¢ (1+oz)},
for any continuous cdf F.

Using this lemma, and by equating (1 —e~%*)/a =1—e~*(1 + «), we obtain that
a =~ 1.64718 and the competitive ratio of fixed-threshold solutions is > 0.4901. We
can also show that no fixed-threshold solution can obtain a competitive ratio better
than 0.5463. We defer this analysis to Appendix C.3.

In the remainder of the section, we provide the details of the proof of Lemma 3.

5.1 Proof of Lemma 3

In this subsection, we provide the lower bound on the competitive ratio of ALG, for
g = a/(n — 1). For notational convenience, we will avoid writing the subscript in
ALG. The algorithm ALG computes the threshold u in advance and accept the first
observed value that surpassed u. Then, the reward of ALG as a function of u is

n—2
E(ALG) = Z]P’(Xl, o Xi <u| B)E [Xilix, su | X1, X < u, E]
1=0

By analyzing the different involved probabilities, we can find the following character-
ization of E(ALG) as a function of the quantile ¢:

Proposition 2. If g € [0,1], then

E(ALG) = /01 r(v) 22 ﬁ(l—q)i (min{qw} - (1 G min{q’“})n_i» dv,

n—1

here r(v) > 0 is such that F~1(1—u) = ful r(v) dv which exists due to the assumptions
over the cdf F.

The proof of this proposition is technical and deferred to Appendix C.1. Likewise,
we can find an expression for E(X(2)) in terms of r(v) from the Proposition:

1
E(X(2)) = /0 r(v)P(Binom(n,v) > 2) dv.

Then,
EALG) | SI2 ot (1 - ) (minfg, v} — (10mmintaeh ™))
E(X@) — UEI%J] P(Binom(n,v) > 2)

This last bound is instance-independent and only depends on n and ¢. Let A, 4(v)
be the function in the infimum. We study the the infimum of A4,, ,(v) for the regime

13



v > q and v < ¢ separately. The following proposition characterizes the behavior of
A, ¢(v) in both regimes for ¢ = a/(n —1) and a < 2. We defer the proof of this result
to Appendix C.2.

Proposition 3. For ¢ =a/(n —1) and a < 2, we have
1. If v > g, then, A, 4(v) is decreasing in v;
2. If v < g, then, A, 4(v) is increasing in v.
With this proposition, we obtain

E(ALG) _ . [ . .

—~ 7 > f An 7 ¢ An_

E(X() = mm{veu[})’q}{ a(v)} Uér[}m]{ /q(v)}}
= min {lim 4,,4(v), Ar.4(1)}

=min< (n — —li(liq)nil
a {( b q

1—
> min{e,l —e_a(l—l—a)}
a

A1 (14 (n+ 1>q>}

where in the first equality we use Proposition 3, the second equality follows by a simple
calculation, and in the last inequality we use the standard inequality 1 — x < e™".
This finishes the proof of Lemma 3 and by setting ¢ = «/(n — 1). This finishes the

proof of the lemma.

6 Conclusion and Final Remarks

In this work, we introduced the residual prophet inequality problem (k-RPI), a new
variant of the classical prophet inequality model where the top k variables are removed
before observation. Our formulation highlights the impact of correlation in sequential
selection problems and demonstrates that classical single-threshold approaches are
insufficient in this setting. We provided a randomized algorithm with a competitive
ratio of 1/(k+2) for the FI model and showed the tightness of this bound. For the NI
model, we give a randomized threshold algorithm with a competitive ratio of 1/(2k+2).
Additionally, we analyzed the i.i.d. case of 1-RPI and proposed an algorithm with a
competitive ratio of at least 0.4901. Furthermore, we proved that no single-threshold
strategy can achieve a competitive ratio greater than 0.5464.

Since this is the first time k-RPI is introduced, our work opens up several promising
directions for future research. One such direction is to investigate whether the 1/(k+2)
competitive ratio can be achieved using a threshold-based strategy. Another natural
avenue is to determine the tight competitive ratio for single-threshold strategies in the
i.i.d. case of 1-RPI, and to explore how these results might extend to k-RPI for k > 2.
One of the limitations of our current analysis is that it relies heavily on being able to
compute probabilities under the condition of the maximum value being removed; these
probabilities become intractable to handle for larger values of k. Naturally, determining
the optimal policy k-RPI or even analyzing multi-thresholds strategies are exciting
future questions, even for k = 1.

14



A natural extension is to explore k-RPI under natural combinatorial constraints
such as cardinality or matroid constraints, where the gambler can select multiple values
while satisfying feasibility conditions, as it has been studied for the classical prophet
inequality [16].

The k-RPI problem is very pessimistic as the k largest random variables are
removed from the observed sequence. A more relaxed model would consider probabil-
ities of failure. For example, a possibility could be where the i-th largest variable is
removed with probability p;. This is related to the model by [15, 39, 40] where p; = p
for all 4.

Finally, an interesting extension is to study if better competitive ratios for k-RPI
can be obtained when the removed variables are not necessary the largest, and
the gambler has some offline information regarding the variables and/or the values
removed.
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Appendix A Random Order RPI

In this subsection, we justify that in any information model for k-RPI, if the gambler
observes the values in random order, then there is an algorithm that attains a com-
petitive ratio of at least 1/e. The result follows from the following,

Lemma 4. In the NI k-RPI, the secretary problem algorithm guarantees a competitive
ratio of at least 1/e if the values are observed in a random order.

Proof. Let Xy,..., X, be the random values and let X(;41) > -+ > X(,,) be then —k
values observed by the gambler. Applying the secretary problem algorithm, guarantees
that the gambler accepts X(;41) with probability at least 1/e. From here, the result
follows. O

Appendix B Missing Proofs From Section 3

B.1 Proof of Lemma 1

The proof of Lemma 1 is divided into two intermediary results, that we state now.

Lemma 5.

2k+1

1)
E(MSAk+1]‘Tk+1:w2k+2) > Z P(X(k-‘rl) - wl)wlé'
I=k+1

18



Lemma 6. Assume that 2k + 2 # £i41. Then

Ekt+1

1
E(MSAk+1ln i <wanis) 2 5 > P(X(pyr) = wi)uwy.
1=2(k+1)

In the case where 2k + 2 # &1, summing the two inequalities proves Lemma 1.
Assume that 2k + 2 = &y1. This means that the elements of {wy, ..., wor42} form
k+1 pairs. Hence, if wor42 € S, which happens with probability 1/2, there are exactly
k 4+ 1 elements larger than w12 that are in X. In that case, M SAg1 picks X (k1)
It follows that

_— 1

In particular, Lemma 1 holds. We dedicate one sub-section to each lemma.

B.1.1 Proof of Lemma 5

Lemma 5 is a consequence of the following lemma.

Lemma 7. Letl € {1,...,2k + 1} such that w; is not blocked.
a) If wy is not ill-paired, it holds that

P(MSApt1 =w N1yy1 = w2k+2)|X(k+1) =w) > 9= 2k=2+1

b) If wy is ill-paired, then

P(MSAks1 = wi N Tep1 = Woppa| X(py1) = wy) > 2721

Proof of Lemma 7. a) We claim that when X (1) = w; and 7p41 = wag2, then
M S A1 picks wy. Indeeed, when X ;1) = wy, there are exactly [—1—k elements
in {wy,...,w;_1} that are in S. If, in addition, 7j41 = wakt2, then there should
be exactly k — (I — 1 — k) = 2k + 1 — [ elements of {wjy1,..., w1} that are
in S, meaning that they should all be in S. Under these circumstances, w; is the
only element in X that is above 79512 and that is not among the k best values
in X, and is thus selected by M SAg1. We deduce that

P({mk-l-l = wl} N {Tk+1 = w2k+2} |X(k+1) = wl)
= P(Th41 = wakr2| X (k1) = wi)-

Therefore, it is enough to prove P(1p11 = wory2|Xi1) = wi) > 9 2k—2+1
Given X(j41) = wy, in order for 7j, 41 = wag42 to hold, it is necessary and sufficient
that all the elements in {w;41,...,wak 2} belong to S. We claim that this event
occurs with probability greater than 2-2#T!=2_ To show that, we use the chain
rule for conditional probability:
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2k+2
P({le, . ,w2k+2} - S|Xk+1 = wl) =P m {wj S S} X(k+1) = w

j=l+1
2k+2 -1

= II P {wr €Sy () {w; €S} X =wi
l'=l4+1 j=l+1

In order to establish the desired result, it is sufficient to verify that each factor
in the expression above is lower bounded by 1/2. The proof is therefore divided
into two steps:

Step 1: P(wiy1 € S| X(pq1) = wi) > 1/2.

If w41 is paired with an element smaller than w; 1, then the events {w;; € S}
and {X(k+1) = wl} are independent, and therefore

P(wl—i-l S S‘X(k+1) = wl) = 1/2.

Consider now the case where w;41 is paired with some w, > w;41. Since w; is
not ill-paired, we have a # [, and the probability that w; 1 lies in S is equal to the
probability that w, is one of the not-paired elements of {ws,...,w;} in X. Note
that the event {X 1) = w;} occurs if and only if w; € X and there are exactly
k elements in X that are larger than w;. Therefore, if I € {¢;,...,&j+1 — 1}, then
among the [ — 2j not-paired values in {wy,...,w;}, £+ 1 — j belong to X, while
l—k—1—jarein S. It follows that the probability of w, being among those
elements in X is higher than 1/2, sincek+1—j >1—k—1—j dueto! <2k+1.
We thus conclude that

1
P(U)H_l S Sle—i-l = U)l) > 5
Step 2: For each I’ € {{ +2,...,2k + 2},
-1 1
P | wy €S| m {ijS},X(k_;,_l):wl 25
j=l+1

Let w, such that wy is paired with w,, and assume that I’ € {£;+1,...,&11}.
That is, there are j pairs that arrived before w;/. Following the same argument
than in Step 1, if w, < wy, we have

-1

1
P | wy €S| ﬂ {wj € Sh Xy =w | = 9
j=l+1
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On the other hand, w, cannot belong to {w;y1,...,wy_1} because w; is not
blocked.

Finally, let us assume w, < w;. In this case, among the I’ — 1 — 2j not-paired
values in {wy,...,wy_1}, k+1—j belong to X, while I’ —2—j—k are in S. Then,
it follows that the probability of w, being among those elements in X is higher
than 1/2, since k+1—75 > I' —2—j —k due to I’ < 2k+ 1. We thus conclude that

-1
1
Pl wy e S| ﬂ {’LUj S S},X(k+1) =w; | > 5
Jj=l+1
Combining Step 1 and Step 2 yields the result.

b) As in the proof of Case a), we have
P(MSAgs1 = wi N {Tey1 = warga} [ Xpp1) = wi) = P(Trp1 = wony2| X (pp1) = wi),
and to obtain the result it is enough to show that
P(Try1 = worro| X (k1) = wi) > g 2k—1H (B1)

Given that X (1) = w;, we know that w,, is in S, since (wy, w;) is a pair. Then,
in order to get 741 = wagt2, it is necessary and sufficient that all the elements
in {wi41,..., w2} \ {p} belong to S. This happens with probability at least
272k=1+l by the same argument as in the proof of Case a). This proves (B1),
and the result follows.

O

B.1.2 Proof of Lemma 6

First, we decompose the left-hand-side term in Lemma 5 as follows:

ki1

E(MSAri1ls  <wars) = O E(MSApp |71 = w)P(rep1 = wy)
1=2k+3

Since each wy, for [ > 1, is equally likely to be in S or in X, the law of 741 is identical
to the law of X(;41). We deduce that for all I > 1, P(1p11 = wy) = P(X (1) = wy).
Secondly, when 7441 = wy, there are | —k —1 > k41 elements above w; that are in X.
Hence, M S Ay, will pick one of them, and we deduce that E(MSAg1|76+1 = w;) >
w;—1. These two observations give

€kt

E(MSAk+11Tk+1§w2k+3) > Z w1 P(Xp 1 :wl)
1=2k+3
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Err1—1

= Y wP(X(s) = wipn) (B2)
1=2(k+1)

One of the main differences between the above inequality and the one we want to
prove in Lemma 6 is that the term inside the sum is P(X (1) = wi41) instead of
P(X(k+1) = wi). In the sequel, we relate these two quantities. First, we compute
P(X(k+1) = U)l).

Lemma 8. The probability distribution of X1y is given by

(%57

9l—2j

(Ej*2j)
kt1—j , ‘
# ifl=2¢;, forje{l,....k+1}.

ifl€{€j+1,...7fj+1—1}, fO’I"jE{O,...,k}
P(X (k1) =wi) =

Proof of Lemma 8. We divide the proof into two cases, depending on whether [ = &;
for some j € {0,...,k + 1} or not.

Case 1: Suppose that | € {¢; +1,...,&+1 — 1} for some j € {0,...,k}. Note that
X(k+1) = wy if and only if w; € X and there are exactly k values in X that are larger
than wy.

Since ! € {&; +1,...,§;4+1 — 1}, we have, conditioned on w; € X, that there are
j—+1 values in X and j in S with probability 1. Therefore, the probability that exactly
k values in X are among the [ — 1 largest values is given by

1—2j—1 1
k—j 21—2j—1'

On the other hand, P(w; € X) = 1/2, and thus we conclude that in this case,

1—2j—1\ 1
P =u) = (2 7)oty (B3)

Case 2: Suppose that | = §; for some j € {1,...,k+ 1}. The analysis in this case
is similar to that of Case 1. However, the probability of having exactly k values in X
greater than w; is now given by

(kg2 0) 7

In effect, conditioned on w; € X, there are j — 1 values in X greater than w;
and j values greater than w; in S, with probability one. Thus, we need to compute
the probability that exactly k — (j — 1) additional values in X come from the [ — 2j
remaining elements. This probability is given by the expression above.
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Therefore, in this case,

- 2j 1
P =w0 = (, 17 ) ) g (B9

Combining (B3) and (B4), we obtain the desired result. O

We now use the previous lemma to lower bound P(X(;41) = wiq1) in terms of
IP’(X(kH) = w;). As suggested by the expression in Lemma 8, we will need to distin-
guish between the cases where [ and [ + 1 are some &; or not.

Lemma 9. a) Let j €{0,...,k} andl e {& +1,...,&41 — 1}

1 .
P(X ) P Xy =wi)  FlHle{G+L.. & —1}
(k+1) = Wi41) 2

]P)(X(k—i-l) = wl) ’Lfl + 1 = §j+1.

b) Assume that 2k +2 = &;, for some j € {1,...,k}. Then

1 .
P(X '> iP(X(kH) = Wak42) if 2k +3 # 511
(k4+1) = W2k+3) =2

P(X (pt1) = wokt2) if 2k +3 = &1

Proof of Lemma 9. a) Assume [ +1¢€{¢;+1,...,&4+1 —1}. We have

P(X(ky1) = wiy1) =

N = DN =

']P)(X(k+1) =wy)
Assume that [ +1 = &;;. We have

¢
P(X(k+1) =wp41) = m

= P(X(k+1) = wl)
b) Assume that 2k + 3 # &;11. We have

(2+2-2)
2
P(X (j41) = wort3) = 22“73],2]

_ (k+ 1 j) i)

k+2— j 22k+3—2j
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1
> i]P)(X(k+1) = Wap2)

Assume that 2k + 3 = £;+1. We have

<2k+1—2j)
o
P(X(k+1) = war+3) = 22k+2]—2j
1 (2k+2-2j
E( k+1—j])
92k+2-2)

P(X(k-i-l) = w2k+2)

We are now ready to prove Lemma 6.

Proof of Lemma 6. By inequality (B2), it is enough to prove that

k11 1 Eh+1
> wP(X (g1 = wis1) > 3 > wP(X sy = wi).
1=2(k+1) 1=2k+2

Case 1. 2k +3 = ¢;, for some j € {1,...,k}.
By Lemma 9 b), we have

1 1
P(X(ry1) = wakt3) > §P(X(k+1) = Wakt2) + §P(X(k+1) = Wak+3) (B5)

We deduce that

k11 Ek+1—1
Z WIP(X (h41) = wig1) = Wop2P(X(hg1) = worys) + Z WiP(X (1) = wiy1)
1=2(k+1) 1=2k+3
1 1
2 Wk 2P(X(er1) = wakt2) + Jwak4sP(X (1) = wan+s)
Erp1—1
+ Z W1 P(X (1) = wig1)
1=2k+3
1 Ek+1
25 Z wP(X(q1) = wi),
=2k +2

where in the second-to-last inequality, we used (B5) and the fact that wag42 > wogts
and w; > wiy.

Case 2. 2k +3 € {& +1,...,&41 — 1} for some j € {0,...,k}.
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The sum ng“_l wiP(X (k41) = wi41) can be decomposed as

1=2k+2
§it1-2 Cpr1—1
> wP(X(ryy = wir) +wg 1 P(X(epn) = wep )+ Y wiP(X(ean) = wip)-
1=2k—+2 I1=€;41

By using Lemma 9 and the fact that w; > w;y1, we can lower bound the expression
above by

Ejr1—2 Ery1—1
= Y wP(X (g1 = w)Fwe, A P(Xegr) = we )+ > wipaP(Xesr) = wis),
1=2k+2 l:£j+1

which is at least

as we wanted to see.

B.2 Proof of Lemma 2

Before proving Lemma 2, we introduce one technical lemma that gives a lower bound
for the probability of MSA; picking a value w; conditional on w; being the (k + 1)-
largest value in the set X.

Lemma 10. Letl € {1,...,2k + 1}.
a) If wy is not blocked and not ill-paired, for alli € {l —k,...,k} it holds

P(MSAl = wl|X(k+1) = wl) > g h—iti—1,

b) If wy is blocked, and that either wy is not ill-paired, or it is ill-paired and m; < p,
we have

g h—itl—1 ifi e {l—k,...,m —k— 3},

P(MSAl = wl|X(k+1) = wl) > '
g k—it ifi=my —k—2.

¢) If w; is not blocked and ill-paired. Then,
g h—iti=1 ifie{l—k,....p—k—2},

P(MSA; = wi|X(ky1) = wi) = '
g k—itl ifi€{p—Fk,...,k}.
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d) If wy is blocked and ill-paired, and that m; > p. Then,

g~ h—iti-l ifie{l—k,....p—k—2},
P(MSA; = wi| X1y = wy) > § 27k~ ific{p—Fk,...,m —k—3},

g k=it ifi=my —k—2.

Proof of Lemma 10. Let 1 € {1,...,2k + 1}.

a)

The proof is very similar to the one of Lemma 7 a), up to replacing k+1 by 4. For
sake of completeness, we draw the main lines. Take ¢ € {l — k,...,k}. We want
to analyze P(MSA; = wi|X(,41) = wy). First, note that since [ is not ill-paired,
wy is not paired with wgy;4+1. Then,

IED(]\45AZ = wl|X(k+1) = ’Ll)l) > ]ID({]\JSAz = ’LUl} N {Ti = wk+i+1} ‘X(k+1) = wl)
=P

(7 = Wy i1 | X (1) = W),

where the equality stems from the fact that, when X411y = w; and 73 = wrq441,

all the elements in {w;i1,...,wks;} must be in S, and then MSA; picks wy,
because it is not paired with the threshold 7;.

Therefore, it is enough to prove that P(7; = wiqiy1|X(py1) = wi) > Q—k—itl—1
Given X(;41) = wy, in order for 7; = w4441 to hold, it is necessary and sufficient
that all the elements in {wjy1,...,wkrir1} belong to S. This event occurs with
probability greater than 27 *~*!=1 by a similar computation as in the proof of
Lemma 7 a).

Take i € {l — k,...,m; — k — 3}. In this case, k + i + 1 < my, hence the pair
that blocks w; is smaller than wyy;+1. Moreover, since either w; is not ill-paired
or m; < p, w; is not paired with wyy;11. We can therefore replicate the same
computations as in a), and thus obtain the claimed inequality.

If ¢ = my — k — 2, we can replicate the same computations as in a) too, which
yields:

P(MSA; = wi N {7 = wipigr} [ Xern) = wp) > 27540

To obtain the desired lower bound, we will consider in addition the case where
Ti = Wp,. Indeed, whenever X 1) = w; and 7; = wy,,, the only element in
X that is below w; and above the threshold 7; is w,,,’s pair, namely w,, . By
definition of M SA;, such an element is not selected, and therefore MSA; selects
w;. We deduce that

P{MSA; =wi} N {7 = wm,} | Xks1) = W) = P(7 = win, | X (k1) = wi)

Knowing X341y = wy, in order to get 7; = Wy, = Wkyit2, it is necessary and
sufficient that all the elements in {wj41, ..., wg+it2} \ {m'} belong to S, which
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happens with probability higher than 2=%~%+/=1 by a similar computation as in
the proof of Lemma 7 a). Then, we have

P(MSA,L =w; N {Ti = wk:+i+2} ‘X(k+1) — wl) > 2—k—i+l—1.
We conclude that

P(MSA; = wi|Xpq1 = wy) > P(MSA; = w N {7 = Wepiga} [ X 1) = i)
+ P(MSA; = wi N {7 = Wipir1} [ X 1) = i)
> g k=it

which is the desired result.

c) fie{l—k,...,p—k—2}, the argument proceeds as in part a).
Take i € {p — k,...,k}. In this case, k+i+ 1 > p, and then w; is not paired
with wg4;41. We therefore have

P(MSAi = wl|X(k+1) = wl) > P(MSAZ‘ =w; N {Ti = wk+i+1} |X(k+1) = wl)
= P(1i = witit1| X (g41) = wi),
and to obtain the result it is enough to show that
P(7i = wiepig1 | X (o) = wi) > 2757
Given that X (1) = w;, we know that wy, is in S, since (wp, w;) is a pair. Then,
in order to get 7, = wWg4iy1, it is necessary and sufficient that all the elements

in {wi41,...,wgri+1} \ {p} belong to S, which happens with probability at least
27 F=i+l by a similar computation as in the proof of Lemma 7 a). We deduce that

[P>(]\45AZ = wl|X(k+1) = wl) > 27k7i+l,
which is what we wanted to show.

d) The first two cases can be proved as in a) and ¢). Let ¢ = m; — k — 2; that is
k+14 2 =m;. We call w,, to the pair of w,,.
First, we can replicate the computations of Case ¢), and obtain:

P(MSA; = wi 0 {7 = Wiyigr } [ X(psr) = wi) > 2757

As in Case b), in order to obtain the claimed bound of the lemma, we need to
consider the event {7; = wyy;12}. We have

P(MSA; = wi|Xg11) = wi) > P(MSA; = wi N {1 = wiriva} [X(g41) = wi)

= P(1i = Wetite| Xry1) = wi),
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where the equality stems from the fact that, when X ;1) = w; and 7 = wy i1 2,
all the elements in {wjt1,..., Wktit1} \ {wp/} must be in S and then MSA;
picks w;, because w; is not paired with wy;y2. Since w; and w, are paired, given
that X(41) = w;, we have that w, lies in S. Moreover, since wg4i12 and wy,
are paired, if wy4;y2 lies in S, then wy,  lies in X. Hence, in order to get 7; =
Whtit2, 1t is necessary and sufficient that all the elements in {w;41, ..., Wgtita}\
{wy, wp} belong to S, which happens with probability at least 2~k=i+l by a
similar computation as in the proof of Lemma 7 a). We deduce that

P(MSA; = w N {1 = weiro} [ Xy = wy) > 277
We conclude that

P(MSA; = wl|X(k+1) =w;) > P(MSA; = w; N {7 = Wgtita} |X(k+1) = w)
+ ]P(MSAl =w; N {’Ti = wk+i+1} |X(k+1) = wl)

> 2—]€—i+l+1.
O
Proof of Lema 2. Note that
k k 2k+1
S E(MSA;) > Y > P(MSA; = wi| X (joy1) = w)wP(X 1) = wy)
i=1 i=1 =1
2k+1 k
= Z wl]P(X(kH) = wl) ZP(MSA1 = wl|X(k+1) = U)l).
=1 i=1

In the remainder of the proof we show that for each I € {1,...,2k + 1},

k
ZP(MSAz = wl|X(k+1) = 'Ll}l) =1- 5[,

i=1
where

2~2k+l=1 if 4, is not blocked and not ill-paired
§ = { 272k+ if w; is not blocked and ill-paired

0 otherwise.

Case 1. w; is not blocked and not ill-paired.
In this case, by Lemma 10

k k
Z]P’(WZ = wl|X(k+1) = wl) = Z g k—itl=l — 1 _ 9= 2k+l-1
=1 i=l—k
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Case 2. w; is not blocked and ill-paired.

k p—k—2

k
SOP(ISA, = wi| Xy = wp) = 3 27K ST gk o g2k
i=1 i=l—k i=p—k

Case 3. wy is blocked, and that either wj is not ill-paired, or it is ill-paired and m; < p.
In this case,

k ml—k—3
> P(MSA; = wi|X(pgny = wy) = Y 27877 olmmit2 —
=1 i=l—k

Case 4. w; is blocked and ill-paired, and that m; > p. In this case,

k p—k—2 mi—k—3
ZP(MSAi = w| X i1y = wp) = Z 9—h—itl-1 | Z g—h—i+l | g=mi+l4+3 _ |
i=1 i=l—k i=p—k

Putting everything together, we obtain the desired result. O

B.3 Proof of Proposition 1

We want to prove that E(MSAganp) > mE(X(k_H)).
First, note that

k+1
(k+1)E(MSAganp) = > E(MSA;)
=1
k
= ZE(MSA1|X(I€+1) = ’wk+i)]P>(X(;€+1) = wk+i) + E(MSA;H_l).

=1

Now, using that for each i € {1,...,k}
E(MSAi| X (pt1) = Wryi) > WeriP(MSA; = wir 4| X (1) = Wiei),
we have that (kK + 1)E(MSAgranp) is at least

k
> W iP(MSA; = wieyi| X (41) = Wit P(X (1) = wers) + E(MSAgp1).

i=1
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In the remainder of the proof we bound P(MSA; = wg 14| X(x41) = wiy:) for each
ie{l,....k}, and E(MSAit1).

Step 1. For each i € {1,...,k},
P(MSAl == wk+i|X(k+1) == wkﬂ») Z 1/2.
On one hand,

P(MSA; = witi| X (g 41) = witi) = PUMSA; = wpsi} N {7 = Wipig1 X (k1) = Whti)

P
P(1i = Wiy i1 | X (gt1) = Whd),

where the equality stems from the fact that, when X 1) = wgy; and 73 = Wiy,
MSA; picks wyy;.

On the other hand, it is easy to see that P(7; = wpyit1]|X(ps1) = wy) is 1 if wrs
and w41 are paired, and 1/2, otherwise.

Therefore, we obtain P(7; = wpyir1|X 1) = wi) > 271 and the first step is
completed.
Step 2. E(MSA1) > 1/25050 wilP(X(hy1y = wy).

If 2k 4+ 2 = &q1, the elements of {wr,...,wakto} form k 4+ 1 pairs. Hence, if

wWak+2 € S, which happens with probability 1/2, there are exactly k+1 elements larger
than wog42 that are in X. In that case, MSAg11 picks X(j41). It follows that

Ekt1

1
E(MSAk+1) > §E(X(k+1)) > 5 Z wlP(X(k+1) = wl).
1=2k+1

If 2k + 2 # Epn,

E(MSAgs1) = E(MSApi1lr, —uwneyn) + E(MS Ay 1

Th+1 §w2k+3)'
By Lemma 5,

1)
E(MSAki11r i =waisn) = P(X (k1) = Wory1)Wars1 21;“,

where do541 is equal to 1 since by definition w41 cannot be blocked nor ill-pared.
On the other hand, by Lemma 6, the second term is lower bounded by

1 k41
5 Z ]P)(X(k+1) = ’U)l)’ll}l.

1=2(k+1)

Putting all together, we obtain the step 2.
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Combining Step 1 and Step 2, we conclude that

Ekt1

1
(k+1)E(MSAgranD) > 3 Z WIP(X 441y = wi) = E(X(41)),
I=k+1

and the proof is completed.

Appendix C Missing Proofs From Section 5
C.1 Proof of Proposition 2

The probability of reaching 7 + 1 is the same as not observing a value at least u
among the first ¢ trials, which is given by P(X1,...,X; < u | E), while the reward
at i + 1 is the expected value when X;;; > u. For the sake of notation, we define
E,o.={X1,...,Xi <u}fori=0,...,n — 2. We need to compute P(E;,, | E) and
P(X;41 < | E;y, E) for v > u.

Clearly P(X; < u,...,X; <u| E) =1 for i =0 so let’s assume that ¢ > 0. Then,

P(Ei,u | E) Zn/OOOP(Xl,...,Xi <Uuy X1y, Xpo1 < Q?)dF(JC)
= n/u F(z)" 'dF(z) + n/oo F(u)'F(x)""""tdF(z)
0 u

F(u)" + nF(u)’ <1—F(u)_>

n-—i1

Note that if we assume that 0° = 1, then the formula above also work in the case i = 0.
Now, for v’ > u,

P(Xip1 <, B, E)
P(Eiy | E)

]P’(XH_l < | Ei7u,E) =n
we already computed the denominator; hence, we focus on computing the numerator.

n]P’(Xi+1 < u',Ei)u,E) = ’n,/ P(Xi+l < u’,Xl, e X <u, X, .., X1 < .CL‘) dF(.Z‘)
0

’
u

. /O " P(a) 1 dF(2) + n / Fu) F(z)" L dF (z)

oo

+nF(u)' F(u) / F(z)" "2 dF(z)

w'

= F(u)" + nF(u)’ (F ()" — F (“)ni>

n—1

1- F<uf>n—i—1>

n—1i—1

+ nF(w)' F(u) (
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n

- F n __ F n F lF n\n—i
()" = " F ()" + " F(u) F()
n % N n i nn—1i
o P P — " F) F()
Then,
d ; n 1—F(z)" = tdF
—P(X; E;w,E)=F(u)' —_—
apt it <@ | B, B) = F(u) (n—i—l) P(Ein [ B) dz )
and

1 i n e n—i—

Then,
n—2 n ) o) .
n—2 n ) q )
= — (1 —gq Fr1l—-w)(l—(1—-w)" " w
i 1 n—i—1 d
o n—i- 1 0
(Change of variable 1 — g = F'(u))
n—2 n ) q 1 )
= — (1 —gq r(v)dv(l — (1 —w)"* w
> - [ [ rwd-a-wha
o n—i- 1 0 Jw
sing that F'~*(1 — w) is strictly decreasing and differentiable
U hat F~! ly d d diff bl
1 n—2 . _i
n Ny 1 — (1 — min{q,v})"*
= —(1—¢q) - d
[ X o (mintay - (T v

C.2 Proof of Proposition 3
Proof of Proposition 3. For v > ¢, we have

Z?:_Oz 1 € S q)' (q - (%)) 11— Q)" 1+ (n—1)q)
P(Binom(n,v) > 2) B P(Binom(n,v) > 2)

Ap,q(v) =

This last function is decreasing in v attaining its minimum at v = 1.
For v < ¢, we have

Z?:_og i (— q)’ (U o (F(ib%?%))
P(Binom(n,v) > 2)

n i (A=) — (1= (n =)o)
i Y ( P(Binom(n, v) > 2) )

Apqg(v) =

i
[

Il
<

i
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- Z Z(ZT_L 1) (1- q)iGnyn—i(v);

1=2

where Gy, ;(v) = W for i € {2,...,n}. To conclude that A, ,(v) is increas-

ing in v, it is enough to show that G, ;(v) is increasing in v for all i € {2,...,n}.
Then,

/ . gn,i(v)
Giv) = P(Binom(n,v) > 2)2’
where g,”(v) (—i(1 —v)*~! +4)P(Binom(n,v) > 2) — ((1 — v)! — (1 — iv))n(n —
1)v(1 —v)"2. To conclude the proof, it is enough to show that g, ;(v) > 0. We note
that g :(0) = 0, so we only need to prove that g;, ;(v) > 0. Now,

g i(v) =i(i — 1)(1 — v)""*P(Binom(n,v) > 2) — (1 —v)’ = (1 — iv))n(n — 1)(1 — v)" >
(1= )i — (1= w))n(n — 1)(n — 2Jo(1 — 0)"
=i(i —1)(1 — v)""?P(Binom(n,v) > 2)
—n(n =11 = (n-1o)1-v)"(1-v)" = (1-iv))

Using the second equality it is easy to verify that g;, ;(v) > 0 for v > 1/(n —1). Hence,
from now, we assume that v < 1/(n — 1). Furthermore, by inspection, we can verify
that g;, ;(v) > 0 for n € {3,4} and i € {2,...,n}; hence, from now on, we assume that
n > 5. The following claim allows us to focus only on lower bounding g, 5(v).
Claim 1. Forn >5, v <1/(n—1) and for all i € {2,...,n — 1}, we have g,, ;(v) <
g’;L,i+1(IU)'

This proof requires lower bounding several polynomials and various case analysis;
hence, we defer it to the end. Now, note that

g;,z(v) = 2P(Binom(n,v) > 2) —n(n—1)(1 — (n — 1)v)(1 — )”*31)2

>n(n— D1 —v)"2 —n(n— 11— (n—1)v)v*(1 —v)"3
=n(n—1)v*(1—v)" 21— (1 -v)(1 - (n—1)v))
=n(n—1D)v*(1 —v)" v+ (n— Dv(l —v))
where in the first inequality we use the lower bound P(Binom(n,v) > 2) >
P(Binom(n,v) = 2). From here, we obtain that g/, ,(v) > 0 with equality at v = 0.

Using Claim 1, we conclude that G7, ;(v) > 0 for all i € {2,...,n}.
Proof of Claim 1. Indeed,

i (V) = Gniv1(v) = —P(Binom(n,v) > 2) (2 — (i + 1)v)i(1l —v)"~> (Co)
+o(l—(1=v))(1—(n—1Dv)nmn—1)1-v)"3
<(1- u)i*?’( — (2~ (i + 1)v) (1 — v)P(Binom(n, v) > 2)
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ol = (1—v))(1 - (n— Dw)n(n — 1)) (C7)

where in the inequality we use that (1 —v)"=3 < (1 —v)*=3. Now, let ¢, ;(v) be the
term in the big parenthesis in (C7), so g, ;(v) — g}, ;11 (v) < (1 —=v)""3¢,, ;(v). We now
focus on proving that ¢, ;(v) < 0. For this, we will reduce the problem to bounding
only ¢,,.2(v) < 0 by proving that ¢, 2(v) > ¢y, (v) for all i = 2,...,n — 1. To prove
this last inequality, we analyze the difference ¢,, ;(v) — ¢p i41(v) for i € {2,...,n—2}:

Gn,i(V) = Pnjit1(v)
=2(1 —v)(1 = (i + 1)v)P(Binom(n,v) > 2) —v*(1 —v)*(1 — (n — Dv)n(n — 1)

> v2(1—v)i(n—1)n ((1 — (i + 1)v)(1 — v)ni2 (1 +2 3 50) —(1—v(n— 1)))
=v*(1 =)' (n—1)n-0,,(v).

Note that the function (1 — (i + 1)v)(1 — v)"~¢~2 is decreasing in 4; hence, for n > 5,
we have 6, ;(v) > 0, ,—2(v). From here, we obtain

Gn.i(V) = Ppiv1(v) > V31 —v) (n—1)n-Oppna(v).

On the other hand, we have 6, ,_2(v) = (1 — (n — 1)v) (252) v > 0. From here, we
obtain that ¢, ;(v) > ¢p i+1(v) for all i € {2,...,n — 2} and so ¢, 2(v) > ¢y, i(v) for
alli € {2,...,n —2}. Now,

bn2(v) = —2(2 — 3v)(1 — v)P(Binom(n, v) > 2) +v*(2 — v)(1 — (n — L)v)n(n — 1)

<oz ()0-o2+ () o)

+ 0322 —v)(1 = (n - 1v)n(n — 1)
=n(n—1)v? (—(2 — 3v) ((1 —u)" 4 n_2

(- v)"2> +©2-v)1-(n- 1)1;))

— n(n — 12 ((2 — )1 = (n— 1)w) — (2 — 3v)(1 — v)"2 (1 +Z S 51)))

We analyze this last bound for the case n = 5 and case n > 6 separately. For n = 5,
we have
$5,2(v) <2007 (2 —v)(1 — 4v) — (2 — 3v)(1 —v)?).
The polynomial (2 —v)(1 —4v) — (2 —3v)(1 —v)3 has roots v € {0, (11 —4v/11)/6, (11+
iv/11)/6} with 0 having multiplicity 2. Since, the polynomial tends to —oco when
v — oo and its only 0 when v = 0, we deduce that ¢5 2(v) < 0.
Now, assume that n > 6, then

bn2(v) < n(n — 102 ((2 — ) (1= )"t = (2= 30)(1 — )2 (1 + 51;))
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=n(n—1)v? ((1 —)" 2.y (—2(713_5) + (n — 4)7}))

where in the first inequality we use Bernoulli’s inequality on 1 — (n—1)v < (1 —v)"7!
and in the equality we simply reorder the big parenthesis from the previous line. Now,
the polynomial v(—2(n —5)/3 + (n — 4)v) has 2 roots at v € {0,2(n — 5)/(3(n — 4)).
Hence, for v < 1/(n — 1), we must have that ¢, 2(v) < 0.

Going back to the function g;m, all our calculations give us

Q:z,z‘(v) - Q;z,i+1(”) <(1- v)i_3¢n,2(v) <0,

which finishes the proof of Claim 1. O

C.3 An Upper Bound for Single-Threshold Solutions

We present an instance that shows that no strategy in the class of single-threshold
(including randomization) can obtain a competitive ratio larger than 0.5463. We use a
counterexample motivated by [41]. For n > 1, we consider the following function from
(0, 1] to R+
a-cp
Fu) = —=1(0,1/m10) () +b- L1 n1o,5/m)(u)
where 1x is the indicator function that is 1 foru € X and 0 foru ¢ X, a,b > 0and 8 >

1/n are positive constants to be optimized and ¢, = (n (1 -(1- 1/n10)n_1))
We are going to assume that a + b < 1. For n large enough, we have that f is
nonincreasing.

Now, we can construct a random variable from f as follows. First, we add a small
perturbation to f so f is smooth and strictly decreasing. This can be done by taking
a convolution with a smooth function. Let’s call f. the resulting function, with small
error € > 0; hence, when ¢ — 0, we have f.(u) — f(u), except for a set of measure
0. Note that f. is surjective in R. Now, for 2 > 0, let F.(z) =1 — f (z). Note that
F is increasing, F.(0) = 0 and F.(+o00) = 1; hence, F. is a valid CDF. We define
the random variable X. to be the random variable following F.. By construction,
F1(1 —wu) = f.(u). For ¢ — 0, we have F-*(1 —u) — f(u), except for a set of
measure 0 in [0, 1]. To avoid notational clutter, from now on, we simply work with
f(u) instead of f.. By abusing notation, we will write F~1(1 —u) = f(u), but it has
to be understood that this equality occurs except for the points 1/n'? and 3/n.

We now consider a sequence of n independent random variables following F' (the
limit of F, when ¢ — 0). We assume that n is large. The result now follows from the
following two Lemmas.

Lemma 11. We have E(X(2)) = a+b(1 — e ?(1 + B)) when n — co.
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Lemma 12. There is ng > 0 such that for any algorithm ALG, if the input is of
length n > ng, the value collected by the algorithm is bounded as

E(ALG) < p(a,b,B) + 5W7

where p(a,b, B) = maxyejo 5 {a(l — e )/A+b(1—e M1+ )}
We first provide the tight upper bound and then we prove the lemmas. Using these
two lemma, for any algorithm and n > ng, we have

E(ALG) < pla,b,8) +56(1+ B)%/(n—B)
E(X@) — E(X@2)

Using numerical optimization to minimize p(a, b, ), we found a & 0.5463, b ~ 0.4537
and 8 =~ 109.131, we obtain p(a,b, 8) ~ 0.5463. Hence, for n large, we obtain that
E(ALG)/E(X(2)) < 0.5463 + o(n). This shows that with one threshold, we cannot
recover the approximation of 1 — 1/e ~ 0.6321 in the standard prophet inequality.

In the remainder of the subsection, we present the proof of Lemma 11 and 12.

Proof of Lemma 11. We have

E(X() = n(n — 1) / FU(1 —u)g(1 - g)"2dg

1/n10 B/n
=n(n— 1)/ a-cp(l1—=¢q)" 2dg+n(n— 1)/ bg(1 —q)" 2 dq
0 1

/nl()
acnn<1<1nlm>)
1 1 n—1 ﬂ n—1 1 n ﬂ n
ool () o(-n) () - 00)

The conclusion now follows by taking limit in the last equality. O

Proof of Lemma 12. We can parametrize every single-threshold algorithm via the
quantile chosen by it. If ALG, denotes the value obtained by a single-threshold algo-
rithm that always uses quantile ¢, we have ALG < max,¢[o,1) ALG,. We analyze this
last maximum for ¢ < 1/n'°, ¢ € [1/n'°, 8/n] and q > B/n.

For ¢ < 1/n'° we have

E(ALG,) = Z_: %(1 — gkt /Oq T (1 - (1 —w)¥) dw

k=1 v
n=1_ k=1 ,1/n'0
<a an Z/ (1 —w)tdw
k=1 ¢=0"0
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=a <all+ 3
1= (1=1/nt0)n-1 = n—1

where in the first inequality we upper bounded the integral for ¢ = 1/n'° and we also
upper bounded (1— q)"‘k_1 < 1; in the second equality we performed the integration;
in the second inequality we used Bernoulli’s inequality: (1—1/n'0) > 1—(¢+1)/n'0,
and in the last inequality we used the following claim.

Claim 2. We have ¢, /n® < (1+3/(n —1)).
Proof. First, note that

L\ 0 n—1 (n—1)2
Then,
Cn 1/n?
n®  1—(1-1/pl0)n-1
n

S oD - (- D/E)

(1) (1e30)

3
1
+n—1

IA

where in the first inequality we used inequality (C8), the second inequality follows by
1< (1—(n—1)/2n1%)(1+1/2n) and the last inequality follows simply by expanding
the multiplication and bounding 1/2n,1/(2n(n —1)) < 1/(n —1). O

Therefore, for any ¢ < 1/n'°, we have that the value of the algorithm is upper
bounded by a - (14 3/(n —1)).
For ¢ = A\/n € [1/n'%, B3], we have

>3

w

n—1 1/n'0 ac
E(ALGy) =Y —(1—¢" %! / — (1= (1 —w)k) dw
k=1 0

n

I
—

+

>3

(1 —q)”““‘l/lj b-a —w)") dw

b

=1
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where in the first inequality we upper bounded the first term in the first line in a
manner similar to the case ¢ < 1/n'? and we integrated the second term. The following
two claims allow us to upper bound this last inequality by controlling the error.

Claim 3. We have ¢, (1 —(1—¢)" ') /(qgn®) < (1 —e*)/A+B(1+B)/(n—B)
Proof. In the proof, we use that A < 8 < 2. First, we note that

A n—1 A n—1
1—(1—) :1—e—*+e—k—<1—>
n n
gl—ef/\—i-e*)‘—e*)‘('::i)

=1l—e+e? (1 — e>‘<i:§))

A1 =) Y
<1_
n—A Sl=e+ n—_

B+ B)

§1—6_>‘—|—

where in the first inequality we used that 1/(1 — A/n) < e("=») using the standard
inequality 14z < e, in the second inequality we used that e™ < 1 and 1—|z| < ™7,
and in the last inequality, we simply used that A < 3. O

Claim 4. We have

o Nk+1 _1/nl0Vk+l (g 1 /pt0
(1_q)n_k_1((1 Q- (A-1/ k)++1 (¢—1/ )(k+1))>

<l—e M1+ +36(1T+ﬂ)2'

Proof. First, we have

n—1 n—1

5 ﬁ(l — PR ((1 = M — (1 - gk + 1)) = kZ_l ng*(1—q)" "

k=1
-(1-9)"+(1~-gqn)
=1-(1-¢)" (1 -q+qn)
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where in the first equality we simply rearranged the sum and in the next line we
computed the sum. Then,

n—1
Mo e (L@ (0 1m0 g 1) 1)
kzlE(l_q) . ( k+1 )
<3 - 0T (-0 = (- (e 1)
k=1
+ 2 - Q" (1 - (1 - 1/n'0))
A R ET RS Prs
k=1
In(n)

where in the second inequality, we added and subtracted 1 to the parenthesis to form
the term studied at the beginning of the proof, in the second inequality, we used
Bernoulli’s inequality and in the last inequality, we used the standard Harmonic sum
bound. Finally,

< —(1+ )\)e_”\(i*) + E
=(e )1+/\ e (1+>\)+§
ﬁ(1+/@)

< —e M1+ N+

where in the second and last inequalities, we used the same bounds used in the analysis
of Claim 3. From here, the inequality of the claim follows. O

Therefore,

B(1+ B)?
n

BALGy) <o (L5 ) ot -+ + 4202

For ¢ > /n, we have

n—1 1/nt0
n . acy
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. B/
+ZE(1_q)Hfl/l b(1— (1—w)*) dw,

/nl()

This last term is decreasing in g; hence it attains its maximum at ¢ = 5/n.

The conclusion of the lemma follows by putting together the three bounds that we
found. Additionally, the bound for A € [1/n?, 3] supersedes the bound for ¢ < 1/n!?
and g > 8/n. O
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