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1. Introduction not his capacity. Suppose that on any given day, there

Consider a trader, let’s call her Alice, buying and selling ~ is a single market price at which Bob can buy and sell
a certain good or commodity (e.g., paintings, used cars, ~ coins. He can buy as many coins as he can afford, and
barrels of oil, etc.). Suppose Alice has some limit on he can sell some or all of his current shares. How should

how many units she can store. Consider the situation he proceed?

where Alice faces a sequence of potential buyers/ Of course, there is a whole range of situations like
sellers that arrive online over time and approach her  this, and different situations will justify different
with offers and that she wants to maximize her profit. =~ modeling assumptions (Osborne 1959, Charnes et al.

Of course, she can only sell a unit of the good if shehas 1966, Myerson and Satterthwaite 1983). For example,
it, and she can only buy a unit if she has enough place ~ in Alice’s case, one could model buyer/seller valua-
to store it. How should she proceed? tions as independent draws from distinct distributions
Or consider Bob, who wants to invest $1,000 in Bit-  that arrive in random order. Another plausible assump-
coin. Suppose Bob seeks to buy and sell coins (whichis ~ tion could be an affiliated-valuations model, where
possible in essentially arbitrary fractions) to make as  buyers/sellers share a random base value but their
much money as he can. He is willing to reinvest any  individual preferences are expressed by independent
gains but he does not want to put in extra money.  increments. Another option would be to model prices
Therefore, Bob’s constraint is his current budget and as following a random walk or Brownian motion.
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In this work, we initiate the study of this type of pro-
blems from a prophet-inequality perspective. That is, we
assume that the trader has some prior (distributional)
knowledge about the sequence of prices and compares
the expected performance of a given online algorithm to
the expected performance of the best offline algorithm.
A fundamental challenge of our buy-and-sell prophet-
inequality problem and important departure from the
classic prophet inequality problem is the mixed-sign
objective. Our central goal is to identify conditions under
which constant-factor prophet inequalities are achiev-
able. Interestingly, these turn out to be distinct from
those where this is possible in the standard prophet
inequality problem.

We start by considering what is arguably the most
basic variant of a buy-and-sell problem, where the
online algorithm can hold up to one indivisible item,
she is not budget-constrained, and prices are either i.i.d.
random variables, independent random variables pre-
sented in random order, or independent random vari-
ables presented in adversarial order. We then show
how to use the results for these base cases to solve a vari-
ety of more complex settings, including settings with
limited information about the distribution of prices,
settings with additional forms of correlation among
prices (such as the aforementioned affiliated-valuations
model), settings with more than one item, settings with
multiple types of items, settings with divisible items,
and settings with budgets. We also observe that in the
arbitrarily correlated case and in the case where prices
form a martingale, no approximation is possible.

1.1. Basic Trading Prophet Problem

At the heart of our work is the following basic
trading prophet problem. A “gambler” (online algo-
rithm) observes a sequence of 1 > 2 (possibly negative)
prices. The prices are generated by a stochastic process
that is known to the agent, but the agent only observes
the realized prices one-by-one in an online fashion. In
the simplest and most fundamental version of the prob-
lem that we consider, the agent trades an indivisible
good and can hold at most one copy of the good. In this
case, whenever the agent does not have the item, she can
either buy it at the current price p; (at a reward of —p;) or
she can skip this price. Similarly, when she holds the
item, she can either sell it at the current price p; (collect-
ing a reward of p;) or she can hold on to the item.

The agent can base her buy/sell decisions on knowl-
edge about the stochastic process, the current state (e.g.,
whether she currently holds the item or not), and the
history of prices. We seek to compare the expected
reward that the agent can achieve this way to the
expected reward of an all-knowing “prophet” (offline
algorithm), who knows the entire sequence of prices in
advance and can make optimal buy and sell decisions.

Our goal are worst-case approximation guarantees
(“prophet inequalities”) that state that in the worst case
over all stochastic processes from a certain class, the
expected reward of the online algorithm is at least an
a € (0, 1] fraction of the expected reward of the optimal
offline algorithm.

1.2. Results for the Basic Trading
Prophet Problem

We first consider some fundamental settings in which
the agent can hold up to one item and classify them
according to whether a constant-factor buy-and-sell
prophet inequality can be achieved. In contrast to the
vanilla prophet inequality problem, we show that no
approximation is possible when prices are independent
but arrive in any order. This in particular implies that no
approximation is possible with arbitrarily correlated
prices. On the other hand, we show that independent
prices that arrive in random order, which includes ii.d.
prices as an important special case, admit constant-factor
approximations. We discuss a number of extensions,
including extensions of our positive results to affiliated
prices and settings with budgets in Section 1.3. Our
results for the base case are summarized in Table 1.

Results for i.i.d. Prices. We start with the case where the
prices p; are iid. draws from F. We show that the worst-
case optimal online policy is a simple threshold policy and
achieves a 1/2-approximation. Note that we are assuming
continuous distributions without loss of generality.

Main Result 1. If the p; are ii.d. draws from F, then
buying whenever the price is below the median and
selling otherwise yields a 1/2-approximation, and no
online policy can do better.

We formally prove this result in Section 3, but we
give a high-level overview here: We argue that the
optimal offline strategy buys whenever the price is a
local minimum and sells at local maxima and use this to
show that the expected reward of the prophet is exactly
(n—1)/2 times the expected absolute difference
E[|X; — X;|] between any two draws X, X;,i # j from F,
say between X; and X». A simple application of the tri-
angle inequality in combination with the fact that we
are looking at i.i.d. random variables then leads to an
upper bound of (n —1)-E[|X; — T|] for any T. On the
other hand, for T set to the median of F, we show the
agent has the item at any given step with probability
1/2. This means that for any intermediate step
1 < i < n, with half probability whenever X; < T the
agent can buy and with half probability whenever X; >
T the agent can sell. Therefore, the expected reward
from an intermediate step is 1/2-(E[X;-1x,>7]—
E[X1-1x,<7]). Now, because T is the median, E[T-
1x,>7] = E[T - 1x, <7]. Therefore, we can add and sub-
tract this term from the previous formula and obtain
that the expected reward from an intermediate step is
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Table 1. Achievable Approximation Ratios in the Basic Versions of the Trading-Prophet Problem

Independent prices

ii.d. prices Random order Worst order
2 16 (2 as n — ) -
Upper bound (Theorem 2) (Theorems 3 and 4)
2 3 )

Lower bound (Proposition 1)

(Proposition 2) (simple example)

1/2-E[|X; — T|]. Together with a careful analysis of
the boundary cases, this shows that the expected
reward achieved by the agent over all steps is exactly
equalto (n —1)/2-E[|X; — T|].

To establish that no online policy can achieve a better
approximation guarantee than %, consider constructing
an ii.d. instance with n = 2 random variables X; ~ F for
i € {1,2}, where F is supported on three values: 0, %, and
1. By appropriately selecting the probability distribution
for these values, it is possible to ensure that the best
online policy only buys in period 1 when it observes the
lowest possible value. Namely, our distribution is such
that the expected period 2 price is not larger than the mid-
dle value. In contrast, the prophet will occasionally buy
when it observes the middle value in period 1 and when
the period 2 price is the highest possible value. This idea
can also be generalized to n>2, demonstrating that
increasing n does not lead to better online policies.

Results for Independent Prices: Random Order. Now
assume that prices p; are first drawn independently from
not necessarily identical distributions F; and that they are
then presented to the algorithms in random order. Note
that when prices are generated this way, then prices
observed on different days are no longer independent of
each other. We show that, despite this, it is still possible
to achieve a 1/16 approximation guarantee with a thresh-
old policy, which sets a single nonadaptive threshold.
We also show that this case is strictly harder than the i.i.d.
case by showing that no online algorithm (whether single
threshold or not) can achieve an approximation factor
better than 1/3 for n = 2. Interestingly, this impossibility
applies even if the order of random variables, and not
their realizations, is revealed to the algorithm before the
sequence starts. We also present a threshold-based online
algorithm that achieves a (1/2 — ¢/n)-approximation, for
some constant ¢, which tends to 1/2 as n — oco. Note that
the latter result does not contradict the impossibility of
1/3; in particular, in contrast to classic prophet inequal-
ities, the competitive ratio is not invariant under adding
deterministic variables of value 0.

Main Result 2. For independent prices p; ~ F; pre-
sented in random order, there exists a threshold T (dif-
ferent from the median of the mixture distribution)
such that the corresponding threshold policy that buys
below T and sells above T achieves a 1/16-approxima-
tion, and no online policy can achieve an approxima-
tion factor better than 1/3.

Main Result 3. For independent prices p;~F;
presented in random order, setting the threshold T
to the median of the mixture distribution yields a
(1/2 — ¢/n)-approximation for some constant c.

We give formal proofs in Section 4, but we again give
some overview here. The core of our argument is a reduc-
tion to a two-period problem with two (random) random
variables Xy and X(»), where o is a uniform random
permutation. Generalizing our approach for the ii.d.
case, we show that the expected reward of the prophet is
(n—=1)/2-E[|Xsq) — Xs2)|], whereas the expected
reward of a threshold policy with threshold T'is equal to

n—1

“E[1X50) = Xo@) | * Trefmin(X,a, Xu), max(Xa), X1 -

The main difficulty for relating the two quantities is
that, unlike in the ii.d. case where the comparison was
via Xj,X;, and these were independent random vari-
ables, now we are looking at X1y, X;(2), which are no
longer independent. For the universal 1/16-approxima-
tion, we address this correlation by arguing that we can
approximate the two quantities of interest up to constant
factors with two independent random variables X/, X} .
For this, we consider all possible ways of splitting the
random variables into two equal halves and drawing
Xy, Xy from the two halves and argue that there must be
a split that leads to the required property. For the asymp-
totic approximation guarantee of (1/2 — o(1)), we formal-
ize the intuitive claim that, the larger 1, the less correlated
the two random variables X1y, X5(2) should be.

To show that no online policy can obtain a better
than 1/3-approximation, we consider the following
instance with n = 2 random variables. Let M be a large
constant. The first random variable is equal to M +2
with probability M/(M+2) and zero otherwise. The
second random variable is M with probability M/(M +
2) and 2M + 2 otherwise. With probability 1/2, we first
see X; and then X5, and with probability 1/2, we first
see X, and then X;. The best online policy can be shown
to buy only when X1y = 0 which leads to an expected
profit of one. The prophet in turn buys and sells except
when X;q)=2M+2 or X, =0, which leads to an
expected value of 3 — O(1/M).

Results for Independent Prices: Adversarial Order. If
prices are distributed, not necessarily identically, and
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presented in arbitrary order, then no constant approxi-
mation factor is possible. Somewhat reminiscent of the
classic lower-bound example for the standard prophet
inequality, for some ¢ > 0, letn = 2 and

L wp.e

K=l {O wp.1—e¢

An optimal algorithm is indifferent between buying
X; and not doing so and therefore obtains an expected
value of zero0. The prophet, however, buys X;
precisely when X, = 1/¢ (which happens with proba-
bility ¢), therefore obtaining an expected value of
€-(1/e —1). Note that this example can be extended to
work also for any larger n by adding deterministic vari-
ables of value 1 in the beginning of the sequence.

(Non)Connection to Bilateral Trade. Our analysis
—especially the random-order case—reveals an inter-
esting (non)connection to bilateral trade, namely the
two-period problem that we reduce to can be seen as
the problem of maximizing gains from trade when the
item is allocated to one of the two parties at random.

For the classic variant of this problem where the item is
allocated to a fixed side of the market, classic work by
Myerson and Satterthwaite (1983) showed that the
“second best” (i.e., the gains from trade achievable with a
truthful mechanism) is generally strictly smaller than the
“first best” (theoretical optimum). McAfee (2008) showed
that a fixed price mechanism achieves a 1/2 approxima-
tion when the two sides are identically distributed.

For general not necessarily identical distributions, it
remained open whether a constant-factor approximation
is possible. Only very recently, Deng et al. (2022) were
able to resolve this question in an affirmative way. They
showed that—unlike in our case where no constant-
factor approximation is possible in the general case—the
classic problem admits a 1/8.23 approximation.

1.3. Extensions and Applications

Just like the classic single-item prophet inequality
(Krengel and Sucheston 1977, 1978; Samuel-Cahn
1984), the basic trading-prophet problem that we intro-
duce in this paper can be used as a tool to solve a num-
ber of related problems, and it can be extended in
different directions. We in particular show how to
extend our positive results to settings with affiliated
prices and settings where the trader is subject to a bud-
get constraint. We give an overview of our additional
results here, which is made precise in Section 5.

Unknown Distribution and Affiliated Prices. We show
how to handle the version of the i.i.d. problem in which
the distribution is not known. We give a simple trading
strategy that achieves a (1/2 — o(1))-approximation.
The idea is to use a random sample rather than the

median as a threshold and economize on the use of
samples using a variation of the fresh-looking samples
idea of Correa et al. (2021b, 2022b). The same algorithm
works and yields a (1/2 —o(1))-approximation when
prices exhibit a form of correlation known as affiliation
in economics; that is, there is a distribution G and # dis-
tributions Fy,...,F, and price p; = x; +y, where x; ~ F;
andy ~ G.

More Than One Item. We show that, unlike in the
single-item prophet inequality problem, where better
approximation guarantees can be obtained when there
are k copies of the good (Alaei 2014), both the optimal
offline algorithm and the optimal online algorithm for
the trading-prophet problem satisfy an “all or nothing”
property. Therefore, they either buy all k copies that
they are allowed to buy, or they sell all of the copies
that they currently hold. So a simple scaling argument
implies that the upper and lower bounds that we identi-
fied for the single-item case also apply in the multi-
item case.

Budgeted Version with Fractional Purchase and Rein-
vestment of Gains. We show how our result can be
applied in a budgeted setting similar to that faced by a
budget-constrained investor in the stock market. We
assume that the agent starts with a budget of B; =1 and
no goods S; = 0. In each step j, the agent can either buy
a fractional amount of the good (at most B;/p; units,
where B; is the budget in period j) or sell any fraction of
the amount S; of the good that she currently possesses.
We show through reduction that it is possible to
achieve constant-factor approximations to the growth
rate of the optimal offline policy.

Multiarmed Bandit Version. We present results for a
variant of the basic trading-prophet problem in which
there are k different types of good. We model this by
running k parallel copies of our base model, so there are
k streams of prices, one for each type of good. Both the
agent and the prophet can buy any of the items at the
current price if they currently do not hold an item, or
they can sell the item that they hold at the current price
of that item. We use our results for the basic trading-
prophet problem to show that it is possible to achieve
O(k) approximations and present an asymptotically
tight Q(k) lower bound.

Random Walks and Martingales. A natural
extension/variant of our model concerns situations
where the prices form a balanced random walk, that
is, py=p+> .,x; where p is some base price and
X1,...,X, areiid. variables, each either —1 or 1 with equal
probability. The resulting sequence of prices is a martin-
gale. It thus follows from the well-known optional stopping
theorem (Doob 1953) that, if one has to sell the bought
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item eventually, one cannot make profit. Thus, if p > n, in
which case prices are nonnegative and not selling a
bought item is not beneficial, the expected value of any
online algorithm is nonpositive. Hence, unfortunately,
no approximation ratio can be achieved by an online
algorithm. Identifying a class of supermartingales that
admits a meaningful approximation ratio is an interest-
ing direction for future research.

1.4. Experiments

We experimentally validate our results by assessing
our algorithms’ performance on a used car auction data
set with prices from the United States and Canada, as
well as synthetic data. In Section 6.1, we present our
results for the used car data set. For this set of experi-
ments, we applied our trading strategies to a fixed
model and manufacturing year (in our case, “Kia Sor-
ento 2015”). We observe that both our mean and
median algorithms developed for the i.i.d. case perform
close to their theoretical guarantees for the ii.d. case,
even though the empirical sequence of prices does not
formally satisfy the ii.d. assumption. The same holds
for the algorithm for the unknown-distribution case,
but the performance is noisier.

In Section 6.2, we explore a setting that is not i.i.d.
and may serve as a good model for practical settings in
which the algorithm performs well. Here, the prices are
generated by adding noise to a (slow) random walk.
We find that, the slower the random walk, the higher
the profit that the algorithm extracts. In the limit, we
obtain the i.i.d. setting and numerically recover a guar-
antee of close to 1/2.

1.5. Further Related Work

To the best of our knowledge, ours is the first work to
address a repeated buying and selling problem through
a prophet-inequality lens. We focus on the natural
objective of maximizing the gambler’s profit from a
sequence of buy and sell operations.

On a technical level, our work is related to the vast lit-
erature on prophet inequalities. This includes work on
the classic single-item prophet inequality (Krengel and
Sucheston 1977, 1978; Samuel-Cahn 1984), the i.i.d. case
(Abolhassani et al. 2017, Kleinberg and Kleinberg 2018,
Singla 2018, Correa et al. 2021c, Liu et al. 2021), and the
prophet secretary problem (Esfandiari et al. 2017,
Ehsani et al. 2018, Correa et al. 2021a). Our unknown
distributions result is related to a recent stream of work
that looks at prophet inequalities with samples (Correa
et al. 2020, 2022b; Rubinstein et al. 2020; Caramanis et al.
2022).

Ideas from the prophet inequalities literature have
also been used to construct simple near-optimal mecha-
nisms for two-sided markets (Colini-Baldeschi et al.
2016, 2017b; Braun and Kesselheim 2021; Diitting et al.
2021). Relevant pointers into the literature on two-sided

markets include the aforementioned seminal work by
Myerson and Satterthwaite (1983) and their celebrated
impossibility result for the bilateral trade problem, as
well as McAfee 2008, Brustle et al. 2017, Colini-
Baldeschi et al. 2017a, and Deng et al. 2022, who show
constant-factor approximation guarantees for maximiz-
ing the “gains from trade.”

Recent work by Ekbatani et al. (2024) studies a prophet
inequality problem, which can also be understood as
modeling a situation with multiple buy and sell opera-
tions. However, the exact model and objective are incom-
parable. Namely, in their model, which is inspired by the
“buyback model” in auctions, the gambler faces a
sequence of stochastic rewards from which it can choose
one. Although the gambler has to decide which reward to
keep in an online fashion, the gambler is allowed to return
a previously accepted reward x at a cost f - x, where f > 0
is some fixed parameter. The gambler’s utility is the
reward it eventually holds minus all cancellation costs.

Additional stopping problems motivated by financial
applications have been studied in the finance/applied
probability literature. First, Graversen et al. (2006) and
du Toit and Peskir (2007) study the problem of stopping
a Brownian motion, with the benchmark of minimizing
the expected squared difference between the value at
which the online algorithm stops and the maximum
value in the sequence. Second, du Toit and Peskir (2009),
for the same stochastic process, study the problem of
minimizing the expected ratio between the maximum
value in the sequence and the value at which the online
algorithm stops. In addition to studying different bench-
marks, these works also do not quantify the worst-case
performance guarantee.

There is also a rich literature on online portfolio selec-
tion problems, including work that takes a worst-case
competitive analysis approach (Borodin and El-Yaniv
1998, chapter 14). We refer the reader to the survey of Li
and Hoi (2014) for details.

2. Model

In our basic model, we trade a single unit of an item.
We are given n distributions Fy, ..., F, on R and, in ran-
dom order, in each of n > 2 periods, we are offered a
price for the item, drawn from one of the distributions.
More precisely, we have independent prices X; ~ F; for
1 <i < n and an independent uniformly random per-
mutation o : {1,...,n} = {1,...,n}; and on period i, we
get to observe the price X,;. In each period, we have
two possible states: We either have the item, or we do
not. In each period i, immediately after observing the
price X,(;), we must make a decision. If we have the
item, we can sell it at price X, or pass. If we do not
have the item, we can buy it at price X, or pass. In
period 1, we do not have the item, and the state of
period i + 1 is determined by the decision of period i.
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Our objective is to design a decision rule that maxi-
mizes the expectation of the profit we make, where the
profit is the sum of the prices on periods in which we
sell minus the sum of prices on periods in which we
buy. For an algorithm ALG, slightly abusing notation,
we also denote its (random) profit by ALG and its
expected profit by E(ALG).

We denote by OPT the optimal profit in hindsight.
That is, OPT is the (random) maximum profit given the
realization of the prices and the permutation o, over all
possible sequences of buy/sell decisions. We compare
ourselves with E(OPT), where the expectation is over
the realizations of the prices and the permutation 0. We
say a decision rule or algorithm ALG is an a-approxi-
mation for a family of instances if

E(ALG) > a - E(OPT)

for all instances in that family.

The following simple observation about OPT, which
can be proved by doing local changes in the decisions
of OPT, will be important in our analysis. It states that
OPT buys in local minima and sells in local maxima.
See Figure 1 for an illustration.

Observation 1. To handle corner cases in a unified
manner, define X;q):=oc0 and Xg(41):= —00. Then
OPT buys in period 1 < i < n if and only if the price
X5 is a local minimum, that is, X;;) < X,_-1) and
Xoti) £ Xg(i+1)- Analogously, OPT sells in period 1 <
i < n if and only if the price X, ;) is a local maximum,
that is, if Xoi) 2 Xo(i-1) and Xo(i) > Xo(i+1)- Here, the
strict inequalities break ties in the border case where
there is a set of consecutive periods with equal prices.
In such a set OPT buys or sells at most once, and fur-
thermore, it can do the operation in any period and
the result is the same. With this choice, OPT will buy
in the first period and sell in the last.

In our proofs, we assume all distributions are
absolutely continuous. In particular, this implies that for
every I, there always exists T; € R (a median) such that
P(X; < T;) =P(X; = T;) = 1/2. This assumption is with-
out loss of generality, as we can add to each price an aux-
iliary independent perturbation ¢; ~ Uniform[—e¢, €], for
an ¢ > 0 such thatn - ¢ < E(OPT).

3. i.i.d. Prices
In this section, we consider the case where all distribu-
tions are equal, so the prices are i.i.d. For this setting,

we remove the dependency on the permutation ¢ and
simply denote by X; the price in period i. We start our
discussion by describing an optimal algorithm, that is,
an algorithm maximizing E(ALG). Note that such an
algorithm can be obtained by a straightforward back-
ward induction. There is, however, a simpler descrip-
tion. The algorithm we will describe is a single-
threshold algorithm; that is, there is a threshold T € R
such that our decision in each period 1 < i < nis to sell
whenever X;>T and to buy whenever X; < T. In
period n, the algorithm sells if we have the item and
passes if we do not, regardless of the price. We denote
such an algorithm as ALGr.

Theorem 1. If the prices are i.id. and T =E(Xy) is the
mean of the distribution, then ALGr is an optimal algo-
rithm, that is, E(ALGr) >E(ALG) for any algorithm
ALG.

Proof. For any period i€ {1,...,n}, denote by V(i)
(Vo(i)) the optimal expected total profit that can be
generated starting from period i with having the item
(not having the item, respectively). For convenience,
let Vi(n+1)=Vy(n+1)=0. For i>2, consider two
cases:

e The algorithm has the item in the beginning of
period i — 1. The expected loss after period i —1 from
selling the item is, by linearity of expectation, V;(i)—
Vo(i). Therefore, the algorithm should sell the item at
price X;_1 if X;_1 > V1(i) — V(i) and should not sell it if
Xi_1 < Vi(i) — Vo (i), with indifference at equality.

e The algorithm does not have the item in the begin-
ning of period i — 1. The expected profit after period i —
1 from buying the item is, by linearity of expectation,
Vi(i) — Vo (7). Therefore, the algorithm should buy the
item at price X;_1 if X;_1 < V1(i) — Vo(i) and should not
buy it if X;_q>Vi(i)— Vy(i), with indifference at
equality.

Therefore, setting the threshold V(i) —Vy(i) in
period i — 1 is optimal. Finally, note that, by definition
of V1(i) and V(i),

V1(i) = Emax{X; + Vo(i + 1), V1(i+ 1)})
and
Vo)) = Emax{V1(i+1) — X;, Vo(i + 1)})
=Emax{V1(i+1), Vo(i + 1) + X;}) — E(X)).

This implies that, indeed, Vi(i)— Vo(i) =E(X;) =
E(Xl) O

Figure 1. (Color online) Example of Decisions Made by OPT: Optimal Buy/Sell Decisions in Hindsight

e = purchase
° = sell
e = do nothing
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It seems, however, difficult to directly analyze this
algorithm with respect to OPT. Therefore, we consider
another simple algorithm that achieves a 1/2-approxi-
mation and show this factor is tight. This algorithm is
again a single-threshold algorithm.

Theorem 2. If the prices are i.i.d. and T is the median of
the distribution, then ALGr is a 1/2-approximation, that
is, E(ALGr) > (1/2) - E(OPT).

To prove this theorem, we first obtain in Lemma 1 an
upper bound on E(OPT) in terms of T and then show in
Lemma 2 that the expected profit of the algorithm is in
fact half of this upper bound when T is the median of
the distribution.

Lemma 1. If the prices arei.id., then forany T € R,

E(OPT) =

- Xs1)
< (n -1 -E(|X; —T)).

Proof. Let us denote by OPT; the gain of OPT in
period i; that is, if OPT buys in period i, then
OPT; = —X;, and if OPT sells in period i, then OPT; =
X; and OPT,; =0 otherwise. From Observation 1, we
have the following:

—X1-Ix<x, ifi=1
OPTI = Xn . ]‘XnZXn—l lf 1 =n
Xi . lxiZXi—l — X,‘ . 1Xx‘SXi+1 otherwise.

Now we calculate E(OPT) by adding up all these
terms and taking expectation:

E(OPT) = Zn:E(OPTl-)

i=1
n

= Z]E(Xz : 1XiZXi—1)
i=2

= (n—1)-E(X,

n—1
— Y E(Xi-1x<x,,)
i=1

- X2) : 1X12X2)'

The last line follows from the fact that prices are i.i.d.
Finally, also from the fact that prices are ii.d. and
from the triangle inequality, we conclude that for any
TeR,

E(OPT) = - Xs])
< (T’l — 1)E(|X1

~T]). O

Lemma 2. If the prices are i.i.d. and T is the median of the
distribution, then

E(ALGy) = 2

7).

Proof. As in Lemma 1, we analyze the gains of ALGr
in period i, which we denote by ALGr(i). If ALGr
buys in period i, then ALGr(i) = —X;, and if it sells,

then ALGr(i) = X;, and ALGy(i) = 0 otherwise. By the
definition of ALGt, we have that

ALGr(1) = =X - Ix,<1-

Denote by p; the probability that we have the item in
period i (before making a decision). For2 <i <n—1,
because the price of period i is independent of the
prices in periods 1,...,i — 1, we have the following:

E(ALGr(i) = E(X; - 1x,>7) - pi — E(X; - 1x,<7) - (1 = p3).

In the last period, the algorithm only sells whenever
we have the item. Thus,

E(ALGr(n)) = E(Xy) - pu

= (E(X, - 1Xn2T) +E(X; - 1Xn<T)) “Pn-
We show now that if T is the median of the distribu-
tion, p; =1/2 for all i >2. Indeed, notice that, condi-
tioned on having the item in period i—1 or
conditioned on not having it, we have the item in
period 7 if and only if X;_; is below T:
pi=PXi1<T) pi1+P(Xi1 <T)-(1—pi1)
= ]P’(X,;l < T) = 1/2

Putting all together, we have that

E(ALGr) = zn:E(ALGT(i))

i=1

= —E(X; - 1X1<T)+ ZE(X Ix,>7)

,_.

n—

E(X; - 1x,<T)

Il
N

i

(E(X “1x,>1) + E(X - 1x,<7))

N\H I\JID—\

n —
= (E(Xl “Ix,>7)

— E(Xj - Ix,<1))-

Here, the last line comes from the fact that the prices
are iid. Finally, notice that P(X;>T)=P(X; <T)
=1/2, so E(T-1x,>1) = E(T - 1x,<7), and therefore, by
adding and subtracting this quantity in the last line,
we conclude that

E(ALGy) =2

~T]). O

Proposition 1. For any n>2 and e >0, there is an
instance with n i.i.d. prices such that for the optimal algo-
rithm ALG:

E(ALG) < <;+ s> -E(OPT).

Proof. Fix n, and we construct a parameterized
instance with n ii.d. prices and obtain the claimed
bound as the parameter ¢ € [0,1] tends to zero.
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Fix € € [0,1] and consider
€
1 p. =
wp. 5

Xi= wp.l—¢

&

forie{1,2,...,n}.

S N

To calculate the expected profit of OPT, we use the
characterization described in Lemma 1. Here, it gives

EOPT) = "1

=1L (4.%.(18).§+2.1.(§)2)

n-1 5—6—2
) 2

Consider any algorithm ALG. We can bound its
expected profit as follows. First, selling is always opti-
mal in the last period. Because the expected price in
this period is 1/2, we can replace it with a determinis-
tic price of 1/2, which by linearity of expectation does
not change the profit of ALG. Second, any optimal
algorithm performs buy/sell operations only when
the prices belong to one of the following pairs:
(1/2,1/2), (0,1/2), (0,1), or (1/2,1). In all these cases,
we can distribute the profit from the buy/sell opera-
tions into two parts. The algorithm gains 0 when it
trades at a value of 1/2, and it gains 1/2 each time it
trades at 0 (buy) or 1 (sell). Now, consider period t,
and let g(t) represent the probability that ALG holds
an item before observing the price in this period.
Because the price at period t is independent of 4(t),
using the above reasoning, for t < n —1, we can write
that

CE(1X) — Xz1)

E(profit of ALG at period f)
1 1 1
< q(t)zé + (1 — q(t))ié = Zé.
By the linearity of expectation, we conclude that

(n—1)

E(ALG) <

<&

It follows that

Sending ¢ to zero, we derive

_E(ALG) _ . "jle
< =
lim & opT) < lll%nT—l(g )

4. Independent Prices: Random Order
In this section, we consider the case where the prices
Xj, ..., X, are independent draws from not necessarily

identical distributions Fj,...,F,, and these prices are
presented to us in random order. We show three
results, a 1/16 approximation by a threshold policy, an
impossibility showing that no online policy can achieve
a better than 1/3 approximation, and an asymptotic
1/2 —o0(1) approximation by a threshold policy as
n— oo. The asymptotic 1/2 —o(1) approximation is
obtained by setting the threshold to the median of the
mixture distribution. The 1/16 approximation requires
a different threshold. We describe how we choose the
threshold for the 1/16 approximation in Section 4.2 and
provide a hard instance for the median of the mixture
distribution for small 7 in the online appendix.

Theorem 3. If the prices are presented in order Xy, ...,
Xo(ny, where o :{1,...,ny —{1,...,n} is a uniform ran-
dom permutation, then there exist a threshold T such that

E(ALGr) > %6 -E(OPT).

Moreover, the threshold T can be computed in poly-
nomial time.

Theorem 4. If the prices are presented in order
Xo(1)r - - s Xo(n), where 0 :{1,...,n} —{1,...,n} is a uni-
form random permutation, then there exist a threshold T
and a constant C, independent of these distributions, such
that

C E(OPT)
(1 +;> -2 ZEi(ALGT)'

We provide the proofs of Theorems 3 and 4 in Sec-
tions 4.1,4.2,and 4.3.

Proposition 2. For every ¢ >0, there is an instance such
that if the prices arrive in uniform random order, then for
the optimal algorithm ALG,

E(ALG) < (; + s) -E(OPT).

Proof. Consider a large constant M > 0. We define an
instance with 1 = 2. Take X; such that Xy =M +2 w.p.
M/(M+2), and X3 =0 w.p. 2/(M+2). Take X, such
that X, =M w.p. M/(M+2) and X, =2M+2 w.p.
2/(M+2).

Notice that E(X;)=M and E(Xp;)=M+2. The
expectation of the optimal algorithm can be written as

E(ALG)
= 2 E(E() — Xi],) + 5 E(EX) — Xal,)

1
=y M+2)-3r5
Let us calculate E(OPT). There are four possible
sequences of prices where OPT buys and sells: (M +2,

2M+2),(0,M),(0,2M +2),(M,M +2). In all other cases,

+0 =1.
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OPT does nothing. Therefore,

E(OPT)

Lty M2 2 M

2 M+2 M+2 M+2 M+2
2 \? M \?

=3+0(1/M).

This completes the proof. O

4.1. Reduction to Two Periods with Correlated
Random Variables

We start by reducing the problem of showing an

approximation guarantee for the random order model

with 1 periods to a two-period problem with correlated

random variables. The first lemma is analogous to

Lemma 1 from thei.i.d. case.

Lemma 3. If the prices are presented in uniformly random
order o, then
-1

E(OPT) =" >

“E(1 X50) — Xo) -

Proof. For a fixed order o and realizations X, ...,
Xs(n), we can argue as in the beginning of the proof of
Lemma 1 and use Observation 1 to obtain

n
OPT = ZXO-(i) . 1X(,(,')2Xu(ifl)
i=2

n—1
- § :XU(i) ! 1X0(1')SX0(1+1)
i=1
n—1

= Z(Xo(iﬂ) - Xa(i)) : 1X<r(t+1)ZXn(i)'
i=1

Then, taking expectation over the possible orders o
and realizations Xy, . .., Xo(),
E(OPT)

n—1

= ZE((XJ(I'+1) — Xo(1) * 1,12 X0)
=1

= (n - 1) : E((Xo(l) - Xa(Z)) : ]-Xg(l)ZXJ(z))

n—1
= E(1 Xo) — Xo2) 1),

where the first equality holds by linearity of expectation
and the second and third equality hold because ¢ is a
uniformly random order. O

The second lemma, generalizing Lemma 2 from the
ii.d. case, is more complicated than that lemma because
it involves the indicator variable of T being between the

two variables from the two-variable problem we are
reducing to.

Lemma 4. If the prices are presented in uniformly random
order o, then for any threshold T € R, we have that

n—1
E(ALGT) = T . ]E(lxo(l) - XG(Z) |
“Irefmin(X, ), Xota)), max(Xogo), Xow)))-

Proof. Let ALGr(i) denote the gain (or the loss) of
ALGrT in period i. By the definition of ALGr, it can only
buy in period i = 1. Thus, ALGr(1) = —X,q1) - 1x,, <T-

Consider now any period 2 <i <n—1. In such a
period, the algorithm buys whenever X;; < T and it
does not have the item. The latter event is equivalent
to the event X;;_1) > T. Indeed, assuming that X;_1)
>T, either ALGr in period i—1 does not have the
item, but in this case, it will not buy it in this period,
or it does have the item, but then it will certainly sell
the item in period i — 1. In both cases, the algorithm
does not have the item in period i. On the other hand,
if X,(i—1)<7, then either the algorithm already has the
item in period i — 1 or it will buy it in that period, so
in this case, it will certainly hold the item in period i.

Selling an item is similar. In any period 2 <i <
n—1, the algorithm sells the item iff X;; > T, and it
has the item. Analogously, the algorithm has the item
in period i iff X,;_1) < T. Therefore, we can express
the gains of ALGyr in period2 < i < n—1by

ALGr(i) = =Xo)  1x <7 1xy 02T
+Xo(i) - Ix, o1 - Iy <T-

In the last period, the algorithm never buys and always
sells if it has the item. Thus, from the same reasons as
above, we have that ALGr (1) = Xy - 1x,,,_,, <T- Putting
all together, we obtain

E(ALGr) = > E(ALGr(i))
i=1
= —E(Xo0) - 1x,)<T)

n—1

+ ZE(Xo(z‘) Ax,>T  1x, ) <T)
i=2

-1
- ZE(XGU) Ax, <7 1x0y>T)
=2
+ E(Xo(n) - 1x,( 1) <T)
=(n—2) E(Xo(1) - L7 1x, <T
= Xo@) " 1x,p <T " 1x,0)2T)
+ E(X(1) * I, <1) — E(Xo(1) - 1 <1),

where the last equality follows from linearity of
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expectation and the fact that ¢ is a uniformly random
permutation. By manipulating the last two terms of the
above sum, we obtain

E(Xo(1) - 1x,0 <) — E(Xoq) - 1x,, <T)
= E(Xo(1) - Ix, <7 I, <T
+ Xo(1) Iy <7+ 1x,02T)
—E(Xo) 1) <7 1x,0)>T
+ Xo(1) Iy <7 Ly <T)
= E(Xo01) - 1x,0, <7 * 1x,)>7)
— E(Xo(1) - 1x) <11x,027)
= E(Xo0) - 1x,0>T * 1x,p <T
= Xo2) * L, <T * 1x,0)2T)-
Substituting this back into the formula for E(ALGr)
yields
E(ALGr)
=(n—1)-E(X,q) 1x,q>7 * 1x,0 <T
= Xo@) " 1xy0 <T " 1x,0)>T)
=(n—1)-E(Xoq) — Xo2) - 1x,0>T " 1x,p <T)

n—1
= ‘E(1 Xo) — Xo2)|

: lTelmin(Xo(l)rXo(Z))r maX(Xo(l)/XJ(Z))J)’

where the last lines follows from the fact that o is a uni-
formly random permutation.

4.2. Proof of Theorem 3

Lemmas 3 and 4 imply that, in order to show Theorem
3, it suffices to show that there exists a threshold T € R
such that

E(1Xo1) = Xo@) | * Irefmin(X,u), Xo), max(Xou), Xo)])
1
27¢ E(|Xo1) = Xo2)1)- 1
The main difficulty in showing Inequality (1) is in the
fact that the random variables X;;) and X, are not
independent. Indeed, if they were independent, then

the inequality would be implied by the following key
lemma.

Lemma 5. Let X1, X, be two independent prices with dis-
tributions Fq,F5. Then, there exists a threshold T € R such
that

E(1X1 = X2 - Iremin(xy, X2), max(X1, X2)])
1
Z;'E(|X1*X2|)- )

In the online appendix, we show that Inequality (2)
can be fulfilled by setting T to at least one of M; and M,

which are the medians of F; and F, respectively. Note
that this is implied by

2(E(] X1 — X2 T e[min(x;, X»), max(Xy, X2)])
+ E( | Xl - XZ | ' 1M26[min(X1,X2),max(X1,Xz)]))
>E(|X1 — Xs]).

A way to view the proof is that we charge any elemen-
tary event, say, X; = x; and X, = x, to another elemen-
tary event X; = x7, Xo = x} such that

L v —x| < |2 —x3],

ii. My € [min(x],x5), max(x},x5)] or M, € [min(x],x}),
max(x},x5)], and

iii. No elementary event is charged to more than
two times.

First note that we can charge each event X; = x, X, =
xp satisfying M;j € [min(xq,xp), max(x1,x2)] or My e
[min(x, x7), max(x1,x,)] to itself. For the other events,
we distinguish different cases visualized in Figure 2
and charge in such a way that each realization of the
former type is only charged to one additional time.
Because of the presence of long calculations in the for-
mal proof, we refer the reader to the online appendix
for details. In there, we also show that the analysis is
tight for this way of setting the threshold.

Using the lemma, we now proceed to the proof of the
theorem.

Proof of Theorem 3. The goal of this proof is con-
structing two independent random variables such that
if they are put to Inequality (1), they, with a loss of
only a constant factor, estimate the right-hand side
from above and the left-hand side from below.

Letset H; € {1,...,n} be a set chosen uniformly at ran-
dom from all subsets of size [11/2]. Leta, b be random ele-
ments chosen uniformly from H; and {1,...,n} \ H;. For
any twoi #j,i,j € {1,...,n}, wehave that

o IR
P(a—l,b—])—]P’(G(l)—1/0(2)—])—n(n_1)’
which gives us that

E(]1Xs = Xp|) = E(| X5y — Xo) )-

Because choice of each subset of size [n/2] of set
{1,...,n} is equally likely and happens with probability

1/( fn721 ), there must exist a set S such that

E(| Xy — X ) 2 E(| Xo0) = Xo) ), ®)

where 4’ is a uniformly random element from S,
whereas 0’ is a uniformly random element from
{1,...,n}\ S. Note here that X, and X}, are indepen-
dent random variables because the sets of random vari-
ables {X;|i € S} and {X;|i€{1,...,n}\ S} are pair-wise
independent. Therefore, we can apply Lemma 5 and
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Figure 2. (Color online) Different Cases Distinguished in the Proof of Lemma 5
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Notes. Realizations of X; and X, are shown in darker colors, respectively. The realizations that are charged to are depicted in lighter colors.
Although the specific values depend on the actual distributions, what is unaffected is the order of the realizations with respect to the median of

the corresponding distribution, as well as among each other.

get a threshold T € R such that
E(|Xe — Xy | - Iremin(x,, X, ), max(X,, X, )])
> TE(Xe ~ Xp ).
This together with Inequality (3) yields
E(|Xs — Xy | * Iremin(X,, X, ), max(X,, X,)])
> LB (X — X)) @
Finally, observe that

4 - E(1Xo01) = Xo@) | Iremin(Xy0), Xom), max(Xou), Xow)])

4
nn—1)

i,je{l, ... n}, i#j
“E(1Xi = Xj| - Irefmin(x,, X)), max(x,, X,)])

> o r
ies,jel, .., n}\s [n/2] n—[n/2]

\%

: E(lxz - X]l ’ lTe[min(X,»,X,),max(Xf,Xf)])

E(| Xe — Xy | Ireimin(X,, X, ), max(X,, Xy )] )

where the inequality above follows from the following
reasons. First, all random variables on both sides of the
inequality are nonnegative. Second, on the left-hand
side, the sum iterates over all possible distinct pairs i, j,
whereas on the right-hand side, the sum iterates only

over the pairs for which i belongs to S and j belongs
to the complement of S. Third, a simple case analysis
assures that 4/(n(n-1))=(2/n)-(2/(n-1)) = 1/[n/2])-
(1/(n—[n/2])) for all integer n. This, together with
Inequality (4), proves the theorem. O

4.3. Proof of Theorem 4
Let us now turn to proving Theorem 4. We will be ana-
lyzing the fraction

E(]1X; — X»1)
E(] X1 — Xa| * Ire[min(Xy, X,), max(X1, X2)])

where T is the median of the mixture random variable,
ie., the median of Xy where Y is a uniformly random
index in [1] . We will relate the nominator and denomina-
tor of the above fraction to two independent random vari-
ables of the same distribution, which makes the key
difference compared with the previous approach.

Consider a random vector (X, ...,X,) and its inde-
pendent copy with the same distribution (X7, ..., X]).
Let Y,Y’” be two independent random numbers from
one to n. Then, the variables Xy and X!, are also inde-
pendent and have the same distribution.

We define

S1 = E(|Xs0) — Xo2) 1),

S 1= E(|Xo01) = Xo@) | * Irefmin(X,), Xom), max(Xoy, Xo)]) 7

aswell as

S = E(1Xy — X3 1),

85 = E(IXy = X% | - Irefmin(xy, x7,), max(xy, X7,)1)-



Downloaded from informs.org by [181.42.166.65] on 21 May 2026, at 08:08 . For personal use only, all rights reserved.

Correa et al.: Trading Prophets
Operations Research, 2026, vol. 74, no. 1, pp. 260-280, © 2025 INFORMS

271

Because T is the median of Xy and X}, thus by Lemma
1, we have that 2 > 5/ /S’ The following lemma relates
S5 t0S,.

Lemma 6. If T is the median of distribution Xy, then there
exists a constant C > 0, independent from Xy, such that the
following inequality holds:

C n
~-).S, > .S’
<1+n> Sz_n_l 52

Proof. Throughout this proof, for any real A, B, we
will use [A, B] to denote a continuous interval
[min(A, B), max(A, B)]. We have that

n

n—l'Sz
n
=7 BUXy = Xy | - Trepxy, x;,1)
- Zi-ﬂzux-—xwl 1)
(n—1)n n2 17 Al ATelXi, X))

i, ire[n]

On the other hand, it holds that

<1+€> Sy
n

C
= <1 + n> “E(1Xo) — Xo@) |+ 1re[x,, X,01)

C 1
) <l +g>' > =D BOX = X1 Trepe, ).

ijeln]

Because X; and X]’- are independent, if i # j, it makes
sense to subtract Zi#e[n]ﬁﬂ(lx = Xj| - rerx, x,1)
from both sides of the original inequality, which
reduces our task to proving

c ’
m" Z ]E(lxz_X]| '1TE[X;‘,XJ(])
i#f,i,j€[n]
1 ’
> m . ZE“X] - Xi | . 1T€[X{,X;])~

i€[n]
Let us now fix i € [n]. We will show that

C

—- E E(1Xi = X{| - 1refx,, x11)
no_4— i
]e[”]/]#l
> E(1X; — Xi| - 1rerx, x11), ®)

which, if summed over all choices of i € [n], will prove
the lemma. To do so, let A be the set of the indices k for
which P(X} > T) > 1/4. Observe that |A| >n/4. If not,
then we have P(X;,>T) <P(YeA)+1.P(Ye¢A) <
1+1=1, which contradicts with the choice of T. An
analogous argument shows that set B:= {k | P(X} <

T)>1} has size at least /4. Consider now the sum
Zje[n],j#i]EHXi — X]/ | : 1T€[Xi,X;]' We have that

2 Z E(1Xi = X - 1rerx, x]

je€lnl, j#i
> Z E(1X; — X} | - 1x, <7 1x;51)
aeA—i
+ Z E(1Xi — X5 - Ixsr - 1x <7)
beB—i
= Y E((X] - X)) - 1x,<7- 1x57)
a€A—i
+ Z E((Xi — Xp) - Ix1 - 1x;<7)
beB—i
= Z E(T - Xi) - 1x,<7 - 1x,>7)
a€A—i
+ > E((Xi = T) - 1xr - 1x,<7), (6)
beB—i

where the last inequality follows from the fact that X, >
T and X}, < T. Because for everya € A — i, variable X/ is
independent from Xj;, and, by the choice of A, we have
P(X, > T) > 1/4,itholds that

Z E(T - X;)-1x,<7 - 1x/>7)
neA—il
n
21 (Z - 1) ‘E(T - Xi) - 1x,<7)-
The last inequality follows from the fact that [A| > 1.
By a symmetric reasoning for set B, we see that

Z E((Xi = T)-1xs7 - 1x <)
beB—i1
n
> (3-1) ‘B~ 1) 1xor).
The two above inequalities combined with Inequality
(6) give us that

> 2E(Xi - X/ - Trerx,, x1)
jelnl, j#i
n 1

> (E _ Z) (E(T = X)) 1y <1) +E((Xi = T)- 1xo1)).
@)

On the other hand, the left-hand side of Inequality (5)
can be rewritten as
E(1X; — X} - repx, x11)
= E((Xi — X}) - Ixo1 - 1x/<7)
+E((X] — Xi) - Iy, <7 - Ixgo)
=2E((X; — X) - Ixo1 - 1x/<7),

because X; and X] are independent random variables
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with the same distribution. By linearity of expectation,
we get
2E((Xi — X{)1x21 - 1x; <)
< 2(E((T — X{)Ix>r - Ix;<7)
+E(Xi = T) - Ixer - 1x;<1))
< 2(E((T = X)) - 1x <1) + E(X; = T) - 1x,27)),

where the last inequality follows from the indepen-
dence of X; and X/. This inequality, combined with
Inequality (7) leads to

Z 2E(]1X; — X7 | '1Te[Xi,X;])

jelnl, j#i
n
> (16 - 4) (B(T - X;) - 1x,<7) + E((X; = T) - 1x,57))
1 n 1 ’
25 (E - Z) JE(|X: = X[ - Trepx, x11),
which is equivalent to
64

— E(|X Xi |- Trex,, X ) 2 E(1X; — X{| - Irex, x)-
This proves the claimed Inequality (5) with constant
C := 64, and therefore the lemma follows. O

We are now ready to finish the proof of Theorem 4.

Proof of Theorem 4. Recall that our goal is to prove

C Sq
(1+n_c>-2_52 (8)

To do so, first observe that

S1 = E(|X50) — Xo2)1)

= - Xy 1)
e Ezlnjmx X/1)
=ni1.51 n(n—l) IEE[;E(IX Xi1),
which leads to
njl.sa=sl+n(nl_1)-ie%m|xi—le>-

As observed before, we have that 2 > %, which com-
bined with the above equality, gets

Sl+n(n 1) Zze E(lX X,|)>S1

Sl - S, 4 (9)

where in the last inequality, we used the fact that
> iemE(1Xi = X71) 20. By Lemma 6, there exists a

constant C such that (1+C/n)-S, > (n/(n-1))-S, = S5,
which, when plugged into the denominator of the right-
hand side of Inequality (9), implies 2- (1 +C/n)- S, > S;.
This completes the proof of the theorem. O

5. Generalizations

In the following sections, we consider four generaliza-
tions of our basic trading-prophet problem: an unknown-
distribution version with sample access, a version with
more than one item, a budgeted version with reinvest-
ments of gains, and a multiarmed bandit version.

5.1. Unknown Distribution and Affiliated Prices
We consider in this section a variant of the model studied
in Section 3 in which the prices are i.i.d., but we are not
given the distribution beforehand. We prove the result
for ii.d. prices but notice that the exact same argument
applies to affiliated prices where p; =x;+y, y ~ G, and

~ F for all j independently. The reason is that once y is
fixed, the increments are i.i.d., and both the online algo-
rithm and the optimal offline algorithm buy and sell the
same number of times so that y cancels out.

Theorem 5. If prices are i.i.d. or affiliated, but we do not
know the distribution, there is an algorithm ALG such that

E(ALG) > - - Z

- E(OPT).

A natural approach to prove such a result would be
to use the empirical median of past prices. However,
proving a guarantee for that algorithm would require
analyzing the distribution of the empirical median
(similar to the analysis of Correa et al. (2022b) and
Rubinstein et al. (2020)). If M; denotes the median of the
first t prices, we would need to analyze how the terms
E([Xi+1 —M;],) and E([M;— Xi11],) compare with
E([X7 — Xz],). Instead of this, we use as a threshold an
independently drawn sample from the distribution of
prices, which results in a straightforward proof, and
then we show how to implement this only using past
prices.

Assume we have access to n — 1 independent sam-
ples S1,5y,...,5,-1. For this case, consider the following
algorithm, which we denote by ALG’. In period i < n,
if we do not have the item, we buy if X; < S;; if we have
the item, we sell if X; > S;. In period n, we simply sell
the item if we still have it. For the case of affiliated
prices, we require that the samples are also correlated,
that is, that S; =y +s; and X; =y + x;, where y ~ G and

~F, x; ~ Fforallj.

Lemma 7. We have that E(ALG®) > 7L E(| X; — X3]).
Proof. Denote by ALG'(i) the gains of the algorithm
in period i. Note first that in every period i> 2, the

event that we have the item is independent of X; and
S; and has probability exactly 1/2. This is because this
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event is exactly the event {X;_; < S;_1}. Therefore,
E(—X;-1x,<s,) i=1

1-E(X,) i=n
3 (E(Xi-1x,ss,) + E(—X; 1x,<s,) else.

E(ALG'(i)) =

Because Xj,...,X,,S1,...5,_1 are i.i.d. realizations of
the same distribution, we conclude that

E(ALG) = zn:E(ALGS(i))
i=1
=" ; ! ‘E(X1 — X3) - 1x,5x,)
n—1
4

For the case of affiliated random variables, that is, if
Xj=x;j+y and S;=sj+y for y~G and x;~s;~F,
notice that the events {X; 1 < S;_1} and {x;_1 < s; 1}
are equivalent. This means that the event that we have
the item in period i is independent of X; and S;, so all
previous equations still hold. O

‘E(1X1 = X2).

Combining this lemma with Lemma 1, we have that
ALG’ is actually a 1/2 approximation. From ALG?, we
derive ALG™, an algorithm that uses a single sample S;
of the distribution. For 2 < i < n —1, we define S} by
selecting a uniformly random element from
{581,X1,...,Xi_1}. Now, ALG" behaves like ALG’, tak-
ing 51,55, ...,5,,_; as the set of samples.

Lemma 8. We have that E(ALG™) = E(ALG®).

Proof. We simply prove that the expected gain of the
two algorithms is the same in each period, that is,
E(ALG™(i)) = E(ALG(i)). This is easy to see for period
i=1. For i>1, note first that S; and X; are ii.d. ran-
dom variables. This is because {Si,Xi,...,X; 1} is
independent of X;.

The critical step is to show that the event that we
have the item in period i is independent of the pair
(Xi,S}). Recall that this is equivalent to the event
{Xi-1 < S/_;}, so conditioning on this event might
affect the distribution of S;. This in fact is not the case,
because it refers to the relative order within the set
{51,X1,...,X;_1}, which is independent of the value of
a uniformly random element of the same set (given
that they are i.i.d. random variables). Notice that if we
now add the same number y ~ G to all random vari-
ables, the relative orders do not change, so the argu-
ment also applies to affiliated prices. O

Now, Theorem 5 is a direct application of Lemma 8. If
we do not know the distribution, we can skip the first
period and use ALG™ in Xj, ..., X,,, treating X; as a sam-
ple. This yields an expected profit of 22-E(|X; — Xa|),
which by Lemma 1 is exactly (1/2)-((n —2)/(n—1))-
E(OPT).

5.2. More Than One Item

In this section, we analyze a variant of the main model
where we are allowed to store up to k copies of the
item, and the prices are independent and are pre-
sented in uniformly random order. It is clear that, in
hindsight, the optimal strategy always buy k items or
sell all k items. We prove the optimal online strategy
also presents this behavior, which implies that this
variant is equivalent to the single item case. For a for-
mal proof of this result, we refer the reader to the
online appendix.

Lemma 9. If we are allowed to store k items at any time,
then the optimal online strategy always trades with all k
items; that is, in a single period, either the algorithm buys k
items or it sells all k items.

5.3. Budgeted Version with Fractional Purchase
and Reinvestment of Gains

A natural extension of our model is to allow, as in a
stock market, the transaction of any fraction of the item,
and at a given period, only limit ourselves by the bud-
get we have in that period. More precisely, in this sec-
tion, we consider the following model. We are given a
sequence of prices X;1), . .., Xy(n) generated in the same
way as in our basic model. In period I, we have a state
given by a pair (S;, B;), where S; > 0 is the (possibly frac-
tional) number of stocks we hold in period 7, and B; > 0
is our budget in period i. We start with (S1,B1) = (0,1),
meaning that we start with zero stocks and a budget of
one unit of money. In period I, we can buy (or sell) any
number of stocks s € [-S;, Bi/X;)], which determines
the state in the next period as (Si+1, Bis1) = (S +5,B; — s
X(i))- Our objective is to maximize the money we have
at the end of the process, that is, Bj4+1.

Denote by OPTr the gains of the prophet in this
model, that is, the maximum possible profit in hind-
sight. It is easy to see that the prophet either sells all
stocks or spends all money, that is, s € {—S;, Bi/X,}-
Thus, if I denotes the set of periods where the prophet
buys, and ] denotes the periods where the prophet sells,
we have that OPTr =[], Xo()/[ [;cXo). This formula
immediately implies that, in this model, the prophet
behaves as the prophet of the basic model with prices
X' i) =108(Xs(). In turn, this implies that the prophet
has an expected profit that grows exponentially in 7.

Observation 2. By Jensen’s inequality and Lemma 3,
we have that

E(OPTr) = exp(E(log OPTr))

n—1
—exp "5 Blllog X, ~ 0 X))

It is clear from this that there is no hope for a constant
approximation against E(OPTr). Instead, we can
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approximate the expected growth rate of OPTy, that is,
E(1ogOPTp). Indeed, by considering prices X/, =1log
(X5(7)), we can apply our algorithms from Sections 3
and 4 to obtain approximately optimal expected
growth rates. In this model, for T € R, we denote by
ALGr the algorithm that sells all stocks if X, > T or
i = n and spends the whole budget when X;;;) < T and
i<n.

Corollary 1. If the prices are i.i.d. and T is the median of
the distribution, then E(1ogALGr) > 1 E(logOPT).

Corollary 2. If the prices are independent and presented in
uniformly random order, then there exists a threshold T
such that E(logALGr) > L E(logOPT).

Corollary 3. There is a constant C so that if prices are
independent and presented in uniformly random order,
then there exists a threshold T such that E(logALGr) >

X +C 7 E(logOPTy).

5.4. Multiarmed Bandit Version

Consider the following model we call k-armed bandit
trading prophet. We are able to trade k different kinds
of items, each with a sequence of prices generated inde-
pendently as in the basic model, but we can hold at
most one item, across all kinds. More precisely, let us
denote Fi,...,F the initial n distributions of an item
1 < i < k, which are all independent. Let X; ~ F; for 1 <
j < n denote the jth price of the ith item. On period I,
we observe k different prices XU1 (i .,X’;k(i) where o :
{1,...,n} = {1,...,n} for 1 < j < k are k permutations
chosen independently from the uniform distribution
over all permutations. Like in the basic model, in each
period, we have two possibilities: Either we have an
item j for 1 < j <k, and in this case, we can sell this

item with the price X{7 ir or we do not have any item,
and in this case, we can buy any item j for 1 < j < k for

the price X . On top of that, we assume that if in a

(i)
given period we have an item, then we can sell it and

within the same period buy a different one (this makes
no difference in the original model because it would be
equivalent to keep the item until the next period). We
start at period 1 with no item and, as before, we want to
design a decision rule that maximizes the expected
profit obtained after n periods.

Consider now an algorithm that in the beginning of
an execution chooses one item uniformly at random
and next trades only on this item applying the thresh-
old decision rule from Section 4. In the following, we
will show that this algorithm carries the results stated
in Theorems 3 and 4 with } multiplicative loss, against
the prophet, The key observation involves understand-
ing the strategy of the prophet in the multiarmed bandit
version.

Lemma 10. The expected gain of the optimal strategy in
hindsight for the k-armed bandit trading-prophet problem is

E(OPT) = (n — 1) - E(mﬁg [Xo) — XQ«Z)L),

where [-], := max{-,0}.

Proof. Consider a difference in prices between period
iandi+1for1 <i < n—1. On one hand, the prophet

can gain at most maxje|x ((Xa/(m) (ﬂ(z))le]( 1)>Xif(>)'
ol (i+ a1,

because he can possess only one item during this
period. On the other hand, he can gain exactly this
value, because performing this transaction has no
effects on next periods as he starts the next period
without any item. Thus, we have that

n—1
— ] i
E(OPT) = E( 2 f],relﬁc?[ng(m) - Xof(i)]+> ~
i=

Using linearity of the expectation and the fact that the
permutations o/ are independent and uniformly ran-
dom, we conclude the formula in the statement of the
lemma. O

This result allows us to immediately extend Theo-
rems 3 and 4.

Theorem 6. There exist algorithms ALG; and ALG, that
achieve the following approximation for k-armed bandit ver-
sion of trading prophets:

1
E(ALGy) 2 ¢ E(OPT);

E(ALG,) > <l - 0(1)> -E(OPT).

Proof. Let ALG; be an algorithm that first picks one
of the k items uniformly and randomly and then
applies the strategy from Theorem 3 to prices of the
chosen item:

k
E(ALG;) = Z E(ALG)),
i=1
where E(ALG)) denotes the expected gain of algorithm
given by Theorem 3 applied to prices of the ith item. By
Lemma 4, we have that

E(ALG!) > %6 -E(OPTY), (10)

where OPT' denotes the expectation of the optimal
strategy in hindsight applied to prices of the ith item.
By Lemma 3, we get

1 : 1 n—1 )
E'E(OPTZ) = 16 2 IE(| (1) lgf(2)|)

n-— 1 : ;
=7 E([X;r(n - Xz;f(z)]+)«

16
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The above inequality plugged into Inequality (10) yields

k
E(ALG,) = Z% -E(ALG))

i=1
1 k . .
> — - Z(n — 1) . E([X:)_z(l) - X;i(z)]Jr)'
16k 4

Observe that all random variables inside expectations
are nonnegative. Thus,

k
Z(n = 1) E(X) — Xhipyls)
i=1
>(n—1)- IE(Illg[&]g< [X;i(l) - Xfrf(z)]+>
= E(OPT),

where the last equality holds by Lemma 10. Therefore,
the first part of the theorem is proven.

To prove the second part, it suffices to take an algo-
rithm that settles the threshold with respect to Theo-
rem 4 instead of Theorem 3. Because Lemmas 3 and
10 hold irrespective of the threshold chosen by the
algorithm, other parts of the above reasoning are valid
and prove that ALG; has an approximation factor of
1/(2k)—o(1). O

The natural question is whether there is any algo-
rithm with an approximation factor o(1/k). Not surpris-
ingly, the answer is negative even when we restrict to
ii.d.random variables X]l

Lemma 11. For k > 2, there is an instance of the k-armed
bandit trading-prophet problem with i.i.d. prices X]’f such
that for any algorithm ALG, it holds that

E(ALG) < -E(OPT).

ot
(1—e12)k

Proof. Consider a random variable X that takes zero
with probability 1—1/k and k with probability 1/k.
Assume that 7 =2 and each random variable X} for
1<i<k 1<j<nis drawn independently accord-
ing to the distribution X. Because there are only two
periods, there can be at most one transaction. Obvi-
ously, the prophet trades only if the price on the first
period is zero and the price of the same item on the
second period is k. For a fixed item, the probability of
such prices realization is (1 — 1/k)/k. Because we have
k different items whose prices drawn independently,
we see that the probability the sequence of prices (0, k)
does not happen in any of these price realizations are

1\ 1\* 1 1\F
(1_(17)0 _(17+k_2>
1\F 1

Therefore, we have
E(OPT) > (1 — e '/?) - k.

On the other hand, because any algorithm can make
only one transaction, it always buys an item that have
price 0 in the first period. Because prices presented in
the second period are independent from choices of the
algorithm, it does not matter which item the algorithm
selects among these with price 0. Therefore, we have
that

1

E(ALG) < k-—=1,

=

which, if compared with E(OPT), proves the lemma. O

6. Experiments

In this section, we present some numerical experiments
to validate our results, using a data set containing used
car auction prices from the United States and Canada.'
We then numerically investigate how robust our results
are to dropping the i.i.d. condition.

6.1. Used Cars Data Set

We present the results for auction prices of a specific
car model in the data set, but other models give simi-
lar results. We report results for a sequence of 936
prices from transactions between December 2014
and June 2015 for the car model Kia Sorento 2015
(Figure 3).

To evaluate our mean-and median-threshold algo-
rithms, we took a sliding window of w consecutive
prices and computed the algorithms’ performances and
that of the prophet on each time window. We tested the
algorithms using the empirical mean and median
within the window, which is impossible in practice but
should be closer to the “true” mean and median, and

Figure 3. (Color online) Sequence of Auction Prices for Kia
Sorento 2015
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using the empirical mean and median of all past prices
(before the start of the window).

That is, assuming n data points, we looked at the win-
dows comprising the price points at indices {j,j+
1,...,j+w—1} for 1 <j<n—w+1. We refer to the
prices at indices {j,j+1,...,j+w —1} as the jth time
window. Then, to evaluate the algorithm’s performance
on the jth time window, in the first version, we used the
mean and median on the jth time window itself,
whereas in the second version, we used the mean and
medianon{l,...,j —1}.

Figure 4 shows the results for a window size of
w = 300. We observe that, for both approaches of com-
puting the empirical mean and median, the algorithms
have a performance close to the 1/2-approximation pre-
dicted by our theoretical guarantee for ii.d. prices.
Interestingly, this is also true for the variant that uses

past price points for early time windows, where the
mean and median are based only on a single (or hand-
ful) of past price points.

Figure 5 gives the relative performance of the
median algorithm for varying window sizes of w =
50, w =100, w = 200, and w = 300. On average over the
starting point of the window, we observe a similar
performance guarantee for all window sizes, but smal-
ler window sizes seem to lead to more variance in the
performance.

We also tested the sample-based algorithm for the
unknown-distribution case from Section 5.1. We plot
the results in Figure 6, which consist of applying the
algorithm in each window, using only observed
prices within the window. The obtained performance
is much noisier than that of the mean and median
algorithms but is also close to the theoretical guarantee.

Figure 4. (Color online) Performance of the Mean and Median Algorithms on Kia Sorento 2015 Prices
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median from the same window
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(b) Relative performance using the empirical mean and
median from the same window
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(d) Relative performance using the empirical mean and
median of prices before the window
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Note. Each point in the plots is the total profit within a window of 300 consecutive prices.
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Figure 5. (Color online) Performance of the Empirical-
Median Algorithm (for Prices Before the Window) with Vary-
ing Time-Window Sizes
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Note. The graphs for the longer time windows end earlier because
the value of the x axis is the starting point of the window.

From Figure 3, we can see that the prices in our
experiments with used car prices are clearly noti.i.d., so
our experimental findings point to a certain robustness
of our theoretical guarantees. Another simplification of
our model, compared with the actual application, is
that we do not model transaction costs. However,
because the profit of our algorithms grows linearly
with a coefficient comparable to the average difference
between two consecutive prices, if the transaction cost
is small compared with that average difference, then
the transaction cost will not significantly affect the
results.

6.2. Robustness on Synthetic Data

As observed earlier, no algorithm can extract a posi-
tive profit from prices that follow a martingale. To test
the robustness of our algorithm to non-i.i.d. data, we
apply it on a sequence given by a martingale plusi.i.d.
noise, an interpolation between our i.i.d. setting and a
worst-case setting. This is a reasonable model of mar-
kets for goods with high friction, where prices follow a
certain underlying trend but are significantly affected
by the valuation for the good of each particular buyer
and seller and generalize the model of affiliated
prices.

We generated 200 sequences of prices over a horizon
of 800 periods given by a random walk plus noise. We
used i.i.d. increments for the random walk, drawn from
a normal distribution with mean 0 and standard devia-
tion 0.15, and i.i.d. noise with mean 0 and standard
deviation 0.3. We set the starting price to be 100 in all
sequences (Figure 7(a)).

We apply a median algorithm that at each period sets
as a threshold the median of the last five prices. As one
would expect, this algorithm is sensitive to the length of
the window over which we take the median, because
prices that are further away in the past deviate too
much from the current value of the underlying random
walk. As we observe in Figure 7(b), the algorithm per-
forms surprisingly well and is very close to a 1/2 frac-
tion of the offline optimum.

We then analyze what happens if we subsample the
data, meaning that we only observe one in every s
prices, for s between one and five. This models a situa-
tion where we cannot trade as fast as necessary if we
want to take advantage of the i.i.d. noise. Mathemati-
cally, increasing s has the effect of increasing the

Figure 6. (Color online) Performance of the Sample-Based Algorithm on Kia Sorento 2015 Prices
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Note. Each point in the plots is the total profit within a window of 300 consecutive prices.
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Figure 7. (Color online) Experiment with Synthetic Data with Gaussian i.i.d. Increments Plus Gaussian i.i.d. Noise

(a) Example of five sequences of prices
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variance of the increments of the underlying random
walk while keeping the size of the noise equal, thus
reducing its relative size. Although the profit of both
the prophet and the algorithm decreases (Figure 8(a)),
as we observe in Figure 8(b), the performance of the
online algorithm decreases faster and therefore its rela-
tive performance also decreases.

7. Future Work

An important avenue for future work is to identify
additional practical settings in which large approxima-
tion ratios are achievable. The main priority would be
to drop the i.i.d. assumption, which is too restrictive for
many practical settings. We are interested in developing
techniques for beyond ii.d. prices and understanding

(b) Mean performance on synthetic prices with 95% CI

—— prophet
140 4 median algorithm
——=- prophet * 0.5

120 1

100 -

80 1

Profit

60 -

40

20 1

0 100 200 300 400 500 600 700 800

how far one can relax the independence assumption
while keeping good approximation ratios. This appears
to be a technically challenging question, but our obser-
vations in the experiments with synthetic data suggest
that there indeed are non-i.i.d. settings where one can
obtain nontrivial guarantees.

Within the ii.d. and the random order models, an
interesting direction is to understand the case where
we can hold up to k > 1 items, but we can trade only
one item in each period. Our techniques do not extend
to this version, but we believe similar guarantees
should be possible. A second important direction is to
investigate what is possible when we have transaction
costs of considerable size compared with the average
per-period profit of the offline optimum.

Figure 8. (Color online) Median Algorithm on Synthetic Data with Varying Subsampling Parameter

(a) Mean performance on synthetic prices with 95% CI
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(b) Relative performance of median algorithm
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Note. A subsampling parameter of s indicates that we observe the price in one in every s periods.



Downloaded from informs.org by [181.42.166.65] on 21 May 2026, at 08:08 . For personal use only, all rights reserved.

Correa et al.: Trading Prophets
Operations Research, 2026, vol. 74, no. 1, pp. 260-280, © 2025 INFORMS

279

Acknowledgments

This work was initiated during the Fall 2021 Virtual Chair
Semester on Prophet Inequalities (Correa et al. 2022b). The
authors thank the organizers and participants of the
semester for feedback. An extended abstract of this work
appeared in the Proceedings of the 24th ACM Conference on
Economics and Computation.

Endnote

" The data set is publicly available at https://www.kaggle.com/
datasets/tunguz/used-car-auction-prices.
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