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1. Introduction

Two fundamental models in online decision making are that of competitive analysis and that of optimal stopping. In
the former, the input is produced by an adversary whose goal is to make the algorithm perform poorly with respect to
a certain benchmark. In the latter, the algorithm has full distributional knowledge of the input, making it much easier
for the algorithm to achieve good approximation ratios. The area of optimal stopping has been very active in the last
decade since many real-world situations, including several e-commerce platforms, often do not behave adversarially,
and the distributional model of optimal stopping seems appropriate. Furthermore, the activity in the area has been
boosted by the close connection between posted price mechanisms, attractive for their usability and simplicity, and
prophet inequalities, a classic topic in optimal stopping theory (Hajiaghayi et al. [26], Chawla et al. [11]).

One of the most important problems in online decision making is the secretary problem (Lindley [36], Dynkin [19], Gil-
bert and Mosteller [23], Ferguson [22]). In this problem, an adversary designs a collection of numbers x1, . . ., x,,, all differ-
ent from each other, which are revealed one by one to a decision maker (DM) according to a random permutation. The
DM does not know which numbers were selected by the adversary until the moment they are revealed. At that time, she
has to make an irrevocable continue/stop decision. Should she stop, she keeps the last revealed number and never
observes the following ones. The goal of the DM is to maximize the probability of stopping when the largest of the n
numbers is revealed. For large 1, the optimal algorithm for this problem is to not stop at any of the first /e numbers, and
afterward stop at the first number, which is larger than all of the numbers observed so far. This algorithm stops at the
largest number in the sequence with a probability of at least 1/e, which is the best achievable probability in general.

A staple problem in optimal stopping is the classic prophet inequality. In this problem, a sequence of nonnegative,
independent random variables Xj, ..., X, are presented one by one to a DM in a fixed order. The DM has full distri-
butional knowledge about the random variables, but does not know their realizations in advance. The DM observes
the realizations of the random variables one by one, and must make irrevocable continue/stop decisions before mov-
ing on to the next one. The goal of the DM is to maximize the expected value of the realized random variable in which
she stops. For this problem there exist stopping rules that achieve a competitive ratio of 1/2 against a prophet that
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knows the realization of all the random variables and always stops at the maximum, and 1/2 is actually optimal
(Krengel and Sucheston [33], Krengel and Sucheston [34]). Plentiful variants of this problem have been studied and
are being studied. Among them, an important special case is the i.i.d. prophet inequality, where the random variables
Xi,...,X, are sampled independently from a common distribution. In this setting, the optimal competitive ratio
improves to a* = 0.745 (Hill and Kertz [27], Kertz [29], Correa et al. [17], Liu et al. [37]).

Recently, data-driven versions of optimal stopping problems have been successfully studied. These constitute a
bridge between the worst case model and the distributional model. A standard model, first described in pioneering
work by Azar et al. [1], consists in replacing the full distributional knowledge with having access to one or more sam-
ples from each distribution. The model is very attractive both from a practical and theoretical perspective. On the one
hand, full distributional knowledge is a strong assumption, while access to historical data are usually straightforward.
And this historical data can be thought of as being samples from certain underlying distributions. On the other hand,
the model gains back the combinatorial flavor of competitive analysis and thus becomes much more prone to be ana-
lyzed using standard algorithmic tools. A notable example of this is the recent result of Rubinstein et al. [40] for the
classic prophet inequality. They study the setting in which the DM does not know the underlying distributions of the
random variables, but instead has access to a single sample for each of them, and show that this amount of information
is enough to guarantee the best possible factor in the full information case (with adversarial order), namely 1/2.
Inspired by the model from Azar et al. [1], Correa et al. [15] considered the variant of the i.i.d prophet inequality prob-
lem where the underlying distribution from which the random variables are sampled from is unknown to the DM.
They establish that when the DM has no additional information the best she can do is to basically apply the classic
algorithm for the secretary problem and thus obtain, in expectation, a fraction 1/e of the expected maximum value.
On the other hand, if she has access to O(1n?/¢) samples of the underlying distribution, then she can essentially learn
the distribution and guarantee a factor of a* — O(¢); where a* ~ 0.745 is the optimal factor for the i.i.d. prophet inequal-
ity with full distributional knowledge. This latter result was improved by Rubinstein et al. [40], who showed that
O(n/€%) samples are enough to guarantee a factor of a* — O(¢). The sampling model from i.i.d. random variables
(Correa et al. [15]) shares some aspects with the classic secretary problem, in which arbitrary nonnegative numbers are
presented to the DM in uniform random order. The former can be thought of as generating several i.i.d. samples from
a common distribution, and shuffling them in a random order (as in the secretary problem). Given the random order,
we can say that the first numbers are the “samples” that can be observed but cannot be selected, and the remaining
numbers are the actual instance of the optimal stopping problem. Along these lines, a particularly clean model (Camp-
bell and Samuels [9], Kaplan et al. [28]) is the dependent sampling model in which the instance, consisting of N items, is
designed by an adversary. Then, the DM gets to sample a random subset of size & = pN of these and scans the remain-
ing items in random order. This model is very robust since it generalizes the sampling model from i.i.d. random vari-
ables while making no distributional assumptions. The name dependent sampling comes from the fact that the
sampled set has a fixed size h. Thus, there is correlation between the events of each item being sampled. A closely
related sampling model, and essentially equivalent for large values of N, is that with independent sampling (Correa et al.
[14]). Here, rather than sampling exactly & = pN items, the DM samples each item independently with probability p.

In this paper, we study a generic version of the classic single selection optimal stopping problem with sampling,
which we call p-sample-driven optimal stopping problem (p-DOS). In this problem a collection of N items is shuffled
in uniform random order. The decision maker gets to observe each item independently with probability p € [0,1)
and these items conform the information set or history set. The remaining items, conforming the online set are revealed
sequentially to the DM. At any point, the DM observes the relative rankings of the items that have been revealed, and
upon seeing an item, she must decide whether to take it and stop the sequence, or to drop it and continue with the
next item. If the DM stops with the i-th ranked item she gets a reward of Y; and her goal is to maximize the expected
value with which she stops. While we do assume that the values are monotone, that is, Y1 >---> Yy, we do not
assume that they are nonnegative. The natural benchmark to measure the performance of an algorithm here is the
expected (over the permutations) maximum value in the online set.

We study both, the cases when the values Y are fixed (p-DOS with known values), and that when they are adver-
sarial (p-DOS with adversarial values). The former, and already when p = 0, models the most well-known single
selection optimal stopping problems. Indeed the classic secretary problem (Lindley [36], Dynkin [19]) appears when
Y7 =1 and the remaining values are 0, the 1-choice K-best secretary problem (Gusein-Zade [25], Chan et al. [10]) is
recovered by Y7 =---= Yk = 1 and filling zeros in the remaining values, while the problem of selecting an item of mini-
mum ranking (Chow et al. [12]) is obtained by setting Y; = —i. Still in the case p = 0, the problem with nonnegative
values was studied by Mucci [38]. By analyzing the underlying recursion, he obtains a limiting ODE and established
that the optimal algorithm takes the form of a sequence of thresholds such that starting at time ¢; the DM should
stop with an item currently ranked i or better. Bearden et al. [6] also consider this problem from an experimental
viewpoint, while Mucci [39] studies the case in which all Y’s are negative. The latter problem, p-DOS with adversarial
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values, generalizes the i.i.d. prophet inequality problem with samples. Indeed, a valid strategy for the adversary is to
set the values of all items by generating i.i.d samples from a single distribution. This way, the problem for the adver-
sary is not harder than selecting a worst-case distribution to sample from. Specifically, for given p and N, p-DOS with
adversarial values models the case when we play with n = (1 — p)N i.i.d. values and we have access to np/(1 —p)
independent samples.'

1.2. Our Results and Overview of the Paper
In this paper we derive the optimal algorithms for problem p-DOS with known values and for p-DOS with adversar-
ial values, forallp € [0,1).

After some preliminary definitions in Section 2, we start with the case in which Y is known to the DM. Here we
take the, by now classic, linear programming approach of Buchbinder et al. [8] though slightly extending it to make it
able to deal with arbitrary Y values and sampling probability p, and adding a term that forces the algorithm to stop.”
We note that this LP exactly encodes the best possible algorithm for the problem and that its objective function value
decreases with the number of items N (Section 3.1). This allows us to deduce that the hardest instances appear as
N — 0. Thus, in Section 3.2, we derive the limit LP, which shares some aspects with that of Chan et al. [10]. In unco-
vering the structure of this limit LP, we provide our first main technical contribution in Section 3.3. By understanding
monotonicity properties of the LP coefficients and by using mass moving arguments from the theory of optimal
transport, we can deduce exactly which inequalities, and in what ranges, are tight in an optimal solution. This per-
mits to bring down the problem of finding the optimal algorithm to that of solving certain, very simple, ODEs.” We
find the explicit solution of these ODEs and thus bring the problem to a real optimization problem in which the vari-
ables are some t;s determining the ranges where the solutions of the different ODEs should be used. These t/’s also
have a natural algorithmic interpretation. They represent the times at which the DM should start accepting an item of
rank i or higher (among the items seen so far). With this we can conclude that Mucci’s structural result holds even if
some (or all) Y values are negative and for arbitrary p.

Pushing things a bit further we prove, in Section 3.4, that this optimization problem over f,s is concave in each var-
iable and relatively easy to solve, at least approximately. In particular we exemplify that its first order conditions
quickly allow us to recover the known results for the secretary problem (Lindley [36]), the 1-choice 2-best secretary
problem (Chan et al. [10]), and the minimum rank problem (Chow et al. [12]).

Then we move to our main contribution—the study of p-DOS with adversarial values, which we require to be non-
negative. This essentially consists in adding a minimization over Y to the linear program for p-DOS with known
values. However, to make the problem well posed, we first need to normalize the objective function. This is done
dividing the objective by the expected value of the optimal choice in the online set, namely 35, Y;(1 — p)p'~*.* Equiv-
alently, we may add a constraint to the LP imposing that this value is 1. In either way the resulting objective function
represents the performance guarantee of an optimal online algorithm. With this formulation, von Neumann’s Min-
max Theorem allows us to rewrite the minmax problem as a new linear program in which the constraints take a sto-
chastic dominance flavor (Section 4.1). We deal with this problem in an analogous way as in the case of known
values and thus take the limit on N and apply our main structural theorem in Section 4.2. As the objective function of
our problem encodes the ratio between the expected value the optimal algorithm gets and the expected maximum on
the hindsight, we end up obtaining the best possible approximation guarantee for p-DOS with adversarial values,
a(p), as a function of p, and for all values of N (Section 4.3). To this end we note that the optimal algorithm, which
takes the form of a sequence of thresholds, can easily be implemented for finite values of N without losing in the
approximation guarantee (Section 4.4).

The value a(p) we obtain in Section 4.3 improves upon the recent work of Kaplan et al. [28] and that of Correa et al.
[16], for large values of N.” More importantly, it allows to draw interesting consequences as p varies. Before describing
some of these let us note that by the Minmax Theorem, p-DOS with adversarial values is equally hard (from an
approximation guarantee perspective) if (1) the adversary chooses the Y values and then the DM picks the algorithm
or if (2) the adversary chooses the Y values knowing the algorithm of the DM. In other words, for every value of p there
is a sequence Y such that no algorithm for p-DOS with independent sampling on this sequence can achieve an approxi-
mation better than a(p). Interestingly, for p < 1/e we prove that a(p) = 1/(e(1 — p)). This result closes a small gap left
by Kaplan et al. [28] in the dependent sampling model and matches the tight bound in the more restricted setting in
which the values are i.i.d. samples from an unknown distribution (Correa et al. [15]). Moreover, the minmax perspec-
tive above implies that for p < 1/e the secretary problem is the hardest single selection optimal stopping problem.

On the other end of the spectrum, as p — 1, the optimal performance guarantee a(1)=lim, 1a(p) equals
a* ~0.745.° This is interesting since the model admits values that are not possible to capture by any instance of the
i.i.d. prophet inequality” (Kaplan et al. [28], Theorem 3.4) (so a(p) < a*), where only recently it was proved that with
an amount of samples linear in 7 one can approach a*. Indeed we can show that the approximation ratio of our
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algorithm, a(p), not only converges to 0.745 but also satisfies a(p) = p - 0.745, for all p € [0, 1). This in particular can be
applied to improve upon the state of the art of the sampling complexity of the sample-based i.i.d prophet inequality.
Specifically, if we sample a fraction (1 — ¢) of the values our algorithm guarantees a value that is at least (1 — €)0.745
times the expected maximum value of the last eN values. In other words, to guarantee an approximation factor of
a" — O(¢e) we need O(n/¢) samples, making a significant improvement in the dependence on ¢ when compared with
the best known bound of O(1/¢°) by Rubinstein et al. [40].

Besides the extreme values of p = 0 and p — 1, we obtain the best possible guarantee for all intermediate values of
p. An interesting special case is that of p = 1/2, that is, when the information set and the online set are of roughly the
same size. For this special case (though with dependent sampling), Kaplan et al. [28] prove that a relatively simple
algorithm, achieves a performance guarantee of 1 — 1/e, while the current best bound evaluates to 0.649 (Correa et al.
[16]). Here, we prove that the optimal algorithm for 1/2-DOS with adversarial values has an approximation guaran-
tee of @(1/2) ~ 0.671, thus improving upon the state of the art.

To make the comparison between the dependent and independent sampling models more precise we prove, in
Section 4.4, that the underlying optimal approximation factors in both models differ in an additive factor of at most
O(1/VN), for fixed p < 1. In particular this says that the limit approximation factor a(p) applies to both settings. This
connection is important since in much of our analysis we use the linear program for the dependent sampling model
but then apply our results in the independent sampling model. It is worth mentioning here that although both mod-
els are very similar and essentially equivalent for large N, the independent sampling model is somewhat smoother
than the dependent one. In particular, one can immediately define it for all values of p € [0,1) and not just those for
which pN is integral. Furthermore, as we prove in the paper, the optimal approximation factor for the independent
sampling model (and any Y) decreases with N so that the limit bounds apply for a finite number of items. On the con-
trary, monotonicity on the dependent sampling model seems very challenging.

We wrap up the paper in Section 5 by considering versions of p-DOS under combinatorial constraints. In particular
we consider the extension of the so called matroid secretary problem (Babaioff et al. [5]) to the case in which the DM
has sampling capabilities. Using our machinery from the single selection case as a black box, we are able to get a num-
ber of constant competitive algorithms for several special cases of matroids. Additionally, for general matroids, we
observe that the existence of a constant competitive algorithm for p-DOS (for any p) implies the existence of a constant
competitive algorithm for the matroid secretary problem, which is a notoriously hard open problem. In particular we
note that if the optimal competitive ratio of p-DOS in this setting would converge to that in some variant of the i.i.d.
case (as it does in the single selection case) then we could solve this open problem.

2. Preliminaries

2.1. p-DOS with Known Values

We consider the following problem, which we call p-sample driven optimal stopping (p-DOS, for short). A decision
maker (DM) is given list of N items with associated values Y7 >---> Yy. Initially each item is independently sampled
with probability p and conform the DM’s information set (which we denote by H). The remaining items, which we call
online set, are presented to the DM in an online fashion in random order. We call this way of conforming the information
set independent or binomial sampling. Although the values Y >---> Yy are known to the DM from the beginning, upon
seeing an item the DM only knows its relative ranking within the items revealed so far.” Thus, only after observing the
last item the DM can certainly know which item is associated to each value. The DM has to select a single item with the
goal of maximizing its expected value. To allow comparison between different values of N, we think about an infinite
sequence Y. For instances of size N, the values are given by the first N components of Y, which we denote by Y[y;."" In
the unlikely event that the online set is empty (i.e., all N items are sampled), we give the DM a default reward of Y41,
the next value in the infinite sequence Y." This is also the reward obtained if the decision maker selects no item, and
since Yn > Y1 the decision maker is always better off selecting an item before the end of the process. When it is clear
that we are working with an instance of N items, we drop the subscript [N] for ease of notation.

Note that we do not assume that the values are nonnegative, and the sequence may even diverge to —co. This
model, as simple as it is, turns out to be quite general. Indeed, even when p = 0, it manages to capture several pro-
blems that have been exhaustively studied in the literature, including:

e Secretary problem (Lindley [36]). In this classic problem, a decision maker is presented N values in an online fash-
ion. The goal of the DM is to maximize the probability of selecting the item with the highest value. This is obtained
by setting Yy =1and Y;=0fori > 2.

e (1,K)-secretary problem (Gusein-Zade [25]). In this variant of the standard secretary problem, the goal of the deci-
sion maker is to maximize the probability of selecting one of the top K valued items. This is captured by the model
by setting Y;=1fori=1,...,Kand Y;=0fori>k+1.
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o Rank minimization problem (Chow et al. [12]). In this problem, the goal of the decision maker is to minimize the
expected rank of the selected item among the N items. This is captured by setting Y; = —i fori > 1.

For any given p, we use ALG to refer to a specific (possibly randomized) algorithm or stopping rule. We use
ALG(Y[n7) to denote the random variable that equals value of the item selected by ALG on instance Y[y;. For a given
sequence Y and number of items N, our objective is to find an algorithm that maximizes E(ALG(Y|n])), where the
expectation is taken over the randomness of the process and the inner randomness of the algorithm. A consequence
of our results is that (for fixed Y) the decision to stop should only rely on the relative ranking of an item among those
that have been revealed. Thus, whenever we see an item which is ranked £ among the i items seen so far, we say that
that item is an {-local maximum.

2.2. p-DOS with Adversarial Values

We also study the variant of p-DOS where the values Y; are chosen by an adversary and are unknown to the decision
maker. In this variant, our goal is to maximize the ratio of the reward obtained by the algorithm and the expected
maximum in the online set. On an instance Y|y we denote the expected maximum in the online set by E(opr(Y|y;)).
As we are maximizing over a competitive ratio, we will restrict the adversary to select only nonnegative values for
the items. For instances of N items, we want to maximize f§ Ny defined as

ﬁ = su w
Np ALGEI/)\N Y decreasing E(OPT(Y[N])) !

where Ay is the set of algorithms for p-DOS. A simple coupling argument verifies that for any 0<p <1, B, is
decreasing in N, so for any p the worst case will be when N is large. With this in mind, we wish to find the value of

Bip) = lim By, M)

The guarantee of f , for p-DOS translates directly to the same guarantee for the i.i.d. prophet inequality with sam-
ples."? Indeed, for this purpose we can simply use an algorithm for p-DOS that relies only on relative rankings. Note
that if we condition on the realizations of the values we obtain an instance of p-DOS and, since the algorithm does not
change its behavior depending on the actual values, the guarantee holds realization by realization.

2.3. Dependent Sampling

In order to obtain our results for our independent sampling problem, we study the dependent sampling variant of p-
DOS. This model was first introduced by Kaplan et al. [28]. In this problem, the information set consists of 1 = |p - N
items with probability 1, with each item being equally likely to be sampled. An equivalent way to think of this prob-
lem is that the N items are shuffled according to a random permutation, and the first /1 items belong to the informa-
tion set. In addition, the order of the remaining N — /1 items is determined by the permutation. For fixed p, we will
focus on the limit of the problem as N — co. Formally, we study

E Y,
oy = sup (aLc(Ynp)

Arcedy Y decreasing E(OI’T(Y[N])) ’

where A\ is the set of algorithms for the dependent sampling variant of p-DOS. Analogously as before, we define
a(p) = lim an,y

As we establish in Section 4.4, for all 0 < p < 1 we have that a(p) = B(p).

3. Known Values

In this section we find the optimal algorithm for the p-DOS problem with known Y. In order to do this we present, for
any amount of items in the information set, a linear program formulation whose optimal solution maps to an optimal
algorithm. We then proceed to take the limit of this linear program as N goes to infinity, and reveal the structure of
the limit problem. This structure allows us to rewrite the problem as that of optimizing a relatively simple real func-
tion. We conclude by showing that our approach is able to easily handle a number of classic optimal stopping
problems.

3.1. Linear Programming Formulation
We present here a linear program formulation for our problem, inspired by Buchbinder et al. [8]. This linear program
depends on the input instance Y and we denote it by LP;, 5 (Y). Its objective function equals the expected value of an
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optimal algorithm for our problem, given that the information set H contains exactly / items. In the linear program,
variable x;, should be interpreted as the probability that the corresponding algorithm stops at step i and the item
revealed at step 7 is ranked ¢ highest among the i items observed so far.

(LPyn(Y)) max Yy (1 — Z Zx, g) + ZY Z le’f <] - ) CI\I_ZZ)

i=h+1 (=1 =1 i=h+1¢=1 ( 1)
i—1 )
i-1
st.oixge+ Y > x<1 Vie [N]\[h], Veei],
j=h+1s=1
w20 Vie [N]\[h], VEeli].

The idea behind this linear program is that constraint (2) forms a polyhedron rich enough to contain all relevant algo-
rithms for the problem, and we can express the reward of the algorithm in terms of the LP variables. We call con-
straint (2) the feasibility constraint. This linear program presents three main differences with respect to that of
Buchbinder et al. [8]. The first is that the objective function includes arbitrary values Y;. In particular we include the

additional term Y1 - (1 — 31,11 S°h_; %;¢), which forces the algorithm to stop, since in the event of not stopping an
algorithm gets Y41, which is not better than having stopped in the last item. This additional term is important
because values may be negative. The second is that linear program variables x; ¢ start at index i = & + 1. This differ-
ence reflects the fact that the first / items will conform the information set, and thus cannot be selected. The third dif-
ference is that in the linear program by Buchbinder et al. [8], variables have the form x;|,, which represent instead the
probability that the algorithm selects the i-th item given than the i-th item is ranked £ among the i items seen so far.
This difference does not change the linear program as there exists a bijection between the solutions' given by
Xi|¢ = WX

The equivalence between solving the LP and finding an optimal algorithm is roughly as follows. Let us start by the
inclusion of optimizing over algorithms in solving the LP. For any algorithm ALG, given that the information set con-
tains /1 items, we can compute x; .: the probability that the algorithm stops at step i and the i-th item is ranked £ among
the items seen so far. As the algorithm will only see ranks, this does not depend on the values Y;. These probabilities
x; ¢ will be feasible in the polyhedron. Moreover, we can write

P(aLG(Y) = Y)) = Z Z”‘”’ (]_1) G__g) .

i=h+1 (=1 ( 1>
i—1

This way, we can express the expected reward of the algorithm as a linear function of probabilities x; .

For the other inclusion, we see that any feasible solution x can be converted into an algorithm that can be applied
when the information set consists of /1 items. We call this algorithm ALG,, and it works as follows. Let the first step
be h + 1 (representing that at the first step we have already seen /1 items from the history set). At each step i, stop with

probability ix; ¢ /(1 — Z _, Xj,s) if the current item is ranked £ among the items seen so far. The probability that

ALG, stops at the i-th item and the i-th item is ranked £ among the 7 items seen so far is precisely x; ;, which concludes
the inclusion of solving the LP in finding an optimal algorithm.

Lemma 1 formalizes the previous discussion. The proof is essentially the same as the proofs in Buchbinder et al.
[8], but for the sake of completeness we provide it in Section A.1. This result says that the optimal algorithm for
sequence Y with N items is to observe 1 and respond using ALG, with x being the optimal solution of LPj, y.

Lemma 1. Conditional on the information set containing exactly h items

1. For any algorithm ALG, denote by x; , the probability that ALG stops at step i and the i-th item is ranked € among the i
items seen so far. Then x is feasible in LP), y and the objective function evaluated at x equals the expected reward of ALG.

2. The probability that ALG, stops at the i-th item and the i-th item is ranked € among the i items observed so far is given
by x;¢. The expected reward of ALG, is equal to the objective value of x.

We have seen that in the objective function, coefficients accompanying Y; are equal to the probability that the
ALG,; selects the item with value Y}. The following equivalent expression of the objective function is useful for
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establishing our results:

N+1
E(arGy(V)|[H| = h) = > _YiP(arci(Y) = Y¢| [H| = h)
k=1

N
= Z(Yk = Yi)P(aLGy(Y) 2 Yi| [H| = h)
k=1

+ YN P(arc(Y) = Y | |H| = h)

N k N | B
=Z(Yk—Yk+1ZZZW e Y
k=1 :1 i=h+

-1 N
=Y1—Z(Yk—Yk+1) zk:zN:xrfzk:i (] ><Z_€]) p 3)
=

k=1 (=1 i=h+1
where we use the fact that P(aLG, > Yn41 | |H| =h) =1, and that Yy = Y7 — Zszl(Yk — Y1)

3.2. Limit Problem

Consider an infinite sequence Y, a number of items N + 1, and an algorithm ALG. This same algorithm can be imple-
mented on the same infinite sequence Y with the only first N items by inserting a dummy item, ranked worst among
all items, and running ALG on this artificial instance. If ALG would choose the dummy item, it simply does not stop
in the real instance. The reward collected by applying this tweaked algorithm to Y|y is not less than what ALG col-
lects from Y[y.1]. This simple coupling argument, formalized in Section A.2, implies that

max E(ALG(Y[n})) = max E(ALG(Y[n+1)))-
ALGEAN ALGEAN+1

This means that as N — oo the sequence of these maxima either converges or diverges to —co. We obtain the limit of
the sequence analyzing the limit of the linear programs LP|,n . This can be done by performing a Riemann sum

analysis, which captures the cases where the limit value exists. Denote by L!([p, 1] x N) the space of measurable func-
tionsq: [p,1] X N — Rsuch that ) ;2, f; lq(t, £)|dt < oo.1f for g € L'([p, 1] X N), we define the function

k 1 k .
= 05N (Y a -y,
Fi(q) ;/pq(t );([_1)(1 ty "t @

we can write the following limit problem, CLP,, where we have dropped the dependency on Y for ease of notation.

(CLP,) sup Y1) (Y= Ye)(1 = Fe(q))
qeL ([p, 11xN) k>1
s.t. tq(t,€) + /Zq(f,s)dT <1 Vtelp, 1], V=1
5>1
q(t,€) =0 Vtelp, 1], V=1

By standard arguments (see Section A.3), for every p € [0,1) we can show that the limit of max, e, E(ALG(Y|n])),
when N — oo, exists if and only if the optimal value of CLP, is finite, and they are equal.

This limit problem has a natural interpretation as a continuous-time version of p-DOS. In this problem there are
countably many items, each item has a uniform arrival time in the interval [0, 1], and each item is in the history set H
if it arrives before time p and in the online set otherwise. We observe the items in H, then we scan the interval [p, 1]
and when we reach the arrival time of an item, we irrevocably decide whether we should stop. The decision variables
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in CLP, can be interpreted as encoding this decision. For a time 7 and an integer s, 4(7,5)d7 is the probability that we
stop with an s-local maximum in the interval [7, T + dt]. In the objective function, Fi(q) is the probability that we
select an item with global rank k or better.

3.3. Structure of Optimal Solution

We show that CLP, can be restricted to solutions with a very special structure. If we interpret CLP, as the problem of
selecting an item from an infinite set with uniform arrival times in [0, 1], we essentially prove that an optimal solution
can be attained in the following class of algorithms. Given a nondecreasing sequence {f;};cy € [p, 1], if at time T we
receive an item that is an {-local maximum, we accept it if t, < 7. Thus, we reject everything arriving in [p, t1), then in
[t1,£2) we only accept a value that is the best so far, in [#,, t3) we only accept a value that is best or second best, and so
on. Formally we prove the following theorem.

Theorem 1. For a fixed p € [0,1) and a given feasible solution q for CLP,, there exists another feasible solution q* such that
Fe(q*) = Fr(q) for all k > 1, and there is a nondecreasing sequence of numbers {t;};ex C [p, 1], with ty = p, that satisfies that
forallteN,te[p,1],

t
bt 0) + / S q(esdc=1, if t>t; 5)
P s>1
g (t€) =0, if t <ty. (6)
Moreover, for all t € [p, 1], we have that
T; . .
_ .t <
q*(t/ f) — ti+1 lf te [tl/ tl+1)/€ S1
0 else,

@)

where T; = H;=1 ;.

Proof is done in two steps. The first is to show that we can modify g without decreasing F(g) to obtain a solution
that satisfies Equations (5) and (6). The second is to prove that if a solution satisfies Equations (5) and (6), then it is
actually as in Equation (7).

A key ingredient is to study the term accompanying 4(t, €) in Fi(q). Note that the term is either 0, if £ > k, or itis

ks "y
Z(é_1>(1—t)’ #,
j=t
if £ < k. The property that we will extensively use is that this term is increasin% int and decreasing in £. This is implied
by the fact that it corresponds to the probability that a NegativeBinomial(¢, f)'* random variable is at most k. For com-
pleteness, an arithmetic proof of this fact can be found in Section A.4. Then, we use these facts to argue that if we take
a solution that is not as in the Theorem, we can modify it without reducing the objective value.

We recursively define a sequence of solutions (g,),,s( as follows. We start with an arbitrary feasible solution g9 = g
for CLP,. If g,,_1 is a feasible solution, we have that

t
qn_l(t,f)sxl / an_l(nsm), vielp 1,21,
P os>1

Note also that % 1-/ ;Zszlqn,l(’c, s)dt) is nonnegative for all £, £ so there must exist a value t,(n) € [p, 1] such that

1 1 1 t
/pqnl(t,t’)dtz/t((n)?<1—/p anl(’f,s)d’c> dt.
s>1

1 t
) =1- / gn-1(T, ) dT> if t > te(n)
Qn(t/ f) - t ( p ;
0 if t< i’g(?l).

Now we prove a few facts about g,,. First, note that forall £ > 1, [ ; gu(t, O)dt = | pl gn-1(t, €)dt. Also note that we are only
moving mass to the right, and therefore,

t t
%(l/qunl(T,s)dT> S%(l/qun(T,s)d’c), vt e [p,1]. (8)

s>1 s>1

Thus, we define g, as
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This implies that if g, is feasible, g, is also feasible. Also since we are only moving mass to the right, and since the
term accompanying 4(t, £) in F(q) is increasing in t, necessarily Fi(q,-1) < Fi(qy) for all k > 1. Moreover, notice Equa-
tion (8) also implies that (1) < t,(n+ 1) for all £ > 1,1 > 1. Since these numbers are upper bounded by 1, they must
converge to some values t¢(c0) € [p, 1].

We now prove that for each ¢ > 1 the sequence (4, (-, £)),»; has a pointwise limit g..(-, £), to which it also converges
under the L' norm. Note first that if g, = g;, the sequence is constant and therefore it trivially converges. If gy # g1,
then Equation (8) for n = 1 holds with strict inequality in some interval 11, 72] C [p, 1], and then, if tg(l) < 1, for some
(>1, necessarlly te(1) < te(2). By evaluating the fea51b111ty constraint in t = 1, we have that ), f go(t,s)dt <1, s0
there is some s* such that f go(T,8%)dT = maxs»1 f qo(7,s)dt. By the definition of t,(n), we have that te(n) =
mings £(n) foralln > 1. Then, if gy # g1, 0 < t+:(1) < £:(2) < tp(n) forall € > 1,1 > 2. Now, the sequence of functions

Gna)%( / Sl s)oh)
s>1

is monotone in #, so it has a pointwise limit. Now, from the definition of g,(t,£), this also implies that g, (t,€) has a
pointwise limit g« (f,£) when n — oco. Indeed, for t < t/(c0), eventually t < t,(n) because t;/(n) / t;/(c0), and then
gn(t, €) becomes 0; and for ¢ > t/(c0), q,(t,£) = G,(t), which has a pointwise limit. Since ¢;(c0) > t,-(2) > 0, there is some
ng such that t,(n) > t,-(2)/2 for all n > ny and then g,(t,€) is dominated by the constant function equal to 2/¢:(2),
which is integrable, so by the dominated convergence theorem, it converges to gu(t, £) in L}([p, 1]). This is sufficient
to conclude that Fi(ge) > Fi(qo) for all k > 1, because Fy is a continuous function of g and involves only the first k com-
ponents of g.
We have now that

Geolt, €) = %( qu(T S)dT> if t > t(co)

s>1

0 if t < ty(c0).

The only missing piece is the monotonicity of ¢/(c0). In fact, they are not necessarily monotone. However, note that
swapping components of 4., does not affect its feasibility. Since the term accompanying g(t, £) in Fi(q) is decreasing
in ¢, for all k > 1, we can swap components of g to obtain a function g* and a sequence (t¢) -, such that f; < tz,1, that
satisfies Equations (5) and (6).

For the second part of the proof of the theorem we first prove that, given the sequence ()., Equations (5) and (6)
admit a unique solution. Then we prove that they are satisfied by the one given in Equation (7). In fact, notice that for
any ¢, in the interval [#,, t,.1] all functions g(t, £') with ¢ < € are equal, and the rest are 0. Thus, denoting this function
by y,(t), we can rewrite Equation (5) as follows.

ye(t) = ye(t), Vtelteteal. )

Again by Equation (5), we have that the function has to satisfy a continuity constraint y,(t;) = (1 — f t‘zplq (7,8)d7),
which depends only on previous intervals, and for £ = 1 it evaluates as 0. This determines the mltlal value in the interval.
Therefore, by the Cauchy-Lipschitz theorem, Equations (5) and (6) admit a unique solution.

We are ready now to check that the function defined by Equation (7) satisfies our equations. In fact, it is easy to
check the continuity, by noticing that T;/tif! = T,,; /#*2. Replacing in Equation (9) we obtain

i+1 — i+1°

t+1 Ty
t€+2 B t tfj

(1)

—(C+ 1) Vte [te, tral,
which clearly holds. O

Let us now apply Theorem 1 to simplify problem CLP,. Noting that the differences Yy — Y, are nonnegative we
can reduce the feasible set in CLP, to just solutions satisfying Equation (7). These solutions automatically satisfy the
constraints in CLP, and therefore the problem reduces to one in which the optimization is done only over the t/s for
i>1. To exp11c1t1y write this reduced problem, and slightly abusing notation, consider the functions Fy : [0,1]" — R
given by

fis1 ]/\l

Y /Zf“(f 1)(1 o rdr

K
Fi(t) = Z
=)

i=
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Note that Fy(t) = Fx(q") where q" satisfies (7). We obtain that the value of CLP, equals that of the reduced problem:

(RP,)  sup Yi-— Z(Yk = Yie1)(1 = Fi(1))
t:(ti)ieN k>1
s.t. pSti‘St[HSl Vi>1.

Straightforward (but tedious) calculations show that F(t) is increasing in t; for all i > k, and also concave in each t;
(see Section A.5). Unfortunately though, these F(-) are not jointly concave. Therefore, the reduced problem RP,, is a
real optimization problem, which is concave on each t;.

3.4. Finding the Optimal Thresholds

As mentioned earlier, RP, can be interpreted as the problem of finding the optimal algorithm for a continuous ver-
sion of p-DOS with an infinite sequence known values that arrive continuously in the interval [0, 1]. A solution {t;},cy
corresponds to the algorithm that, upon receiving at time 7 an item that is an {-local maximum, stops if t, < 7. The
implementation of this algorithm for p-DOS with known values and N items is standard. After solving the corre-
sponding RP, and finding the implied optimal thresholds {¢;};.y, we sample one arrival time, that is, a uniform ran-
dom variable in [0,1], for each of the N items. The items corresponding to arrival times that landed in [0, p] are
included in the information set while the remaining form the online set."” These are inspected in increasing order of
their arrival times and the sequence {t;};oy dictates the stopping time as before. In Section 4.4 we prove that the
expected reward is at least as large and converges to the objective value of RP, as N tends to infinity. One last thing to
notice is that the algorithm we just described might not stop, although this can be easily fixed by selecting the last
item if no item was to be selected.

Note that this formulation RP, already establishes a number of facts. The first interesting consequence is that, quite
naturally, the optimal algorithm for p-DOS with known values is given by a sequence of thresholds t; <t, < ... so
that after time t; we accept any item whose current ranking is i or better. This fact was previously shown in some spe-
cial cases by Mucci [38] and Chan et al. [10]. Moreover, by exploiting properties of the objective function we can
show how it leads to relatively simple real optimization problems that solve various classic single selection optimal
stopping problems.

Note first that if only finitely many Y’s are different —as often happens in classic optimal stopping problems—
then RP, is a finite dimensional real optimization problem. Indeed, let us assume Y7 >---> Y, > Y41 = ... Thus, the
objective function in RP, becomes > ki1 (Ve = Y1) Fi(t) — Yons1. Additionally, since the Fi(t) are increasing in t; for i > k,
all terms in the objective function are increasing in ¢; for i > m, so that we may set these variables to be 1. With this RP,
becomes the finite dimensional optimization problem of maximizing, over t € [p, 1]" the function

m kK m M
=1

i s t1+1 . )
Z(Yk = Yii1) T; (é_ 11> (1 -1y ‘e,
_ \

k=1 =1 =1 (=1

This problem is concave in each variable #;, since it is a nonnegative linear combination of concave functions. For the
problem of maximizing the probability of selecting the best item, Correa et al. [14] establish a similar characterization
as a continuous optimization problem, which they prove is concave. We suspect our problem also has a unique local
maximizer, so we expect that it can be solved using gradient descent methods.'® In particular, this holds in the follow-
ing examples that recover some classical results in optimal stopping.

e Secretary problem. Recall that the secretary problem is recovered by setting Y =1 and Y; = 0 for i > 1. With this,
the problem simplifies to

0<ti<1 Tt 0<t;<1 T 0<h <1

L tiv1 T 1 t
max Z/ _ld’[ = max / —1dT = max _tl ln(tl)/
i=1 7/t h

where the first equality follows since, by the monotonicity property of Fi(t), ts,t3,... approach 1 in the supremum.
The problem to the right is easily solved by taking first order conditions, so we recover the classic result thatf; = 1/e
and that the optimal valueis 1/e.
o (1,2)-Secretary. Here, we have that Y1 =Y, =1 and Y; = 0 for i > 2. So the problem is
max £ + 2t (In(ta/t1) +1) — 3t ty.
0<h <h<1

First order conditions give that t; ~0.347 and t, =2/3."” The optimal value is approximately 0.5737, which
matches the bound of Gusein-Zade [25] and Chan et al. [10].
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e Minimum rank. In this problem we seek to minimize the expected rank of the selected value, which is modeled
by taking Y; = —k, so that Y — Y1 = 1. Thus, RP, becomes'®

= i/ 1
k=1 i i

0<t;<1,i>1 0<t;i<1,i21  j=q i+1

where the equality follows by using the identity 7.7, (é) (1—t) = (1— 1)t~ D, Again the first order optimality

conditions are enough to solve the problem. Indeed, they solve for t; = [5_; (-2)""

expected rank of [,_; (%2) 101 < 3.8695, recovering the result of Chow etal. [12].

, which evaluates for an

The case of p > 0 Although the examples we have recovered are all for the case p = 0 we note that our results hold
for general p. The “right” way of taking this limit is by first normalizing the objective function value. To see this note
that in RP, (and also in p-DOS with known values) the values of Y can be scaled without affecting the optimization
problem. Thus, for instance, if p = 0 we could scale these values to have Y7 =1 (so long as Y7 > 0). This makes sense
since in this situation an optimal clairvoyant algorithm will always pick Y; so that the objective of RP, after this nor-
malization represents the relative performance of the best online algorithm when compared with the optimal offline
algorithm. For p > 0 the expected value of the optimal offline algorithm is given by >, Y;p'"}(1 — p). Therefore,
when all Y’s are nonnegative, the right normalization of the objective in RP,, is to divide it by this quantity. This leads
to measuring the performance of the algorithm as the ratio between the expectation of the selected value and the
expectation of the highest eligible value (the maximum value among the items in the online set). For instance, in the
case of the secretary problem, for p > 1/e, the ratio equals pIn(1/p)/(1 — p).

An important remark is that this normalization does not change the optimization problem, as the denominator in
the ratio depends solely on the values of Y; and p. However, in the next section, we consider p-DOS with adversarial
values and therefore the Y;’s become variables selected by an adversary. In this setting, the normalization is needed
to appropriately measure the competitive ratio of an algorithm.

4. Adversarial Values
Up to this point we have considered that the vector of values Y is known to the decision maker from the beginning.
In what follows we will relax this assumption, and instead we will let the values to be chosen by an adversary. Our
objective function will thus become a competitive ratio, as suggested at the end of the previous section. Conse-
quently, we will restrict the adversary to select a decreasing sequence of nonnegative values for the items. The analy-
sis in this section will initially rely on the dependent sampling variant, where the information set is conformed of
items with probability 1, and each item has equal probability of belonging to it. This model leads to a cleaner linear
program and its limit naturally coincides with that for the independent sampling variant.

We start by presenting the adversary’s optimization problem and use von Neumann’s Minmax Theorem to derive
a factor revealing LP. We take the limit of this problem as N — co and find that our structural results of Section 3.3
also hold for this limit problem. Using this structural result we reduce the limit problem to finding an optimal
sequence of optimal time thresholds (#;);cy. We solve this reduced problem, putting special emphasis on values of p
within 0 and 1/e, on p = 1/2, and on the limit as p — 1. We close the section by connecting the dependent and inde-
pendent sampling models. In particular, we show that our obtained guarantees also hold for finite N in the indepen-
dent sampling model, while in the dependent sampling model they hold approximately with an error O(1/VN) (for
fixedp <1).

4.1. Factor Revealing LP

In this subsection we present a factor-revealing linear program, whose optimal value equals the optimal competitive
ratio for instances with N items and history set of size . We start by stating our objective function, which consists of
the competitive ratio just mentioned. The benchmark we will be comparing the performance of our algorithms will
be the highest value among the items of the online set. Formally, our benchmark is the expectation of random vari-
able or1(Y]y)), defined as the highest value among the items in the online set. This way, for given integers 0 <k < N,
we want to find the largest ratio between E(aLc(Y[n})) and E(op1(Y[n})), for all instances Y|y; of N items.

The following lemma establishes the distribution of opT(Y|y;), which will be useful for formulating SDLP;, .
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Lemma 2. Consider an instance Yy). Then:

N-h Zh-s
1<i< 1
Plor(Yin) =) ={ N—j+1Lln—s 1=k
0 otherwise.

We proceed to present a factor revealing linear program for p-DOS with adversarial values and dependent sampling.
For a given N, let Yy = {Yn) € RN :Y; > Y, >--> Yy >0} be the set of relevant feasible values that the adversary
may choose."” The problem for the adversary can be stated as follows:

min max 7]E(ALGX(Y[N]))
YineVn x IE:(OPT(Y[N]))
i-1 ]
st.oixge+» Y x.<1 Vie [N]\[h+1], VCe]i]
j=1 s=1
Xip >0 Vie [N]\[h+1], VCe]i].

Since we may assume Y41 = 0, the expression in Section 3 for E(ALG,(Y]x))) becomes

N N i (]_ 1) (N—])
I iy, {— ¢

E(aLcy(Yny)) = ZYJ ix; AW

— Z E:

j aa=m N (N_ 1>
i—1

and for the dependent sampling variant we have E(or1(Y}y))) = Z]I\il Y;P(opT(Y(ny) = Y}). This problem is not linear,
as the denominator of the objective function, E(opT(Y|y})), depends on variables Y;. However, note that we can arbi-
trarily scale Y since the scaling will cancel out in the ratio E(ALG(Y[n7))/E(opT(Y[n7))- Thus, without loss of generality,
we can restrict the adversary to select values such that E(orr(Y|y})) = 1. Now the objective function is linear in x and
linear in Y|y}, and also the corresponding feasible sets are convex and compact. The compactness follows from the
fact that every coordinate of x must be in [0,1]; and that 0<Y; <Y; for all j € [N], and by Lemma 2 NT"’ -Yq <
E(op1(Y|n)) = 1. Therefore, we can use von Neumann’s Minmax Theorem to change the order of the minimization
and the maximization. We obtain the following problem:

., max {{nin E(ALGx(Y[n)),
i +> 0 ST x<1, Vie[N]\ [h], Leld), €Y,
1X,[+Z/—1 Py XJ,X<ZO i€[N]\ [h], teli] E(OFT(Y[NI\]])):l

Through a stochastic dominance argument (presented in Section B.2) we finally derive our factor revealing linear
program which we denote by SDLP}, v, short for “Stochastic Dominance Linear Program”:

(SDLPy, n) max «
X,
i-1
s.t. ixie+ Y > x.<1 Vie [N]\[h], V¢e€[i]
j=h+1s=1

N-1
k  N-h 12h<_sil> <0 vkelh+1]
Zj:l N—j+1Hs:O N-s

Xir >0 Vie [N]\[h], VeelI].

The stochastic dominance argument says that for a given x, in the inner minimization problem we can focus our
attention on instances of the form Y; =---= Y3 =1, Y;=0forj > k + 1, for all k € [N] (each one of them normalized so
that E(or1(Y)) = 1).%

The first step is to see the second set of constraints as stochastic dominance constraints of the form

P(ALGX(Y[N]) > Yj) .
_ <0 Vjelh+1].
PorT(Y{y)) = Y)) jelh+1l

Consequently, if  is feasible we can write the inequality as P(ALG,(Y[n}) = Y;) = aP(opT(Y|x)) = Y)), integrate both sides
and obtain the same bound but for the expectations instead of the probabilities. The bound in the expectations will be tight
if v is feasible and the stochastic dominance constraint is binding for some index k. To see this, consider an instance Y* with
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Yi=1fori<kand Y} =0 fori> k This way E(atGx(Y]yy)) = P(aG:(Y]y) = Yi) and E(orr(Yfy,)) = P(ort(Yiy,) = Yi).
With this analysis, we conclude that the optimal value of SDLP}, 5y equals the optimal worst case competitive ratio for the
dependent sampling variant of p-DOS with fixed / and N. Moreover, we can recover an optimal algorithm from its optimal
solution.

4.2. The Limit Problem and its Solution
Similarly as in Section 3.2, we obtain the limit problem of SDLP,n n:

(SDCLP,) su a
4 P
qeLY([p, 1]xN), a€[0, 1]

f (10)
s.t. tq(t,€) + / > qr,s)ydr <1 vte[p,1], VE=1
P s>1
Fi(q)
aﬁlipk Vk>1 (11)
q(t,£) =0 Vtelp, 1], Vi=1.

Now we can directly apply Theorem 1 to SDCLP,. For a solution g, consider a solution 4" as in the theorem. By defini-
tion, 4" satisfies Equation (10); and from the fact that F(q) < Fx(q*) for all k > 1, g* also satisfies Equation (11) for the
same «a as q. We obtain the following reduced problem analogous to RP,, by noticing that for the thresholds (t;)cy
that correspond to 4* we have that Fy(f) = F¢(g).

Fi(t
(SDRP,) sup min K )k
t=(t1)isN kz1 1 _p
s.t. p<ti<ti1 <1 Vi>1.

Recall that we defined a(p) as the limit of ratios ax,,, whose values correspond to the optimal value of SDLP |,y n-
Consequently, a(p) equals the optimal value of SDRP,,.

4.3. Solving for Different Values of p

We proceed to obtain values of a(p) for p € [0,1). We start by briefly discussing the case where 0 < p < 1/e and then
study the limit as p — 1. For intermediate values of p, we present (almost) matching numerical bounds. Note that
a(p) is an increasing function, as we establish, in a more general setting, with Lemma 9 in Section 5. As a consequence,
the limit of a(p) as p tends to 1 is well-defined.

The case 0 < p < 1/e For this range of p, we establish that a(p) = (e(1 — p)) . This closes the gap in Kaplan et al.
[28], where they obtain the same upper bound but a slightly weaker lower bound.”" Our upper bound, which works
for any p € [0,1) is shown in Lemma 10 on a more general setting and with a simpler analysis than the one presented
in Kaplan et al. [28]. We obtain the lower bound by evaluating t; = 1/eand t; =1 fori > 2in SDRP, (i.e., the classic sec-
retary problem algorithm). This means that the optimal algorithm will wait until seeing in total (counting both the
online set and the history set) a fraction 1/e of N, and from that point on it will stop whenever we find an item whose
value is larger than what has been observed so far. Our results also reveal that the hardest single selection optimal
stopping problem for this range of p is the secretary problem (Y; = 1 and the remaining values are 0). Indeed, the fact
that the optimal value of SDRP,, is (e(1 — p))fl, together with von Neumann’s Minmax Theorem tells us that for any
sequence Y, we can obtain a competitive ratio of at least (e(1 — p))*1 . Details about this case are presented in Section B.3.

Limit as p goes to 1 We now turn our attention to the case where p is close to 1. In order to show that
lim,,;a(p) = a*, we will explicitly construct for each p € (0,1), a feasible solution (g, &(p)) for SDCLP,, and then we
will show that lim,, 1 &(p) = a". Since for every p, a(p) < a(p) < a", this would prove the result.

Fix p € (0,1) for now and recall from Equation (7) that we can restrict to solutions g for SDCLP, with the form

T . .
q(t, €) = { t+1 ift €[t tia], € <i .
0  otherwise,

wherep<t; <tp <---,and T; = H;zl t;. Note that for fixed i and t € [t;,t;11], the function f(£) = g(t, {) is positive and
constant for £ < i, and 0 for £ > i. In particular, the function (¢, £) is nondecreasing in £. The last property is important
because of the following lemma.
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Lemma 3. Let (g, ) be a feasible solution for SDCLP, with q(t, £) nonincreasing in €, for all t € [p,1] and a maximal (i.e.,
such that (g, c) is infeasible for any c > a). Then we must have:

k 1
> inf Z / tq(t, . (13)
=1

The idea behind the construction of our explicit feasible solution for SDCLP, is to enforce that the infimum in the
lower bound of Lemma 3 is attained for every k simultaneously. The following lemma gives us a characterization for
all such solutions.

Lemma 4. Let q be a function of the form (12) for some parameters p = t; < t, <---< 1. The system of equations

kel
a= > / tq(t,j)dt, Vk=>1 (14)
=1 7/p
is equivalent to
t
a(l—P)=P1n;2+P—u3 (15)

. 1 T
a(l—p)pt 1:T'k—7k1_yk+1’ Vk>2,
k

k
where Z m (1 6)

Thanks to the previous lemma, we can restrict our search to pairs (g, a) satisfying (12), (15), and (16). The following
lemma gives us one such solution.

Lemma 5. Let p,a € (0,1) be arbitrary numbers. Define for each k > 1, the quantity
y,=1—a+alkp™! - (k—1)p"].
Define also the sequence of times t; = p, t = p exp(a(1 — p)*/p), and inductively for k > 2 define t, as the real number

satisfying
k-1
(t_k) -k (17)
tk V-1
This sequence has the following properties.
(1) (fx)gs Is increasing.
(i) limy_ ety < 1ifand only if
a(l- P)2 —~In(y;,)
Inp+ ; s;i(iﬂ). (18)

and limy_,« tx = 1 when equality holds in (18).
(iii) Let q be the function defined from the sequence (ty)y>; as in (12). Then (q, ) is feasible in SDCLP).

Thanks to the previous lemma, as long as (18) holds for values p,« € (0, 1), we obtain a solution for CLP, of value
a. The following lemma shows that such pair of values always exists.

Lemma 6. For p € (0,1), there is a unique & € (0, 1) that satisfies

a(l ; Py _ Z"":ln(l —a+afi+1p' —ip"])

Inp+ ii+1)

(19)
i=1

Furthermore, the map p +— a(p) is continuous.

We are now ready to prove the main theorem of this section. In the next statement, &(p) is the map defined in the
previous lemma, a(p) is the optimal value of SDCLP, and a*(~ 0.745) is the unique solution of f 0 Wdy 1.



Downloaded from informs.org by [2800:300:6a71:ecal:6¢c5d:c808:cbc4:2dcd] on 12 April 2024, at 14:32 . For personal use only, all rights reserved.

Correa et al.: Sample-Driven Optimal Stopping
Mathematics of Operations Research, 2024, vol. 49, no. 1, pp. 441-475, © 2023 INFORMS 455

Theorem 2. For every p € (0,1), 0 < a(p) < alp) < a*. Furthermore, if we define by continuity &(1) := lim,_,1&(p), then
al)=a(d)=a"

4.3.1. Linear Lower Bound for p Close to 1. For p € (0, 1), we have just designed a stopping rule j that has a compet-
itive ratio of at least &(p). We proceed to prove that &(p) lies above the line that connects 0 and «*, which has implica-
tions for problems related to p—DOS. Numerically, it appears that @(p) is actually concave, which would suffice for
this purpose. Unfortunately, we have not been able to prove this so we rely on the following result.

Theorem 3. Forp€(0,1), a(p) = a’p.

It is worth contrasting the latter result with recent results of Correa et al. [15] and Rubinstein et al. [40]. They consider
a more restricted model than p-DOS with dependent sampling, in which the decision maker sequentially observesi.i.d.
values taken from a distribution F. Furthermore, the decision maker has, beforehand, access to a number of samples
from F. Correa et al. [15] show that if she has access to O(n? /) samples then she can essentially learn F and guarantee a
factor of & — O(e). Rubinstein et al. [40] improve this result by showing that O(11/¢°) samples are enough to guarantee
a factor of a* — O(¢). Since p-DOS is more general than the latter setting, Theorem 3 can be interpreted as a further
improvement in this direction.” Indeed if we take p = 1 — ¢ in Theorem 3 the online set is of size 1 = ¢N so that our
information set is of size (1 — €)N = n(1 — ¢)/¢. Thus, with O(n/ ¢) samples we guarantee a factor of a* — O(¢).

Numerical bounds for 0 < p <1 To close this subsection we present numerical bounds for SDCLP, for different
values of p. For the upper bound we solve an optimization problem based on SDCLP,,, which we call UBP, n ,...- For
the lower bound we solve a truncation of SDRP,,, which we call LBP,. Details about these optimization problems can
be found in Section B.10.

In Figure 1 we plot the obtained upper and lower bounds together with the lower bound &(p) and the linear lower
bound op. It is worth noting that &(p) is apparently concave but unfortunately we have not been able to prove this.

We pay special attention to the case when p = 1/2, which corresponds to one sample for each item in the online set.
In this case we obtain a lower bound of 0.671, improving upon 0.649, the best known bound (Correa et al. [16]). The

time thresholds for the algorithm are shown in Table 1.

4.4. Connection Between the Sampling Models
Recall that we have defined a(p) and B(p) as the limit optimal competitive ratios in the dependent and independent
sampling models, respectively. So far, we have established that for any p € [0, 1), a(p) equals SDRP,, which describes
an algorithm parameterized by time thresholds t. We now proceed to show that f(p) also equals to the value of
SDRP,, and that this value is actually a lower bound of p» when Nis finite.

We start by relating solutions of SDRP, with algorithms. As in Section 3.4, given an increasing sequence (t;);cy, We
interpret the arrival order as uniform in [0, 1] arrival times, and accept any £-local maximum from f, onwards. Let us
denote this algorithm by ALG; and its competitive ratio by

~ E(aLG(Y(ny))
‘BNp(t) Ydecreasmgm'

Figure 1. (Color online) Plot of the numerical values of UBP, n .., (black triangles) and LBP, .. (red circles).

‘max
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p

Note. The blue solid line is @(p), the lower bound on a(p) given by Theorem 2, while the dashed orange line is a'p, the lower bound given by
Theorem 3.
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Table 1. Best found solution for p = 1/2, rounded to the third decimal.

i 1 2 3 4 5 6 7 8 9 10

t; 0.500 0.836 0.903 0.941 0.957 0.985 0.994 0.994 0.994 0.994

Certainly, B , > ,BN,p(t), for any sequence t = (t;);cy. In the following two lemmas, we establish that in fact, for any
feasible solution f for SDRP,,, B, (t) is decreasing and converges to the corresponding value of the objective function
in SDRP,,.

Lemma 7. For all N > 1, By ,() > By,.q (D).

Lemma 8. Fix vector t of nondecreasing time thresholds. For any instance Y, it holds that

11m ]P’(ALGt(Y[NJ) =Y) = Z /fw ]Z:Z_( >(1 N (3
=1

Lemma 8 implies that limy_,cP(ALG(Y[n7) = Yj) = Fi(t). This, together with the fact that the guarantee of ALG; in
instances of size N, as for any algorithm, is given by
]P(ALGt(Y[N )=Y)) . Platc(Yn) 2 Y))
By, = = min : ,
P 1<]<N P(opr(Yny) 2Y))  1sisN 1—p

implies that the limit guarantee is the one given by SDRP,. This means that taking t* as the optimal solution of
SDRPy, By, = By »(t) 2 a(p), and therefore B(p) = a(p).

To prove that f(p) < a(p), assume there is p € [0, 1) such that B(p) > a(p) + ¢, for some € > 0. Fix N, and consider the
viewpoint where each item has an independent U[0, 1] arrival time and is in H if it arrives before p. Since f, > B(p),
it is clear that there is a sufficiently small 6 > 0 such that there is an algorithm A that does not stop in [p,p + (5] that
obtains at least an (a(p) + ¢/2) fraction of the optimal offline algorithm in the independent sampling model for any
instance with N elements.”” We derive from A an algorithm for the dependent sampling model in the following way:
let H be the history set for the dependent sampling model, which always has size |H| = pN. We draw N independent
u[o,1] arrival times, randomly assign the smallest pN times to the items of H, and the rest to the items of the online
set, so that the order of arrival and order of the uniform times agree (notice that we can always do this on the fly). We
obtain a new history set H" defined as the items with arrival time in [0, p]. The set H" has a random size, and when
|H'| <pN, H CH, and otherwise H C H’'. We run A as if we were in the independent sampling model with history
set H’, that is, we pass it the elements not in H” one by one. If A stops with an item in H, we declare failure and do not
stop. Otherwise, we stop whenever A stops. Note that by the definition of A, failure can only occur when we assign
to an element of H an arrival time larger than p + 6; or equivalently, when out of the N arrival times, less than pN
arrive in the interval [0, p + 0]. By increasing N we can make this event occur with arbitrarily small probability, say
smaller than (1 —p)e/4. Thus, if we upper bound by Y; the value of the item A selects when we fail, since
(1 —p)Y1 < E(orT), our new algorithm gets in expectation at least E(A) — {IE(opt). Therefore, for large enough N, we
have an algorithm for the dependent sampling model with a guarantee of at least a(p) + ¢ /4, which is a contradiction.
We conclude the following theorem.

Theorem 4. Let t* be an optimal solution for SDRP),. We have that as N tends to infinity, By () s f(p) = a(p).

The situation for dependent sampling is a bit trickier, and it is unclear whether ay , is a decreasing sequence. How-
ever, we can establish that ay, is still close to a(p).

Theorem 5. For any p € [0,1) we have that

B (logN)2
any =a(p)+0 <7(1 - P)Z\/ﬁ> .

Summarizing the previous discussion, we obtain that for any fixed value of N the guarantee obtained by our algo-
rithm ALGy, a(p) applies to both sampling models. In particular, for mdependent sampling we have that B, , > a(p),

while for dependent sampling we have that ay,, > a(p) — O(1/((1—p) 2VN)).
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5. On Multiple-Choice p-DOS Problems

Until now we have focused on single selection problems. It is natural to ask whether our techniques can be used for
selecting multiple items from a list subject to some combinatorial constraints, such as cardinality constraints, knap-
sack constraints or selecting edges that form a matching in a graph. It is possible to extend some of the linear pro-
gramming machinery to tackle simple constraints such as cardinality bounds using quotas (see Buchbinder et al. [8]
and Chan et al. [10], for particular examples), but adding more complex constraints seems difficult. Nevertheless, our
resulting algorithms can be used as black boxes to obtain new results for certain multiple selection problems.

To cast the problem more precisely, we consider the following version of p-DOS with adversarial values. A DM is
givenavaluep € [0,1) and an independence system (S, Z).** An adversary assigns a nonnegative weight Y(e) to every
elemente of S. Every element is then independently placed on the information set with probability p and in the online
set otherwise. As in the single selection case, the DM observes all the elements in the information set and the relative
rankings of their Y-weights (assuming a universal tie-breaking rule). Then, the online set is revealed one by one in
uniform random order. Every time an element is revealed the DM needs to irrevocably decide whether to add it or
not to the solution set, while making sure that the solution set is at all times independent in (S,Z). An algorithm for
this problem is p-competitive if the expected weight of the elements in the solution set is at least p times the expected
weight of a maximum weight independent subset of the online set. An alternative way to state this is the following:
for any g, let S[g] be a random subset of S obtained by adding each element of S to it with probability g independently.
The online set of our problem behaves like S[1 — p]. Let also or1(Z, g, Y) be the expectation of the maximum Y-weight
independent subset of S[g] in Z. An algorithm for p-DOS on (S, 7) is p-competitive if for any instance the expected Y-
weight of its output is at least por1(Z,1 —p, Y).

Denote by f ;(p) to the maximum competitive ratio p achievable by an algorithm for p-DOS on (S, 7). In general,
we need to analyze entire classes of independence system at once. We tackle this in the following way. If C is a collec-
tion of independence systems, we define f,(p) as the infimum over all (S, Z) in C of B ;(p). For instance, by setting C
to be the class of all matroids of rank 1 (where S can have any number of elements), we recover the single-selection p-
DOS problem and we get f.(p) = f(p) = a(p).

When p = 0 the p-DOS problem just described coincides with the generalized secretary problem by Babaioff et al.
[5]. There is a long line of work for that problem for different independence systems, most notably for knapsack
(Babaioff et al. [3], Kesselheim et al. [31]), matchings (Korula and Pal [32], Kesselheim et al. [30]), and many classes of
matroids (see Soto et al. [42] for a recent comprehensive list). Optimal competitive ratios, again for p = 0, are only
known for the classes of uniform and transversal matroids (Kesselheim et al. [30]), and constant competitive ratios
are known for several other cases. An important open question, known as the matroid secretary conjecture (Babaioff
et al. [5], Babaioff et al. [4]) is to decide whether the class M of all matroids admits an constant competitive algorithm
(in our notation, whether §, ,(0) > 0). The best ratio so far is parameterized on the rank r of the matroid. In our nota-
tion, if M, is the class of matroids of rank r, then 8, (0) = €)(1/log log r) (Lachish [35], Feldman et al. [21]).

The problem on general independence systems has not been studied yet for the case p > 0, however we show in the
next sections that the lower bounds on the guarantees for p = 0 transfer directly to any p < 1. In fact, we show that for
a certain natural class of independence systems, we can further improve the guarantees for large p via a reduction to
the single selection case p-DOS problem.

5.1. Relation Among Guarantees for Different p on a Given Independence System (S, )
The following lemma shows that for any class C of independence systems, ,(p) is increasing in p.

Lemma 9. Let p1,p2 €[0,1) with p1 < pa. For any p-competitive algorithm for p;-DOS on (S,T) we can construct a
p-competitive algorithm for p,-DOS. Therefore, for any class C of independence systems, p.(p1) < B.(p2)-

Proof fix (S,Z), p1 and p, and let A; be any p-competitive algorithm for p;-DOS on (S, Z). Let Y be any instance (that
is,amap Y : S — R;). To simplify the exposition, we assume that every e in S selects an arrival time ¢(e) uniformly on
[0,1] at random, that the elements arrive in that order and furthermore, that the arrival times are also revealed to the
algorithm A, upon arrival. Consider the algorithm A, that does the following on the instance I. Let X be the set of ele-
ments e with arrival time t(e) < f := (p2 — p1)/(1 — p1). Note that f < p,, so X is a subset of A,’s history set. The algo-
rithm will create a new instance Y’, on the same system, with weight assignment Y’(e) =0 for all e€ X and
Y’(e) = Y(e) for the elements outside X. Now, it simulates A; on Y’ in the following way. The simulation receives all
elements of S \ X in their arrival order as before, but all elements in X will be inserted at random times uniformly.
More precisely, for every e € X, the algorithm selects t'(¢) uniformly at random on the interval [f, 1], and for every
e€ S\ X, itsets t’(e) = t(e). The simulation will consider every element that has #'(e) < p; as its history set and the rest
as the online set (note that some elements from X may fall in the history set and some may fall in the online set, but
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every element in A;’s online set will also be in the simulation’s online set), using Y” as their values. Whenever the sim-
ulation accepts an element e € S \ X, it puts e on the solution set ALG. The elements from X that the simulation accepts
are discarded. The solution set ALG is independent in (S, Z7) because it is a subset of the simulation’s answer.

To analyze the algorithm, from this point onward let us condition on the set X. Observe that the simulated A,
receives the elements of the instance given by Y’ in a uniform random order. Furthermore, every element e is in the
simulation’s history set as long as t'(e) < p», which happens with probability (p, — f)/(1 — f) = p1, so for all purposes,
the instance behaves in the same way as in the p;-DOS problem. For any realization of the times t, let orTy be an opti-
mum Y’-weight set of {e € S: #(e) > p,}, and let orT; be an optimum Y-weight set of {e € S : t(e) > p,}. Since the ele-
ments of X have Y’-weight 0, both orT» and ort; have the same Y-weight.

Now, since A; is p-competitive for p;-DOS, the total Y’-weight of the simulation solution (which is equal to the Y-
weight of ALG) is at least p times the expected Y’-weight of opT, which in turn equals the expected Y-weight of opt;.
Removing the condition on X, we obtain that A; is p-competitive for p,-DOS.

From here we deduce that 5 -(p1) < B 7(p2). Taking the infimum over all systems (S,7) in C we conclude that
Be(p1) < Be(p2). O

The previous lemma has some nice consequences. If we apply it to the class M of unit rank matroids we recover
that for the single-selection p-DOS problem «a(p) is increasing in p. Furthermore, it shows that any p-competitive algo-
rithm for the generalized secretary problem (the 0-DOS) on a particular class C can be adapted to the p-DOS problem
without decreasing its competitive ratio. To name a few examples: for any p, we get a 1 — ©(1/Vk)-algorithm for p-
DOS on k-uniform matroids (adapting Kleinberg’s multiple choice secretary algorithm), we get a 1/e-competitive
algorithm for p-DOS on transversal matroids (adapting the algorithm by Kesselheim et al. [30]) and a 1/4-competi-
tive for p-DOS on graphical matroids (adapting the algorithm by Soto et al. [42]), and these are the current best algo-
rithms for all three classes.

5.2. Better Guarantees for p-DOS on Special Types of Independence Systems

Babaioff et al. [2] introduced a powerful technique to obtain algorithms for generalized secretary problems by ran-
domly reducing them to a collection of independent parallel single-choice secretary problems. This works on any
independence system satisfying a property known as the y-partition property.” If an independence system has the
y-partition property it is easy to create an algorithm for the associated secretary problem (the 0-DOS case) that has
competitive ratio y /e.

Below, we extend this construction to the p-DOS case using a stronger property that we call the y-sample partition
property. We will show that if a system has this particular property then one can easily obtain a ya(p)-competitive
algorithm for the associated p-DOS problem for every p (the reduction by Babaioff et al. [2] is the special case for p = 0).
Here a(p) is the optimal guarantee for single-selection p-DOS.

5.2.1. Sample Partition Property. A unitary partition matroid (S, P) is an independence system whose ground set is
partitioned into color classes (So, S1, . .., Sm), where only Sy may be empty, so that a set X C S is independent if and
only if X does not contain elements from Sy, and X contains at most 1 element restricted from each other color class.
We say that an independence system (S, 7) has the y sample partition property if we can (randomly) define a unitary
partition matroid (S, P) on the same ground set so that

1. Every set X independent in P is also independent in 7

2. For any q € [0,1], and any assignment of nonnegative weights to S.

Ep[or1(P,q)] = yort(Z,q).

The notion of y-partition property of Babaioff et al. [2] is recovered if we only require property (2) to hold for g =1.

Algorithm for p-DOS on a system (S, Z) with the y sample partition property.

On a given instance Y our algorithm does the following;:

e Construct the random unit partition matroid P given by the y sample partition property, and let Sy, ...,S,, be
the parts that have allowed size 1.

e Let H = S[p] be the information set of S.

e Run in parallel m instances of the optimal asymptotic algorithm aALG for single-selection p-DOS, one for each
part S;. Use S; N H and S; \ H as the history set and online set respectively on the i-th instance. Use the arrival times
defined above on each online element. Whenever a copy of ALGx selects an element, our algorithm also selects it.

Let ALG be the output set of our algorithm and Y(aLG) be its weight. By construction ALG is independent in the
unit partition matroid 7 and therefore also in the original independence system. So, our algorithm is correct. The fol-
lowing theorem gives us a bound on its competitive ratio.
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Theorem 6. The expected weight of ALG is at least a(p) - y times orT(Z,1 — p,Y). Therefore, our algorithm for p-DOS on
an independence system with y sample partition property is a(p) - y-competitive, where a(p) is the optimal guarantee for
single-selection p-DOS.

Proof. Let us fix P (recall that it is allowed to be random). Since ALG;- is a(p)-competitive for single-selection,
the expected weight of AL N §; is at least a(p) times the expected maximum weight of S; \ H. Summing over all i
we get that the expected weight of ALG (given P) is at least a(p) times orr(P,1 —p, Y). Taking the expectation
over P and using the y-unit partition property, we obtain

Ep[Y(aLc)] = a(p) - Ep[ori(P,1—p, Y)] = a(p) -y -oPT(Z,1—p,Y). O

We can use Theorem 6 above to obtain better guarantees for some classes of independence systems. First of all, we
observe that our notion of y sample partition property, although stronger than the y partition property, is not really
that restrictive. In fact, most (if not all) proofs that a particular system satisfy the weaker notion of y partition can be
adapted to the stronger version directly.

We mentioned that this theorem can be used to get lower bounds for f.(p) that are strictly larger than the ones
available for 8,(0) for certain classes C. A particularly interesting example is the class G of all graphic matroids. Babai-
off et al. [2] showed that graphic matroids have the partition property for y = 1/3, and thus they got a 1/(3e)-competi-
tive algorithm for graphic matroids. Korula and P4l [32] improved this by showing that this class admits the partition
property for y = 1/2, obtaining a 1/(2¢)-competitive algorithm. The current best algorithm by Soto et al. [42] is 1/4-
competitive and uses a different technique that does not reduce to the single-choice secretary problem. Using the
monotonicity of f;, we know that ,(p) is at least 1/4 for every p. However, it is quite simple to modify the proof by
Korula and Pal [32] to show that graphic matroids have the stronger 1/2 sample partition property. Using the algo-
rithm given by Theorem 6, we obtain that ;(p) > a(p)/2. We note that a(p)/2 grows from 1/(2¢) when p = 0 to
a*/2 ~0.3725, when p = 1. So, for sufficiently large p, a(p) /2 beats 1/4.

By adapting the proofs in Babaioff et al. [2] and Soto [41], we get a few other classes of matroids with constant y
sample partition property such as uniform matroids with y =1 — 1/e, cographic matroids (y = 1/3), k-column sparse
matroids (y = 1/k), and matroids of density d (y = 1/d).

5.3. Limiting Problem as p — 1 and Consequences for the Matroid Secretary Problem (MSP)
In Lemma 9, we showed that for any class C, the function ac(p) is increasing, our next lemma shows that this function
cannot grow extremely fast.

Lemma 10. Let p1,p; € [0,1) with p1 < py. For any p-competitive algorithm for p,-DOS on (S,T) we can construct a
p(1 —p2)/(1 — p1)-competitive algorithm for p;-DOS. As a corollary, for any class C of independence systems, f.(p1) =
Be(p2) - (1 = p2) /(1 — p1). Applying this to the single-selection problem we conclude that a(0) > a(p)(1 — p).

Proof fix (S,Z), p1 and p, and let A, be any p-competitive algorithm for p,-DOS on (S, 7). We will use the same ran-
dom arrival time interpretation of the elements of the system. Consider a new algorithm A, that on any instance Y for
p1-DOS it simply mimics what A, would do on the same instance and arrival times (note that all the elements that A,
accepts arrive after time p, so they also belong to the online set of A;). The set ALG that A, returns is independent in
(S,7). To analyze its performance, we need a simple observation. Let S[t;,t,] denote the elements arriving between
times f; and f,. If X is the maximum weight independent set of S[p;,1] then because of the random arrival, X N
S[p2,1] has expected weight Y(X) - (1 — p2)/(1 — p1), therefore, the maximum weight independent set of S[p,, 1] has
at least that expected weight. Using that A, is p-competitive for p,-DOS

p(1 —p2)/(1 —p1)orr(Z,1 —p1,Y) < porT(Z,1 — pa,Y) < Y(ALG).

From here we conclude that A is p(1 — p2)/(1 — p1) competitive for p;-DOS, and we deduce that B¢ ;(p1) > (1 —p2)/
(1 = p1)Bs 7 (p2). We finish the proof taking infimum on the previous inequality over all systems (S,7)inC. O

Recall now that for the single-selection p-DOS problem the limit lim,,_,;a(p) coincides with the factor a* associated
to the single-selection ii.d. prophet inequality with known distribution. An interesting question is whether some-
thing similar occurs for other classes of independence systems different than matroids of rank 1. For example, denote
again M and M, to denote the classes of all matroids and that of all matroids of rank r, respectively. Let L =
lim, 18 ,,(p) and L, = lim,, 18 M,(P) so that L1 = a. It would be natural to ask whether there is an analog of the i.i.d.
prophet inequality on matroids whose optimal competitive ratio equals L.

There are many candidates one could study, for example in the i.i.d. MSP, every element of a known matroid is
assigned independently a value from a known distribution, and the values are later revealed to the DM. Soto [41]
studied a generalization of the i.i.d. case known as the random-assignment MSP in which an adversary selects a list
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of nonnegative values, which are then randomly assigned to the elements to the matroid, which in turn is presented
in random order to the DM. Another alternative is the prophet secretary model on matroids, studied by Ehsani et al.
[20] in which every element from the matroid receives independently a value from a known distribution, which may
be different for every element.

Proving that any of this problems behaves like the limit of p-DOS as p — 1 on all matroids may be, in fact, a very
difficult task. For if we are able to show that then we would have, indirectly, solved the matroid secretary conjecture.
Indeed, for all the i.i.d., the random-assignment and the prophet secretary problem on matroids, constant competi-
tive algorithms are known (Soto [41], Ehsani et al. [20]), so if any of those cases holds then L > 0. However, since
L=1lim, ,1,,(p), then there exists a sufficiently small ¢ >0, so that 8,,(1—¢)>L/2. But then, by Lemma 9,
B (0) > eL/2> 0, meaning that every matroid admits a constant competitive algorithm for the matroid secretary
problem.

In any case, it is likely that neither the random-assignment nor the prophet secretary problem are the correct candi-
dates, because if one restricts the former problem to the class M; we recover the classic secretary problem whose
optimal competitive ratio is 1/e # a*, and the latter becomes the single-selection prophet secretary problem with
known distribution for which an upper bound of 0.732 < a* is known (Correa et al. [18]).

6. Concluding Remarks

In this paper, we study the p-sample-driven optimal stopping problem that takes a unifying approach to single-
selection optimal stopping and allows the incorporation of previous experience in the decision making. We derive
optimal algorithms for both cases where the input is known beforehand by the decision maker and when the input is
adversarially designed, and illustrate how these results can be used to design optimal stopping algorithms with
more complicated feasibility constraints.

In the model we study, the reward obtained by the decision maker (and the “prophet”) is a function of the global
ranking of the item selected. This means, for example, that if the highest-ranked item is sampled in the history set, the
DM will never be able to obtain the best reward Y;. An alternative and natural way to model this problem is that the
reward obtained is determined by the ranking of the selected item within the online set. This way, if the DM selects
the highest-ranked item in the online set, she gets a reward of Y;. Both formulations are natural and they both allow
the incorporation of historical data in online decision making.

The setting we study is better suited to model a situation where there are rewards to be collected from an i.i.d. dis-
tribution. The samples can be thought of as potential rewards observed in the past that are useful for decision making
but are independent of the values that can be collected from the actual instance. The alternative model, however, pos-
sesses great modeling power. Indeed, one can model the secretary problem with samples, where we do have prior
information. In the model we study, we capture the secretary problem only when p = 0. Otherwise, if Y1 = 1 gets sam-
pled in the history set, then stopping at any item yields a reward of 0, whereas the secretary problem should give a
reward of 1 if the selected item is the largest in the online set. Correa et al. [14] analyze the problem of selecting the
best element of the online set, but the analysis requires significantly different techniques, and is not immediately gen-
eralizable to other vectors Y. Similarly, for the min-rank problem (where Y; = —i) with p > 0, if Y1 = —1 gets sampled
in the history set, even if the DM stops at the best-ranked item in the online set, the reward obtained will not map to
the min-rank problem with samples correctly. The alternative model can capture the min-rank problem appropri-
ately. We believe that the limit when p — 1 of the min-rank problem with samples could provide a solution for Rob-
bins” problem: stop at the minimum ranking item among 7 i.i.d. samples of a common, known distribution (Chow
et al. [12], Bruss [7]). This has been an open problem for more than 50 years, so developing machinery that works in
this setting is a very promising open direction.
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Appendix A. Proofs of Section 3

A.1. Proof of Lemma 1

Proof. If we condition on the information set containing exactly / items, then we can interpret the process as follows. At
the beginning, values Y; are shuffled according to a random permutation o. That is, (i) =j means that the i-th item in
the permutation has value Y;. The items in the information set will be the first / items according to the permutation (i.e.,
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Yoay, -, Yom)- The online set will consist of the remaining items, which will be revealed according to the order of the
permutation. That is, the order is Yi(i11), Yo(us2),... Yo -
For proving the first statement of the lemma, note that
Xie = P(ALG stops at step iA Y, is £ — local maximum)

= P(aLG stops at step 7| Y is £ — local maximum)P(Y,; is £ — local maximum)

< P(aLG does not stop before step i|Y,; is £ — local maximum)P(Y ;) is £ — local maximum)

= P(aLG does not stop before step i)P(Y ) is £ — local maximum)

i1 1
(1 Syt

j=h+1s=1

Now, for any 1 <j <N, we can write

N
Plac=Yj) = Z P(ALG = Y;/\ ALG stops at step )
i=h+1

N
= Z P(Y,s) = Y;/A ALG stops at step i)
i=h+1

N
= Z P(ALG, stops at step i| Y5 = Y)P(Y,i = Y)).
i=h+1

Since ¢ is a uniform random permutation, we have that (Y, = Y;) = 1/N. For computing IP(ALG stops at step i| Y;) = Y;)
we rename the following events:

o A; ={ALG stops at step i},

o Bir = {Y,; is {—local maximum}, and

o Ci={Yon =Yj},
and write

1 1 1
P(A;|Cy) = ZP(Ai|Ci]’ A Big)P(Bi¢|Cyj) = ZP(Ai|Bi€)P(Bif|Ci]') = Z ix; P(Bi | Cyp),
=1 =1 =1

where the second equality holds because ALG, decides whether to stop at step i based only on the relative order within the
first i items. The third equality comes from the fact that P(A;|Bj) = P(]}f(ﬁ?)"/ ) = ix}*, where P(Bj¢) = 1/i because ¢ is a uniform
random permutation.

To compute P(B;¢|Cj;), notice this is the probability that Y; is ¢-local maximum conditional on o(j) =i. Now, this hap-
pens if out of the j — 1 values that are larger than Y}, exactly ¢ arrive within the first i — 1 positions. Since, conditional on
o(j) =i, 0 is a random permutation of the other N — 1 items, we have that

oy L))
P(Bie| Cyj) (1;]:11 ) ,

Putting together the computed probabilities we conclude that

P(aLG = Y)) = XN: zi:ixi’( (2: 11) <Il\]__g) (20)

i=h+1 (=1 N N-1 ’
i—1
so the first statement follows.

To prove the second statement, first notice that as x satisfies the feasibility constraint, then ALG, is well defined in the
iXi,¢

172;11 i:l Yios
and Y ;) is {-local maximum is precisely x;,. This will be done by induction on i, defining the following events:
o A; = {ALG, stops at stage i},
o B;;={Y, is {—local maximum}, and
e R; = {ALG, reaches stage i} = {ALG, does not stop in steps h+1,...,i —1}.
The base case is i=h+1 and any 1< ¢ <h+1. Here, we have that P(Ry4+1) =1, so

(h+Dxpi1,e = P(Aps1 [ Risr A Biya,e)

=P(Aps1|Bs1,e) = P(Apaa A Bpaa,e) /P(Brsa,e)
= (h+ 1)P(Aps1 A By )

sense that will always be between 0 and 1. We need to prove that the probability that ALG, stops at step i



Downloaded from informs.org by [2800:300:6a71:ecal:6¢c5d:c808:cbc4:2dcd] on 12 April 2024, at 14:32 . For personal use only, all rights reserved.

Correa et al.: Sample-Driven Optimal Stopping
462 Mathematics of Operations Research, 2024, vol. 49, no. 1, pp. 441-475, © 2023 INFORMS

and we obtain the result by cancelling the (1 +1). For i>h+1 and 1 < { <i we have that
P(A; 7 Big) = P(A; A Big A R))
=P(Ai|Bie A R)P(Bi¢ A R;)
=P(Ai|Bi¢ A R)P(Bi )P(R:),

where the first equality comes from the fact that A; is contained in R; and the last equality comes from the fact that ALG,

cannot use the ranking of Y, to stop in a stage before i. By the construction of ALG,, we have that P(A;|B;¢s A R;) =
_ ixie :

]72:'=71,+1 ZL:I s

conclude is computing P(R;). For this we compute

. As o0 is a random and uniform permutation, we have that P(B;¢) = 1/i for any 1 < { <i. The only thing left to

i—1
P(R)=1- > P(Stop at step /)

j=h+1
i1 j i1 j
=1- Z ZIP’(Stop at step j A Yy ;) is £ — local maximum) =1 — Z ij,s
j=h+1s=1 j=h+1s=1

where the last equality holds because of our inductive hypothesis. It follows that the probability that ALG, stops at step i
and Y, is ¢-local maximum is x;,. The second statement follows, as Equation (20) holds for any algorithm, in particular for
ALG,. O

A.2. Coupling Argument for Monotonicity

We take an algorithm ALG for Y|n.1} and obtain an algorithm for Yjy; with at least as much reward as for Y|n.1j. Indeed,
we define ALG’ for Y}y in the following way. We insert a dummy item with the smallest rank in a random position and
run ALG on the sequence of N + 1 resulting items. If ALG attempts to select the dummy item, ALG’ simply does not stop
and obtains a reward of Yn.1. We couple both algorithms by taking the position of the dummy item to be the same as
Yn+1. Then, every time ALG selects an item in Y{n41) greater than Y1, ALG’ selects the same item in Y[y). When ALG
selects Y1, ALG’ does not stop, in which case the reward is defined as Yyyi. If ALG does not stop, its reward is
Yni2 < Yns1. In all cases, ALG” obtains more than ALG.

A.3. Convergence of E(aLGy/(Y)) to CLP,
Denote by E(aLGy(Y)) the expected reward of the optimal algorithm for a given sequence Y, and N > 1. We start by relaxing
the problem. Given a value Z € (—c0, Y1), we consider the problem where we get a reward of Z if the algorithm does not stop.
This means we replace with Z in the sequence Y all values Y; < Z. We denote this modified sequence by Y#. We then proceed
in three main steps. First, we prove that for fixed Z, when p = 1i/N the difference between the optimal values of LP;, y(Y?) and
CLP,(Y?)* tends to 0 when N — 0. Second, we prove that the optimal value of CLP,(Y?) is a continuous function of p and
use a concentration bound to show that the expectation of the optimal algorithm E(ALGy(Y?)) tends to the optimal value of
CLP,(Y?#) when N tends to co. And third, we conclude by making Z tend to lim;_c ;.

For the first step, notice that for any Z > lim; .. Y;, we only care about finitely many Y}, so we can argue about the con-
vergence of each element in the summations of the objective functions. Note also that for any k> ¢, if i/N =1,

ks i k.
i\f-1)\i=¢ ji—1 vy
2N (Nq) O (5—1)(1‘”] t )
j=t =t
i—1
simply because they represent the probabilities of drawing samples with or without replacement. Indeed, they correspond to

the probability that we need to draw at most k random elements from a total of N to get at least £ from a given subset of i
elements. Now, for an optimal solution g of CLPp(YZ), we define a solution for LP;, y(Y?) given by

ﬁ’
Xip = /]q(t,é’)dt.
N

From the feasibility of g one can easily show that x is feasible for LP; x(Y?). This, together with Equation (21), implies
that the limit of the optimal value of LP;n(Y?) is at least the optimal value of CLP,(Y#). For the opposite inequality,
from an optimal solution x* of LP;,x(Y?) and a given ¢ >0, define

_JNxj(1-¢) if¢<iandi=[t-N]
10 = { 0 otherwise.

For a certain ¢ that tends to 0 with N, q is feasible for CLP,(Y#). This, together with Equation (21) implies that the opti-
mal value of CLP, is at least the limit optimal value of LP; (Y?).
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Now, we show the optimal value of CLP,,(YZ) is continuous. In fact, note on the one hand it is decreasing, since we
can take a solution g for a given p € (0,1) and extend it to [p’,1] for p’ <p setting it equal to O for ¢ € [p’,p]. On the other
hand, from a solution for p’ we can obtain a solution for p by simply truncating it. Since Fi(g) is continuous in p, if p’ is
close to p, then the truncated solution is close to the solution for p’. Although the number of items in H is random, when
N — oo, |H|/N converges to p, so the continuity of the value of CLP,(Y?) implies that if we use the optimal solution of
LPy n, the expected reward converges to CLP,(Y?).

Finally, when we make Z tend to lim;_,.,Y;, the optimal value of CLPP(YZ) tends to the optimal solution of CLP(Y),
and the limit (when N tends to infinity) of E(arc*(Y?)) tends to E(aLc*(Y)), so we conclude that if they exist they must be
equal.

A.4. Monotonicity of Z;;L, (2:1 )(1 —ty ¢,
Lemma A.1. For any fixed k> 1, { <k, the term Z;(:[ (é:i)(l —ty 4t as a function of t €[0,1] is increasing.

Proof. The derivative of the function with respect to t is

Xk: (j . )(f(l — BT =G0 -
=t

( )(m (- 0f (-

]

: ( D)0 =00y e
j=

- f“g((ﬂl)v—um o= (12 )o-0a-0)
=t"*1(£§ )(k—€+ 11 -5 >0,

where in the second last equality we used the identity ( 11) j= ( ¢ 1 1 ) (j—¢+1), and in the last equality we reduced
the telescopic sum. O
Lemma A.2. For any fixed k> 1 and t € [0,1], the term E}‘:{ (é:ll)(l — tY~4¢ as a function of € is decreasing.
Proof. We want to prove that for {<k—1,

k /.
Z<€ 1)(1 £y~ > Z ( )(1 — ), (22)
j=t j=t+1

If we compare term by term in the sum (with the same value for j), we have that

(2 1>(1_t)] -

(]_g >(1 N (-0t

-t
St tl’

which is larger than 1 whenever j < {/t. Thus, we can safely conclude that Equation (22) is true when k < {/t.

On the other hand, we make use of the fact that for any y€(—1,1) and £ €N, the identity Z} {,( 5)3/] e holds
true. From this it is easy to see that when k tends to oo, the term tends to 1, so we can rewrite it as

k . ) .
I )(1 B =1 (7 1) (1—ty ‘. (23)
> pol P
Therefore, we can rewrite Equation (22) as
S (oo oo
j=k+1 a j=k+1

and then, whenever k > £/t we can conclude that the inequality is true by comparing term by term here. [
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A.5. Concavity of Fi(t) in Each Variable.
Proof. We start by rearranging the sums in the definition of Fi(f):

k tin ]“ 1 )
F(h) = ZZ /t > (f 1)(1 — 7y~ 7ldr.

=1 i=1
k o t
i+1 T _1 oy
=33 c/t o (f 1)(171)1 o dr.
=1 i=¢ /i

We now calculate the second derivative with respect to f;, for some s > 1. Recall that we defined T; = H;Zl t;. Observe that
in the sum indexed by i the terms with i <s—1 do not depend of f;, and the terms with i > s are linear in ¢,, so neither

of them affect the second derivative. Thus, if we denote H(t,{, k) = Zj-‘:[ (1,: 11 ) 1- ’L')j_[’fl, we have that

2

k2 BT, ta T,
8t2 Fi(t) = Z ( s 1>[/4 ps H(z, ¢, k)dt + Ilszg/t WH(T,Z,k)dT)
=1

J “H Lk T neoen+ 1 rmTHH k)
a_ s 1>¢ (tsr ) s>{ fq+1 (tbl )+ s>l TS+1 (T/ 7 ) T].

Tsl_

Now, notice that Fﬂ, so,
82 pa] Ts71 min{k, s} P tﬁ
atz Fk(t) Tock = Ht tz H(l’s,S,k) + [zzl: ats/ s+1H( T,C, k)d’[
P Ts—l min{k, s} T
_:H-SSk E?H(t&s/k) - ; ts+'l H(tS/Z k)

At this point it is already clear that for s > k the second derivative is negative. So from now on we assume s <k. Let us
expand H(t;,s, k) to calculate the last derivative.

& 9T ~[j—1 o o T
atsz(t) _375 s ]z:s: s—1 1-t)y ts— Ztg+1H(ts,€k)

=1 "5

k i—1 s
:Ts_1<z<] )(]s)(lt)’s ! ZtMH(ts,é’k))

t=1"5

=1"s

s

H(ts,s+1 k) — Zth(ts,f k))

t=1"5

(ij I s(1-ts)f*5*1 itilH(ts,f k))

=1

1
= tm <H(ts,s+1 k) — ZSH(ts,f,k)>.

To conclude, note that H(z, ¢, k) is the probability that a NEGaTIvVEBINOMIAL(7, £) is at most k, that is, the probability that at most k
independent coin tosses are necessary to obtain ¢ heads, if the coin comes up head with probability 7. Therefore, H(t;, ¢, k) >
H(ts,s+1,k) for all £<s, so we get that 2 prd Fk(t) < 0. This implies that Fy(f) is concave as a function of ¢, foralls >1. O

Appendix B. Proofs of Section 4

B.1. Proof of Lemma 2

Proof. For OPT(Y) = Y; we need that all Y; with i < j belong to the history set. The first observation is that numbers smal-
ler than Yj,,; cannot be the optimum, because we would need the largest & + 1 numbers to be in the history set, which
has only / items.

For j <h, as the construction of the history and the online sets are based on a random permutation, we can simulate it
by sequentially inserting the numbers in N slots of which i will correspond to the history set and the remaining N — &
correspond to the online set. The probability that OPT = Y; is simply the probability that Y; lands on the online slots,
that is, ot =1 —p. For Y; with 1<j<h, we need that the largest j — 1 values appear in H. Conditional on the largest s
values are in H, the probability that Y,.; is also in H is that it lands on the i — s slots of H remaining among the N — s
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remaining slots: £=5. Once all the j — 1 largest values landed on H, then we need Y; to land on the N — £ slots of O, which
happens with probabihty O

N—]+1

B.2. Derivation of SDLP, y
To establish the equivalence between both problems we show that for any x feasible in the maximization problem, the
optimal values of inner problems

(A) min E(ALG,(Y))
Yeln
and E(orr(Y))=1
(B) max «
j=1\(N-j
ZHE, h1 Spen T[( ()(>{}> (24)
st a-— 1) <0 Vkelh+1].

k N—h /2_
Z]lN]+1H50

P(atcy(Y) = Y)—ZZ G(l)(?)f])

i=h+1 ¢;
i—1

are equal. From Lemma 1 we know that

From Lemma 2 we know that

<i<
Plorr(Y) = V) = { N = ]+1HN L<j<h+l
0 otherwise.
That way, constraint (24) can be read as
P(aLG(Y) > Yi) = aP(ort(Y) > Yy) Vke[h+1]. (25)

If « is feasible, it will hold that E(aLc,(Y)) > aE(ort(Y)) for any instance Y of N items. Indeed, we can integrate P(ALG,(Y)
>z) and P(or1(Y) > z) at both sides of (25) to obtain the bound, as both random variables can only equal values of items.
Restricting the first /1 + 1 items is enough, as P(orT(Y) > Yj11) = 1, and P(ALG,(Y) > Yj) is nondecreasing in k. In particular,
if we restrict to Y such that E(oprt(Y)) =1, we get that E(ALG,(Y)) > . This holds for feasible a, so it holds for the optimal
solution a* and we get the optimal value of problem A is at least a".

Now consider an optimal solution for problem B, a*. It must be the case that constraint (24) is binding for some k".
Consider the following instance Y¥, where we set Y; ==Yy = A4, and Y; = 0 if j>k". Here, Ay >0 is such that
E(opr(Y*)) = 1. We have that k* is binding, so

E(aLGe(YX))  ApP(arcy(YF) > YF) |
E(ort(YK)) ~ ApP(opt(YF) > YK) —

Now, Y is feasible in problem (A), concluding that the optimal value of problem A is at most E(arG,(Y¥)) =a*. The
equivalence between the two problems follows by replacing the inner problems.

E(ALGx(Yy)) =

B.3. Solution of SDRP,, for p<1/e.

Proof. The upper bound follows immediately from Lemma 10 (see also, Kaplan et al. [28], Theorem 3.8; Correa et al.
[15]). To prove that the bound is tight we find a feasible solution of SDRP, attaining this value. Take then t; =1/e, t; = 1
for i >2, we prove that the objective value of this solution is at least 1/(e(1 —p))

To this end first observe that the following inequalities hold for all 0 <p <1/e.

11 _ -1
&,ﬁ
1/e T
Indeed the second mequa]ity is direct. Note that the first is actually an equality for j = 1 and j = 2. Also for j > 5 the inequality
follows since fl/ 11—ty Jrdr > fl/e(l Y 'dt=(1—1/e)/j =1/ . Finally, for j = 3, 4 it follows from a straightforward

calculation.
Replacing our solution in Fi(t) and using the previous inequalities we get

1< y- 1 1—p
Fk(t)=gjzzl e TT Zp/] e(1—

If we replace these values of Fi(t) in the inner minimization of SDRPp, we get that all ratios equal 1/(e(1—p)), as 1 — v
cancel out. We conclude that the considered solution is feasible and therefore the optimal value of SDRP, (which is a(p))
is at least 1/(e(1 —p)). O

1
>——zp
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B.4. Proof of Lemma 3
Proof. Proof. By the maximality of a,

. 1 k1 j—1 -y
a—}(r;lfl_pk;/p Zq(t,{’)(gil)(l—t)’ thdt.

(=1

Since 4(t,{) is nonincreasing in ¢ we can replace g(t,{) by q(t, j) in the inner sum to obtain

‘ 1 k 1.7 (j-1 -y ‘ 1 k 1 )
azinf > (S a0 ()7 a0 a0 [
j=1 7P (=1 j=1 7P

where we have used that for all j>1 and ¢ € [0,1], Q:1 (15:11)(1 —ty =t O

B.5. Proof of Lemma 4
Proof. Observe that (14) is equivalent to (i) f;tq(t,l)dt =a(l —p) and (ii) for k>2, f;tq(t,k)dt =a(l—p")—a(l—p1)=
a(1—p)p¥=1. So, we only need to check that the right hand side of (15) and (16) are j; tq(t,1)dt and |, ; tq(t, k)dt, respec-
tively. Indeed, for k > 2:

! L [T, 1 /(T T; 1 (T; Tia
tq(t, k)dt = / Lt = —(—1——1) = ,—(.—’— o )
/p 1 ; L f ;z— (AN Zz -1\t Hy
1 T T,/ 1 1 1 T
= —+ —— - = - .
k—1 1 i;l ti-1 (i—l i—z) k—1 1 Hien
Similarly, for k = 1 we have

1 0ol t ol
i+1 2 tl i+1 Ti
tq(t, 1)dt = / tg(t, 1 dt=/ —dt + —dt
/pq() S mena= [T

T

t
=fHln 2 +
t1 b

tr
Hs =Pln;+iﬂ—#3~ m
B.6. Proof of Lemma 5
Proof. We clearly have t; <t,. Furthermore, the denominator minus the numerator of the right hand side of (17) is
(k—1Dap*2(p—1)* 20, implying that fx.q > f for all k> 2. This proves (i).

Since the sequence (#) is increasing, it has a (possibly unbounded) limit. To compute it, we first take logarithm on
both sides of (17) and rearrange terms to obtain that for k > 2,

In(fe1) = In(t) — In(y/ ™) +In(y/§7)
iterating this formula we obtain
k=1 k=l _ k=1 k=2 _
In(f) =In(k2) = Y_In(y/) + > In(/) =In(t2) = Y_In(y/) + > In(yi4*Y)
i=1 i=1 i=1 i=0
and since In(y;) =In(1) =0, and In(f;) =Inp + a(1 - p)z/p, we get

al-p? 1 ()
b k- ; i+ 11) '

Observe that limy_,.), =1 — a. Thus, taking the limit on the previous expression we have

' B a(l—p? In(y,,)
%Lr?oln(fk) =lnp+ p N ; i(i+1)

In(ts1) =In pt+

Note that (ii) follows directly from here.
To finish the proof we use Lemma 4, and so we only need to show (15) and (16). For all i > 2, we have
i i1

T; Lt t =l
o=l =nI T =TT =
i =2

2t Ve
Therefore, using formulas for geometric series we get that for k>3
2 T; 1 2 l—a+a[i—1p2—(i-2)p]
ty = Z 7 = Z

L i—oi-1) P4 (i—1)(i-2)
i—2 ©0 i—1

) © /oq 1 P P
—p(l—a);<m—m)”‘;(i—z)‘“;(f—n
_p(l—a+apt?)
T k2
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To see (15), we write
t
Plnﬁﬂ?—#g =a(l—pf +p—p(l—a+ap) =a(l —p).

And to get (16) we let k > 2 and write

1 T _preg—pA—a+ap’h
k-1 1 e k—1
_pl—a+af(k—1)p2 = (k—2)p" ] —p(l —a+ap*?)
B k—1

— pa(pk72 _pkfl)' 0

B.7. Proof of Lemma 6

Proof. Define the following functions as the left and right-hand sides of the previous expression

2
fip) = Inp+ S

X In(1+ap'(1+i(1—p)) - 1)
g(p’a)_; ii+1) '
Both f and g are continuous functions of their domains. Furthermore, f(p,a) is increasing in a. On the other hand, by Ber-
noulli inequality, p~ =(1— (1 —p)) ' = 1+i(1 —p). Therefore, p'(1+i(1 —p)) — 1 <0. From here it is easy to see that ¢(p,a)
is decreasing in @. We now evaluate these two functions in @ = 0

f(p,0)=Inp<0 and g(p,0)=0.
For the case a = 1, observe that f(p,1) =Inp +4 p” y is a convex function in p € (0,1) and it is minimized on p = (V5 -1)/2.
Therefore, there exists a universal constant ¢ such that f(p,1) > ¢ for all p € (0,1).

On the other hand, we have that as « increases, there is a vertical asymptote on some ap <1 in which the function
g(p,a) decreases to —oo. Indeed if this was not the case, the formula for g(p,1) would be well-defined, but simply repla-

cing 1 on its expression yields

In(p'(1+i(1 —p))) ilnp+In(1+i(1—p)
&p.1) = Z G+ 1) ; iG+1)

ilnp+i(l—p) =1
—Z ii+1) (ln“l*p);ﬁ‘*

Summarizing, for every fixed value p € (0,1), the functions f(p,a) and g(p, «) are continuous, the former is increasing in «,
and the latter is decreasing in @, and we also have that f(p,0) <g(p,0) and there exists some value a’ € (0,1) such that
f(p,a’)>c>g(p,a’). By the intermediate value theorem there must be some value a(p) for which f(p, &) =g(p,@), and by
monotonicity and continuity of both functions, this value is unique and the map p +— a(p) is continuous. O

B.8. Proof of Theorem 2

Proof. By Lemmas 5 and 6, we conclude that there is a feasible solution of SDCLP, with value d(p). Therefore, 0 < a(p) < a(p).
From Theorem 3.4 in Kaplan et al. [28], we know that a(p) < a* ¥ Thus, we only need to show that @(1) = a*, for that, define the
function

o In(I—n+n[(i+1p'~ip™'])

hp, 1) = i=1 i(i+1) . 2%
(p,1) 1np+"<1;*”)2 (26)

and note that by definition of a@(p), h(p,a(p)) =1
Let us study h(p,n) as p — 1. As both the numerator and the denominator go to 0 as p — 1, we use ’'Hopital’s rule to
find the limit

o npip) o Py

11mh( )—llmZ[ L@ D= D7 i 2t G —ip
b p—1 1+ —2p(1— P) 1-p®  pol l“"?(l—l)
g p* P P’

As p — 1, the denominator in the last expression goes to 1. For the numerator, we will analyze the limit through a Rie-
mann’s integral analysis. For this we define x; =p’ (therefore i =Inx;/Inp), so that intervals (x;11,%;] for i>1 form a
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partition of the interval (0,1], resulting in

P Xi-1 — Xi
palz(z+1)p 1;91+1+1 p—>12(1+1) 1xp+—f
Xi-1— X
=lim :
P14z 1x,(1—lnxlfnp> +%—1

_/1 1 d
B y(lfln]/)+1 4

In the last equality we first replaced lim,_;f— p =1 and then the limit of the Riemann sum. This can be justified by the
fact that the sum is monotone in the term fn—l So, for p close enough to 1 we can bound by replacing with
1—e<hi= 1 <1+e. Since the integral is continuous in the factor that accompanies In y, both bounds converge when ¢ — 0.
Replacing 1 by a* finishes the proof. O

B.9. Proof of Theorem 3

Proof. To prove this result we define f(p) = @(p)/p. What we would like to prove is that f(p) > a*. For this, we replace
a(p) = f(p)p in Equation (19):

In(1 —f(p)p +f(p)pl(i+ p' — ip™'])
Inp+ip)a —pf = 3 SO Y ),
i=1
Note that the left-hand side of the equation is increasing in f(p) and the right-hand side of the equation is decreasing in
f(p). Thus, to prove that f(p) > a*, we need to prove that
. 2 s=In(l —a'p+apl(i+1)p —ip™])
Inp+a'(1-pP<) G+ D) .

i=1
By subtracting In p the latter is equivalent to proving
o 1_ 41 =97 i(1 —
In(-a(1-p/(1+i(1 - p)))
pary i(i+1)
To prove the inequality let us call its right hand side a(p) and note that by definition of @(1), a(1) = a*, that is, the inequal-

ity is tight for p = 1. Therefore, to conclude we show that a(p) is decreasing in p, so that the inequality holds for all
p€(0,1). Indeed,

a' < +a"(2p — pz).

d °<> 2+z(z+1)a P —p)
- 2a°(1 —p).
dpa( P= ;z(1+1)<;a(1p(1+1(1p))>+ F1=p)
Letting
1 & 1 -l -p
b — d ,
)= p* ;z(i + 1)(}7 (- p(l+il— p))) and )= Z;% —1+ P (1+i(1—p))

we have %a(p) =2a*(1—p) —b(p) + c(p). Now, as a*(1 — pf(l +i(1— p))) lies between 0 and a* < 1, we have that
b =—.
()= p? Z ~i(i + 1)1 p

We now show that c(p) <1/p—a*(1—p)—a’ 1%”. For this defme x; =p' and note that

)

_1 Xi — Xi+1
C(p)_pz —1+x(1+i(1-p))

i=1 pa*
=1 = X — Xix1
p i=1 ’%M—l+xi(1+lnx,'(};5)>
S}"" - Xi — Xis1
P o —1+x(1-plnx)

<1/p 1 d
“rho ,#*Hy(lfplny)y

_1/1 1 d _1/1 1 d
Pho s 1+y(1—plny)y Py ;#—Hy(l—iolny)y

P

—a'(1-p).

1
<1/ :
p.Jo ——1+y(1 plny)

}"0(
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The first inequality comes from (1 —p)/Inp < —p. The second inequality follows because x; > x;11 and the function ((1/
(pa’)—1+y(l—pln y))) is decreasing in y. The last inequality comes from the fact that 1 —y(1 —pIn (y)) € [0,1] when
y,p €[0,1]. Now, the integral in the last step can be rewritten as

1! 1 1—p e Ty Iny

_/ T ryd -ty / ! 4y

plo #—1+y(l-Iny) P (Lo14y0- lny))(—fl+y(1 plny))
1 1

1 1- p/ 1 pa e
p ——1+y(1—lny) ——1+y+” dy

_ 11 _ 1P
1 ! P/ pdy_l_l_r’(i*_l)ln ).
0 ,;fl+y+ PP \paoe +e—1

pa*

IA

/\

Here, the first inequality follows from the definition of " and fact that —yIny€[0,1/e] when y€(0,1). The second

inequality comes from observing that 1/(1 —1+y(1—Iny) is decreasing, non-negative and integrates 1, and (——%) /

(Wﬁ 1+y+;) is nonnegative and decreasing. Finally, it can be checked numerically that if a*€[0.74,0.75], the term

par LE1

pa* e

i
<i7%>ln( - +”) is at least 0.8 for all pe(0,1). Then, since we know that a*=0.745, we can conclude that

c(p) > ;—J —a'(1—p) <1 + %}) Therefore,

d 11 1

—a(p)=2a"1—p)—bp)+cp) <221 —p)——+-——a"(1— )(1+—) <0.

dp p p p p p p Ty p p
The result follows. O

B.10. Details on Numerical Bounds.

We now develop the optimization problems used for obtaining upper and lower bounds of a(p) when p € (0,1). For the
upper bound, we construct a linear program based on SDCLP,. In this linear program we partition interval (p,1) into
N(1 - p) intervals of equal length. Inside of interval (g}, i;] we restrict variables g(t,{) to be constant for every {>1 and
rename them x;,. We modify the feasibility constraints for making them slightly less restrictive (and equivalent as
N — o). In the minmax constraint we replace the term (1 —ty ‘¢ by its upper bound (1 —i)~ [( ) To deal with the
infinite number of variables and constraints, we introduce the parameter kny.x, which indicates that only the first kmax
terms of the stochastic dominance constraint will be considered in the maximization. As only the first km,« amount of
variables are considered in the objective function, we can consider only variables x;, with £ < kmnax. We call this problem

UBPy Nk, (for Upper Bound Problem).
(UBPp N k) max a
X,
i—1 Kmax
s.t. e+ Yy Y xs<1 Vie [N]\ [h], V€€ [kmax]
j=h+1s=1

F=1\ e
. )®
Z;‘(:l PO P/ xi,é’((gl,l_?)m
a— =7 ~—<0 Vk € [Kmax]

Xie >0 Vie [N]\ [h], V€ [kmax]

For the lower bound, we numerically solve a truncated version of SDRP,, in which we use the parameter kpyax to limit
the amount of terms to be considered in the stochastic dominance constraint. As the solution must be a lower bound, we
replace the denominator of the last term of the min-max problem by 1. This makes the objective function to be lower
than SDRP, by at most pk‘"a*. As in the upper bound, reducing the number of stochastic dominance constraints also
reduces the amount of variables to be considered, only needing to consider t; with i < knax. For simplicity, we fix t; 1 =
1 as a parameter. We call this problem LBP,; . (for Lower Bound Problem).

LBP,
(LBE) t,ﬁéﬁ)"u “
k Kmax ptig JN T; i—1 )
k Z / Z i+l <] 1 > (1 - T)]ilT(dT Vke [kmax - 1]
ti

p =1 i=1
o kmax  phi M _
/ Z < > — 7y~ 7ldr
ti

S Vie [kmax]

s.t.

I/\
H

=~

I/\

2
IA
I/\ EM
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Table A.1. Upper and lower bounds obtained for multiples of 0.1.

4 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Lower bound 0.408 0.459 0.525 0.609 0.671 0.702 0.718 0.728 0.730
Upper bound 0.409 0.460 0.526 0.610 0.672 0.704 0.721 0.733 0.744

Notes. Parameters used for UBP, y 4, were N = 1,000 and kmax = In(N /(1 — p)). For LBP, x ., kmax = In0.001/Inp was used. For values of p up to
1/e the bounds are exact and thus the difference simply comes from rounding.

The bounds obtained for some values of p are shown in Table A.1. Note that as p gets closer to 1 we need more variables
and therefore our upper and lower bounds are slightly off. This can definitely be improved by just considering more
variables when solving UBP, nx,... and LBP, . since they converge to each other.

max Kinax

B.11. Proof of Lemma 7
Proof. For an instance Y|y; of size N, denote by Y[N] the instance of size N + 1 that results from appending a 0 to Y{).

We prove that for all instances Y[y it holds that
E(aLG:(Yny)) S IE(ALGt(YJro )
E(opt(Yiny) — E(orT(Yi)

which immediately implies the result. Clearly, E(opT(Y|n)) = E(OPT(YJ}\(}])) as the arrival time of the added 0 is independent
of the other arrival times. We conclude by proving that ]E(ALGf(Y[ N])) = E(ALGt(Y[ N])) In fact, we can couple the arrival times
of the values of Yy; with the corresponding ones in Y[N], and for the latter, add an independent arrival time for 0. Since the
0 is the smallest element, the relative rank of all other values is the same in both instances. Therefore, every time ALG;
selects a positive element in Y*O it selects the same element in Y[y;. When ALG; selects the 0 in Yﬁ\,], it may select a positive
element in Y|y; or not stop at all Thus, with this coupling we get that ALG:(Yn}) > ALGf(Y[N]) O

B.12. Proof of Lemma 8
Proof. For ease of notation, in what follows we write ALG; instead of ALG;(Y[n7). We have that

1
P(aLc =Yj) = / P(ALG; = Y| Y] arrives at time 7) dt
r

© tiv1
= Z / P(aLGs = Y;|Y; arrives at time 7) dt
t:

tiv1 ]/\l
ZP(ALGt does not stop before 7|Y; is {-local and arrives at 7)

i
ti

-IP)(Yj is ¢-local|Y; arrives at 7) dt

i+1 ]/\1
/ ZP(ALGt does not stop before 7|Y; is {-local and arrives at )
t

j-1 i~ -1
. 1—1)y "t drt.
(H)< )

The last equality comes from the fact that Y; is {-local if exactly £ —1 items from Y7,...,Y; 1 arrive before Y;. Now, note
that the event that ALG, stops before 7 does not depend on what elements arrive after T and what are their relative rank-
ings, but only on the relative rankings of the items that arrive before 7. Also, note that when N is large, the probability
that at least i items arrive before a given time 7 > 0 tends to 1. Therefore,

P(aLG; does not stop before 7|Y; is {-local and arrives at 1)
= IP(aLG; does not stop before t|at least i items arrive before 7) + o(N)

1
= H]P’(r-th largest item before 7 arrives before t,) + o(N)
r=1

it T;
=[[F+0(N) == +0(N).
el T

Taking limit when N tends to infinity we conclude the proof of the lemma. O

B.13. Proof of Theorem 5
We first introduce two lemmas that bound the ratio between the coefficients of the linear programs. Then, to bound the
difference between the values, we produce a solution for one problem from one solution to the other, and vice versa.
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Lemma B.1. For integers N, h, k, such that p =1 €(0,1), Nzg+1, and 1 <k <h+1, we have that

2
1< Zj:l N—/‘+1H]s:0 h n e . 27)
- 1—pt T A-pIN-1) )
. A
Proof. Denote A; = —]+1 H]s 5}\’] v—and B;=(1- p)p'~L. In order to bound the ratio Z’;l "for 1 <k<h+1, we find a uniform

boundonB’f0r1<]<h+1 =17
h—j+1

Recall that by definition #=p-N. It is easy to see that All =1, and that N
h—j+12h—pj, which is equivalent to j < 3= Then we can conclude that for allj<h+1,

zi A1 ﬁ h—i+1
B] Bl 1 h*pl

B Ll/ﬁP)J (l’l i+ 1)
C i h—pi

h [1/(-p)]
<h - p>

1\ L/a-p)
=(1+
(=)

<1+ 1 ! 1+ 1 v
TUUN-11-p\ " 1/(1-p)

e
TN
where the second last inequality comes from doing a first-order approximation of a convex function.
For the lower bound of 1, it is enough to note that Zh” =1 and that ZhH B; < 2]21 i =1, together with the already
mentioned fact that A; > B; if and only if j <L O

/+1 A‘

Therefore

, B 1f and only if

E=I

IN

Lemma B.2. For positive integers N,i,j,{ such that N > 32, \/ﬁ%‘)ENSi<N J_llo;gN,jsl(E;’, and €<j, and for a real
te [, &], we have that
J=1\(N-j
L))
slogN - (0)) 5log N
1— g < i1 <1+ & (28)

A-pW" () a7 a-pVN

Proof. We start by rewriting the expression in the middle of Equation (28).

()02

N oUN-TY i (N=D (=D (N

i—1 _ N N=-i—j+0)! (- {’)' (-1 (29)

i1 i—Cp ¢

(;_1)(1—0] t —t)’ ‘t

-1
H/ N L Hk 0 N—I]+]z’ k
= (30)
(1—t)’ e

Now, the expression in Equation (30) is clearly at most
-1 it
o ' N5 Tlico v ’“(Nik N ) ﬁ(ik N )

(55 (&) K
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And is also at least

(N—i—j+0 (-0 (N—i—j+0) (-0
A N O R S Vs

—e+1\ 0\
:<1*z]m) (17)
G-0G—t+1) £
= N—i+1 i
log, N
(1-p)VN’

Proof of Theorem 5. To prove the theorem we take a solution to one problem and transform it into a solution of the
other. Let N, h be integers and 0 <p <1 a scalar such that h=p-N. We start with an optimal solution (g*,a(p)) for
SDCLP,, and define for a given N > 1 a solution (x,a’) as follows.

Xip = /jq*(t, 0)dt, forie[N]\[h], €< li]

j=1\(N-j
i~
Z] 1 Z =h+1 Z Wf%
. i—1
kelh1] K Noipp2 i
Zj:l N—j+le=O N-—s
We prove first that (x,a’) is a feasible solution for SDLP,y ). Note that for given i € [N]\ [k], £€[i], and € [%, ﬁ] we
have from the feasibility of 4* that

a =

t &
tq*(t,€) + / g (t,0)dt <1— / Zq*(’c,s)d’[
5 P

s>1

<1- iixj,s.

j=h+1s=1
Integrating on both sides we obtain that

i

/N (tq (t,0) +/ q(z, é’)d’f) dt < / (1 ];1;995)

—i

== / q (T f)d’l' ) <— ( sz]s>
=15 j=h+1s=1
=3 i- .X','l[ < 1-— Iz: ZX]',S,

j=h+1s=1

where in the second inequality we applied integration by parts on the left-hand side. Therefore, x is a feasible solution. We
now give an upper bound for a(p) —a’. From the definition of @’ and Lemma B.1, together with the fact that 1/(1+y)>
1—y for all y > 0, we obtain that

(L))
k N i i \—1)\i-¢
Zj:l Zi:h+1 ijl N[ (1\]71

a’ > min 1 ) (1- ¢ )
kelh+1] 1—p (1-p(N-1)
lOgN and lose a factor (1 —1/N). Denote

Now, if k> IOgN

P = VNI log N

2log,(1/N), then p* <1/N, so we can take in the minimization k <

Smce j <k, after replacing x;, with the integral that defines it, we can apply Lemma B.2 to obtain that

Z] 1 h+1 it Z{— /T'T(tr 0) (éi }l > (1 - t)l;ft[dt - lOgN
1=
< a- P)W)

o’ > min -
1sk<l°gN 1-p

koopiR j—1 N,
. S [, Z/ﬁ”(t"))(fq)(l DA 710gN
1<kl 1-p* (1-pVN)
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Now, since t-q*(t,£) <1 for all £,f and Z]é=1 (] B 11 ) 1- t)jffi‘[*1 =1 for all j > 1, we get that

-
ko J=1Y\ -t
a/> min 21:1_/;72/:.4(@5)(5_1)(1 t)] tfdt' 1_ 710gN _ZL*k
T 1ckelel 1-pf (1-pVN N
4 9(logN)?
2“@)<1 G—wfVN>
B 9(logN)*
R

We prove now the other side of the inequality. Let (x*,an,) be an optimal solution for SDLP,n,y. We construct a solution
(g,a") as follows.

Nz, - (1 logN ), forte[p,1], ifizl’t-N‘lZ\/NandfsiAllogN

q(t,€) = (1-p)VN 1 —
0 forte[p,l],ifi:[t.N*|<\/IT]or[>i/\10§I;I
koo j—1 i,
B . Zj:l/n Z,ﬂtl(t/f)(g_ 1)(1 —ty "t
04 = min .
k=1 1,pk

Now, we can check this solution is feasible in the continuous problem. In fact, for ¢ < «/l_ﬁ’ it is trivially satisfied because
q(t,£) =0 for all £. For t > p v%, i=[t-N],and any £>1,

log N
t1p

t(tf)+/tz (T,8)dt < | ix; +i§:zj:x*+ Nxt dt | - 1—IOA
q ’ Jy ‘1 s = il is - is (1—}7)\/N

s>1 j=h+1s=1 N s=1

10gN>‘ 1— logN
i(1—p) (1-pVN

<(1+
S<1+ logN )(1 logN
<1

a-pVN) ' @-pWN
where the first inequality comes from replacing with the definition of g, and the third one comes from the fact that i > VN.

We argue similarly to the lower bound for &', using Lemmas B.1 and B.2, together with the extra factor (1— log )
e . o : . (1-p)VN
that was necessary for the feasibility constraint. This yields the inequality

2> 5(10gN)2 B logN
—o (1—p)2\/§ (1-p)VN
6(logN)
ANy — -
A pPYN

Endnotes

" In p-DOS, the number of samples and the number of online values are random, while in the usual formulation of the prophet inequality
these quantities are fixed. Thus, this reduction holds for large values of N to achieve concentration. We also examine the version of p-DOS
with dependent sampling, where this quantities are fixed, and we show it is essentially equivalent to the independent model when N is large.
2 This is needed since some Y/'s may be negative.

3 Which are very different to that of Mucci [38].

# Note that for p = 0 this is just Y.

% Since the sampling models are only equivalent in the limit.

8 Note that of course our problem is ill defined if p = 1 so the right way of thinking about p close to 1 is to first fix a value p and then make N
grow large.

7 Consider for instance the following particular case of our model where the values are correlated. With probability 1/2 the values are i.i.d.
samples of Uniform[0, 1] and with probability 1/2 they are i.i.d. samples of Uniform([1,2].

8 Depending on the objective function, it is not always true that with a linear number of samples one can approximate the full information
case, even in the i.i.d. model. A prominent case that has been extensively studied is revenue maximization (Cole and Roughgarden [13], Guo
et al. [24]). Consider the objective of maximizing the revenue using a single price, that is, setting a threshold (or price) T in order to maximize
T times the probability that at least one value is above T. If the variables are i.i.d. and equal to n?/(1 — p) w.p. 1/n?, and U[0,1] w.p. 1 —1/n?,
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a revenue of (1) can be achieved in a set of (1 — p)n variables, taking T =n?/(1 — p) — ¢. But if we have only access to pn samples, only with
probability O(1/n2) we will see a high value in both sets. And most of the time we see only realizations of U[0, 1], in which case we cannot
differentiate the instance from only U[0, 1] variables, where T > 1 gives 0 revenue, so the most we can get is O(1).

® We are not assuming that all values Y; are different, but we assume that there is an arbitrary tie-breaking rule that is consistent with the rela-
tive ranks revealed and selected before the process starts.

10 This problem, with nonnegative values, and without the sampling phase, was introduced by Mucci [38].

" This is not very relevant, as it does not change our optimization problem: there is no decision to be made when the online set is empty.
Also, we will focus primarily on the case where N is large, making this event highly unlikely.

211 the iid. prophet inequality with samples, we initially observe m independent samples from an unknown distribution. Then, we are
given, one by one, a sequence of n values drawn independently from the same unknown distribution. After seeing each value, we must irrev-
ocably decide whether to stop or continue. We say a stopping rule is a c-approximation if the expectation of the value it stops with is at least
¢ times the expectation of the maximum value in the sequence.

'3 This relation is obtained by simply conditioning on the event that the i-th item is ranked £ among the 7 items seen so far, which has proba-
bility 1/i.
* The number of coin tosses necessary to obtain ¢ heads, if the coin lands heads with probability t.

5 1f the information set is already sampled and contains  items, then the procedure would be to sample N -} arrival times uniform in (p, 1)
for the items in the online set.

18 A consequence of this discussion is that given an instance of p-DOS with its corresponding Y one can, in time O(1), find an sequence of
thresholds leading to an arbitrarily close to optimal online algorithm. To see this first note that restricting to the first K = O(1) terms in the
sequence of Y’s is enough. Then we can restrict to the finite version of RP, in which only the variables t1,...,f; are present. Now, for these
variables we evaluate the objective function in all values belonging to a fine grid of [01]% and keep the best value found.

171, is the only solution of equation x — In(x) = 1 +1n(3/2) in (0,1).

8 To interpret the expression on the left, recall that F(t) is the probability that the algorithm stops with an item whose rank is k or better.
Thus, the objective simply represents the negative of the expected rank.

¥ we say relevant because for N items, only the first N + 1 of sequence Y will affect the outcome for instances of N items (recall Yy, is the
reward obtained if the DM makes no selection). Now the online set cannot be empty, so orT(Y[y;) is independent of Yy.1. This way, setting
Yn+1 =0 will always be optimal for an adversary minimizing the competitive ratio.

20 Perhaps the easiest way to see this is that every feasible instance for the adversary is a convex combination of these instances.
21 This value of a(p) was essentially known in a more restricted model with i.i.d. samples from an unknown distribution (Correa et al. [16]).
22 Certainly, our improvement only holds when 7 is large compared with 1/, as we are analyzing the value of the limit problem.

22 A simple way of obtaining such an algorithm is by simply ignoring elements that arrive in [p,p + 6], and act as if we skipped a uniformly
random interval [x,x + 6] C [p,1]. Since the arrival times are uniformly distributed, the set of items that arrive in [p +06,1] and their ordering
have the same distribution as those that arrive in [p, 1]\ [x,x +0].

24 An independence system is a pair (S,Z), where S is a finite ground set, and 7 is a family of subsets of S, called the independent sets of the
system. The system must satisfy that the empty set is independent and that every subset of an independent set is independent.

2 Rigorously, Babaioff et al. [4] use 1/y instead off y to define this notion, but we prefer to use values smaller than one to be consistent with
the presentation of the rest of this paper.

%6 Here we make explicit the dependence of CLP, on the sequence Y.

27 The idea behind this result is that any algorithm for adversarial p-DOS with dependent sampling can be applied to the i.i.d. prophet
inequality without loss in performance. If the result was not true it would contradict the fact that " is the optimal competitive ratio for the
latter problem.

References

[1] Azar PD, Kleinberg R, Weinberg SM (2014) Prophet inequalities with limited information. Proc. 25th Annual ACM-SIAM Sympos. Discrete
Algorithms (SIAM), 1358-1377.

[2] Babaioff M, Dinitz M, Gupta A, Immorlica N, Talwar K (2009) Secretary problems: weights and discounts. Proc. 20th Annual ACM-SIAM
Sympos. Discrete Algorithms (SIAM), 1245-1254.

[3] Babaioff M, Immorlica N, Kempe D, Kleinberg R (2007a) A knapsack secretary problem with applications. Approximation, Randomiza-
tion, and Combinatorial Optimization. Algorithms and Techniques: Proc. 10th Internat. Workshop, APPROX 2007, and 11th Internat.
Workshop, RANDOM 2007 (Springer), 16-28.

[4] Babaioff M, Immorlica N, Kempe D, Kleinberg R (2018) Matroid secretary problems. ]. ACM. 65(6):1-26.

[5] Babaioff M, Immorlica N, Kleinberg R (2007b) Matroids, secretary problems, and online mechanisms. Proc. 18th Annual ACM-SIAM Sym-
pos. Discrete Algorithms (SIAM), 434-443.

[6] Bearden JN, Rapoport A, Murphy RO (2006) Sequential observation and selection with rank-dependent payoffs: An experimental study.
Management Sci. 52(9):1437-1449.

[7] Bruss FT (2005) What is known about robbins’ problem? J. Appl. Probab. 42(1):108-120.

[8] Buchbinder N, Jain K, Singh M (2014) Secretary problems via linear programming. Math. Oper. Res. 39(1):190-206.

[9] Campbell G, Samuels SM (1981) Choosing the best of the current crop. Adv. Appl. Probab. 13(3):510-532.



Downloaded from informs.org by [2800:300:6a71:ecal:6¢c5d:c808:cbc4:2dcd] on 12 April 2024, at 14:32 . For personal use only, all rights reserved.

Correa et al.: Sample-Driven Optimal Stopping
Mathematics of Operations Research, 2024, vol. 49, no. 1, pp. 441-475, © 2023 INFORMS 475

[10] Chan TH, Chen F, Jiang SHC (2014) Revealing optimal thresholds for generalized secretary problem via continuous lp: impacts on online
k-item auction and bipartite k-matching with random arrival order. Proc. 26th Annual ACM-SIAM Sympos. Discrete Algorithms (SIAM),
1169-1188.

[11] Chawla S, Hartline JD, Malec DL, Sivan B (2010) Multi-parameter mechanism design and sequential posted pricing. Proc. 42nd ACM
Sympos. Theory Comput., 311-320.

[12] Chow Y, Moriguti S, Robbins H, Samuels S (1964) Optimal selection based on relative rank (the “secretary problem”). Israel ]. Math.
2(2):81-90.

[13] Cole R, Roughgarden T (2014) The sample complexity of revenue maximization. Proc. 46th Annual ACM Sympos. Theory Comput.,
243-252.

[14] Correa ], Cristi A, Feuilloley L, Oosterwijk T, Tsigonias-Dimitriadis A (2021a) The secretary problem with independent sampling. Proc.
2021 ACM-SIAM Sympos. Discrete Algorithms (SODA) (SIAM, Philadelphia), 2047-2058.

[15] Correa ], Diitting P, Fischer F, Schewior K (2022) Prophet inequalities for iid random variables from an unknown distribution. Math.
Oper. Res. 47(2):1287-1309.

[16] Correa ], Diitting P, Fischer F, Schewior K, Ziliotto B (2021b) Unknown iid prophets: Better bounds, streaming algorithms, and a new
impossibility. 12th Innovations in Theoretical Computer Science Conference (ITCS 2021) (Schloss Dagstuhl-Leibniz-Zentrum fiir
Informatik).

[17] Correa J, Foncea P, Hoeksma R, Oosterwijk T, Vredeveld T (2017) Posted price mechanisms for a random stream of customers. Proc. 2017
ACM Conf. Econom. Comput., 169-186.

[18] Correa ], Saona R, Ziliotto B (2021d) Prophet secretary through blind strategies. Math. Program. 190(1-2):483-521.

[19] Dynkin EB (1963) The optimum choice of the instant for stopping a Markov process. Soviet Math. 4:627-629.

[20] Ehsani S, Hajiaghayi M, Kesselheim T, Singla S (2018) Prophet secretary for combinatorial auctions and matroids. Proceedings of the
twenty-ninth annual ACM-SIAM Symposium on Discrete Algorithms, 700-714 (SIAM).

[21] Feldman M, Svensson O, Zenklusen R (2014) A simple o (log log (rank))-competitive algorithm for the matroid secretary problem. Proc.
26th Annual ACM-SIAM Sympos. Discrete Algorithms (SIAM), 1189-1201.

[22] Ferguson TS (1989) Who solved the secretary problem? Statist. Sci. 4(3):282-289.

[23] Gilbert JP, Mosteller F (1966) Recognizing the maximum of a sequence. |. Amer. Statist. Assoc. 61:35-73.

[24] Guo C, Huang Z, Zhang X (2019) Settling the sample complexity of single-parameter revenue maximization. Proc. 51st Annual ACM
SIGACT Sympos. Theory Comput., 662—673.

[25] Gusein-Zade S (1966) The problem of choice and the sptimal stopping rule for a sequence of independent trials. Theory Probab. Appl.
11(3):472-476.

[26] Hajiaghayi MT, Kleinberg R, Sandholm T (2007) Automated online mechanism design and prophet inequalities. Proc. 22nd National Conf.
Artificial intelligence-Volume 1, 58-65.

[27] Hill TP, Kertz RP (1982) Comparisons of stop rule and supremum expectations of iid random variables. Ann. Probab. 10(2):336-345.

[28] Kaplan H, Naori D, Raz D (2020) Competitive analysis with a sample and the secretary problem. Proc. 14th Annual ACM-SIAM Sympos.
Discrete Algorithms (SIAM), 2082-2095.

[29] Kertz RP (1986) Stop rule and supremum expectations of iid random variables: a complete comparison by conjugate duality. J. Multivari-
ate Anal. 19(1):88-112.

[30] Kesselheim T, Radke K, Tonnis A, Vocking B (2013) An optimal online algorithm for weighted bipartite matching and extensions to com-
binatorial auctions. Algorithms-ESA 2013: Proc. 21st Annual Eur. Sympos. (Springer), 21:589-600.

[31] Kesselheim T, Radke K, Tonnis A, Vocking B (2018) Primal beats dual on online packing lps in the random-order model. SIAM |. Comput.
47(5):1939-1964.

[32] Korula N, Pal M (2009) Algorithms for secretary problems on graphs and hypergraphs. Automata, Languages and Programming: Proc.
36th Internat. Coll., ICALP (Springer), 36(Part II):508-520.

[33] Krengel U, Sucheston L (1977) Semiamarts and finite values. Bull. Amer. Math. Soc. (N.S.). 83(4):745-747.

[34] Krengel U, Sucheston L (1978) On semiamarts, amarts, and processes with finite value. Adv. Probab. Related Topics 4:197-266.

[35] Lachish O (2014) O(log log rank) competitive ratio for the matroid secretary problem. 2014 IEEE 55th Annual Sympos. Foundations of
Comput. Sci., 326-335.

[36] Lindley DV (1961) Dynamic programming and decision theory. J. R. Stat. Soc. Ser. C. Appl. Stat. 10(1):39-51.

[37] Liu A, Leme RP, Pal M, Schneider J, Sivan B (2021) Variable decomposition for prophet inequalities and optimal ordering. Proc. 22nd
ACM Conf. Econom. Comput., 692-692.

[38] Mucci AG (1973a) Differential equations and optimal choice problems. Ann. Statist. 1(1):104-113.

[39] Mucci AG (1973b) On a class of secretary problems. Ann. Probab. 1:417-427.

[40] Rubinstein A, Wang JZ, Weinberg SM (2020) Optimal single-choice prophet inequalities from samples. 11th Innovations Theoretical
Comput. Sci. Conf., ITCS 2020 (Schloss Dagstuhl-Leibniz-Zentrum fur Informatik GmbH, Dagstuhl Publishing), 60.

[41] Soto JA (2013) Matroid secretary problem in the random-assignment model. SIAM |. Comput. 42(1):178-211.

[42] Soto JA, Turkieltaub A, Verdugo V (2021) Strong algorithms for the ordinal matroid secretary problem. Math. Oper. Res. 46(2):642-673.



	Sample-Driven Optimal Stopping: From the Secretary Problem to the i.i.d. Prophet Inequality
	Introduction
	Preliminaries
	Known Values
	Adversarial Values
	On Multiple-Choice p-DOS Problems
	Concluding Remarks


