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Introduction

Electors have little and uneven knowledge about policies, economic conditions and the backgrounds of elected
governmental officials (see, for instance, Delli Carpini and Keeter, 1996, Blendon et al. 1997, Nannestad and
Paldam, 2000). This facts is consistent with the rational ignorance hypothesis as formulated by Schumpeter
(1950) and Downs (1957): since each vote has little impact on the outcome of a large election and information
acquisition is costly, individuals have little incentives to acquire information. Determining the consequences
of this hypothesis has important implications about the quality of democratic deliberations.
There are two contrasting positions on this issue. According to the most optimistic view, the voting
outcome will be able to reflect the public interest even when most individuals are poorly informed. Though
people may lack knowledge and skills, this void will be filled by the self-regulating character of democracy.
In the process of preference aggregation, the more or less random opinion of poorly informed voters would
cancel out. If each voter is more likely to be right than wrong, then the probability that large elections will
reach the best decision will approach one. This statement constitutes the so called Condorcet Jury Theorem
(Condorcet 1785). Grofman and Feld (1988) present an interpretation of Rousseau theory of general will under
the light of the Condorcet Jury Theorem (see also Young 1988): by aggregating the information dispersed
among poorly informed voters, the elections would be able to discover the general will. The Condorcet Jury
Theorem has fascinated political scientists, legal scholars (see Edelman 2002) and game theorists alike and
contributed to provide epistemic basis to democratic theory (see Cohen 1986 and Coleman and Ferejohn
1986).
At the same time, scholars have long feared that democracy might not function if citizens are not informed
enough. Rousseau, while lodging a strenuous defense of direct democracy, denied that elections would always
yield results according with the common good, since those deliberations may reflect insufficient information.
“It follows from what has gone before that the general will is always right and tends to the public
advantage; but it does not follow that the deliberations of the people are always equally correct.
[...] If, when the people, being furnished with adequate information, held its deliberations, the
citizens had no communication one with another, the grand total of the small differences would
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always give the general will, and the decision would always be good.”

1

Actually, many opposing egalitarian and unmediated democracy assert that citizens do not have enough
knowledge or skill to govern. One of the most fierce objections to democracy is presented by Plato, in the
sixth book of “The Republic”, where he compares the state to a ship, which needs an experienced captain
in order to accomplish a safe and successful journey. An ignorant and untrained person at the helm of a
ship would endanger vessel, cargo, crew and passengers alike. Democratic government does not work because
ordinary people have not learned how to run the ship of state and they are not inclined to acquire such
knowledge. In a similar way Stuart Mill opined that the quality of democratic decisions might be endangered
by uneducated voters:
“It is not useful, but hurtful, that the constitution of the country should declare ignorance to be
entitled to as much political power as knowledge.” 2
These arguments are used by Plato to defend the need of a government of philosophers and by Stuart Mill
to sustain a form of democracy where the educated class is given more voting power. This is what Estlund
(2008) calls “epistocracy of the educated thesis”.3 Brennan (2009) arguments that, while no citizen should be
denied voting rights, people lacking the necessary competence should abstain not to “pollute” the outcome
of democratic deliberation.
There is a vast empirical literature attempting to assess the extent to which political judgments and
deliberations would differ if voters were well informed (see Bartels 1996, Althaus 1998, 2003, Gilens 2001,
Blais et al. 2009, Nordin 2009). According to Althaus (2003) “Knowledge does matter, and the way it
is distributed in society can cause collective preferences to reflect disproportionately the opinions of some
groups more than others. Sometimes collective preferences seem to represent something like the will of the
people, but frequently they do not”. Most of this studies find systematic differences among the way people
do vote and the way people would have voted were they informed. More importantly, they find that electoral
outcomes would have been different were voters informed.
According to empirical evidence the degree of political knowledge is positively correlated with a commonly
1 The

Social Contract, book 2, chap. 3.
on representative government, chap. 8.
3 A form of government that he rejects.
2 Considerations
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accepted indicator of sophistication as education: the more educated are the citizens the more information
they have (see, for instance, Blendon et al. 1997, Nannestad and Paldam, Lau and Redlawsk 2006, Nordin
2009). This evidence suggests that the observed heterogeneity in political knowledge reflects an heterogeneity
in skills and that people possess limited political knowledge because they need to invest effort to process the
available information (see Aidt 2000).
The objective of this paper is to analyze the problem from a rational choice perspective. We introduce
a model of common value elections with two candidates, accepting Rousseau’s theory of the general will in
the interpretation of Grofman and Feld (1988). Citizens agree about which candidate is the best one at each
state of the world but, at the moment of the vote, they do not know the state of the world. They do not
have access to a free and reliable font of information and need to invest effort to process the information
they are exposed to, so information acquisition is costly. Obtaining more precise information entails higher
costs. Voters have different ability in processing information so so less skilled electors must invest more effort
in order to extract the same amount of information, which reflects in higher costs of acquiring information.
The quantity of information each voter acquires will be determined endogenously at equilibrium.
We begin the analysis by proving the validity of the rational ignorance hypothesis. Information is a public
good and a large population amplifies the free riding problem by reducing the the probability any voter is
decisive. Then, we pass to characterize optimal strategies and characterize them in an intuitive way: voters
acquire information equating marginal gains to marginal costs. Although simple, these preliminary results
prove that the model is able to account for three empirical relevant facts: (i) on average, every voter is poorly
informed; (ii) only a small fraction of the electorate is informed; (iii) the less skilled are the electors the less
information they acquire so the distribution of information among voters is uneven.
We pass investigate the existence of equilibria with information acquisition and their information aggregation properties. We prove that a bias in favor of one of the two candidates makes the free riding problem
excruciating: an equilibrium with information acquisition exists if and only if the expected gains from electing
the best candidate the two states of the world are equal. At equilibria with information acquisition, every
elector is, on average, more likely to be right than wrong, but the probability a probability the best candidate
is selected approaches one half. Elections perform not better than the toss of a fair coin.
A natural question is whether access to cheaper information can alleviate this informational failure.

4

Reducing the marginal costs of acquiring information of the most skilled electors should induce voters to
acquire larger amounts of information. In the model, costs depend both on the quality of information and
on the skills of citizens. We show that, in order to obtain more permissive results, it is necessary to reduce
marginal costs in both directions. Under generic conditions, equilibria with information acquisition exist
for any prior bias in favor of one of the two candidates. Furthermore, when there are many electors the
probability the best candidate is elected is approximately one, when there are many electors. Thus the
Condorcet Jury Theorem holds in its strongest form. In other cases equilibria with information acquisition
exist if the bias in favor of one of the two candidates is not too large. The probability of electing the best
candidate is boundedly above one half. So, the Condorcet Jury Theorem holds in a weak form.
We continue by considering the overall efficiency of the elections and prove that elections are efficient if
and only if they perfectly aggregate information. Indeed, it is always possible to find a profile of strategy
such that the probability of electing the best candidate approaches one and the aggregate costs approaches
zero when there are many electors. However, such strategies are not equilibrium ones: in a strategic setup
voters do not internalize the informational externality.
The claim of many opposing direct democracy is that the general electorate is not competent enough to
vote. Thus, we consider a simple model of epistocracy where only wiser citizens are allowed to vote. Actually,
it is worth to observe that many political systems have worked in an pseudo-epistocratic way before allowing
universal suffrage. Indeed many democracies have excluded a consistent part of the citizenry from voting
for long time on the basis of census and literacy. For instance, in US, Southern States employed literacy
tests as part of the voter registration process since the late nineteenth century. Only in 1965, the Voting
Rights Act banished such practices. In many Latin American and European Countries only literate citizens
had voting rights. Italy introduced universal male suffrage only in 1919. Chile has allowed literate women
to vote since 1949, but universal suffrage was introduced in 1970. In these cases expansions of the electoral
basis monitored closely the expansion of literacy, which is as an imperfect measure of political competence
and was highly correlated with census.
We prove that if the least skilled citizens who is allowed to vote is properly selected, the probability
that the best candidate is selected surpasses one half when there are many electors. We characterize the
conditions that allow perfect information aggregation under an epistocratic government. The results might
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seem pessimistic: the outcome of elections is improved by restricting voting rights. This interpretation is
overly negative. A more genuine one is probably closer to Rousseau thought. Indeed, the same result can be
obtained by improving voters’ skills. Such a reading agrees with the idea that only an educated citizenry is
vital for a well functioning democracy.
The key state-variable in this paper is the average probability that a voter votes for the best candidate.
This is the notion of competence considered in the early literature about the Condorcet’s Jury Theorem.4
These authors assume that electors are naive: they always vote according to the signal they receive (see Berg
1993, Berend and Paroush 1998, Ladha 1992, 1993). While this approach has been successful in proving
the Condorcet Jury Theorem under rather general conditions about the distribution of the signals, it has
neglected that voting according to the signal, is not necessarily in the best interest of every player, which
is it is not necessarily an equilibrium behavior. This issue have been raised more recently by Austen-Smith
and Banks (1996). Thus, literature has shifted to study the problem under sophisticated voting. Remarkable
examples are Austen-Smith and Banks (2006), Feeddersen and Pesendorfer (1997) and Myerson (1998). In
this case, the Condorcet Jury Theorem holds under more restrictive conditions.
Most of these models take the informational structure as given independent on the size of the electorate and
do not address the question on how citizens acquire the information they use to vote. However, consistently
con the rational ignorance hypothesis, the larger is the electorate the less information voters should acquire.
The issue is not at all irrelevant. Paroush (1997) and in Yariv (2004) considered models where the amount
of information the electors own is still exogenous but varies with the size of the electorate. They show that,
if the quality of information decreases too fast, elections fail to aggregate information, even when voters are
more likely to receive the correct signal than the wrong one.5
Martinelli (2006) has been the first to endogeneize the informational structure of the problem. He considers
a model with costly information acquisition, where voters can acquire information of different quality but
they are all equally skilled, which is they all have the same cost function. In a companion paper (Martinelli
2007) he allows heterogeneity in information acquisition costs, but voters can acquire information of one given
quality.6 In Martinelli (2006) voters acquire information of decreasing quality but every elector acquires the
4 In

this literature competence is totally exogenous. See below.
Paroush (1997) consider a model with naives voters, Yariv (2004) assumes that voters are strategic.
6 Which does not depend on the size of the electorate.
5 While
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same quality of information (they have the same costs). In Martinelli (2007) a decreasing part of the electorate
acquire information but the quality of information acquired is always the same. Both works conclude that (at
least partial) information aggregation in large election is always possible, but cannot account simultaneously
for uneven and positive levels of information in the electorate. While we focus on heterogeneity in skills to
explain observed heterogeneity in political knowledge, Oliveros (2007, 2009) takes a complementary approach:
he assumes that voters have different risk attitudes, but they are equally skilled and prove results similar to
Martinelli (2006).
The structure of the article is the following. Section 2 introduces the model. Section 4 studies the validity
of the rational ignorance hypothesis. Section 5 studies the existence of equilibria with information acquisition
and their information aggregation properties. Section 5 studies the asymptotic efficiency of equilibria. Section
6 considers a simple model of epistocracy. Section 7 concludes. The proofs are in the appendix.

2

The Model

An odd number N = 2n + 1 of voters have to choose among two candidates A and B, by simple majority.
There are two possible states of the world, a and b. The prior probability of state a is qa = q ∈ (0, 1)
and the prior probability of state b is qb = 1 − q. Voters have common preferences and agree that A is the
best candidate when the state is a and B is the best candidate when the state is b. Let C ∈ {A, B} and let
ω ∈ {a, b}. The utility a voter derives from the election of candidate C at state ω is denoted by U (C, ω). The
gains from electing the best candidate at state a and at state b are denoted by ∆Ua = U (A, a) − U (B, a) > 0
and by ∆Ub = U (B, b) − U (A, b), respectively. Thus, qω ∆Uω measures the expected utility gain from taking
the right decision at state ω for ω = a, b.
Electors do not know the true state of the world and before voting they independently receive signal


s ∈ {sa , sb }. Before receiving the signal they can acquire information of quality x ∈ 0, 12 . When a voter
receives a signal of quality x the likelihood of receiving the signal sω at state ω = a, b is p (sω | ω, x) =

1
2

+ x.

Voters have different acquisition costs, that reflects their different skills in acquiring information. Types are
indicized by a nonnegative real number α ∈ [0, 1]. They are distributed independently across the electorate
according to the same distribution F , with continuous density function f : [0, 1] → R, where f (0) > 0.

7

An elector of type α faces a cost C (x, α) to purchase information of quality x. Thus, if candidate C
has been elected at state ω, the utility of a voter of type α who has acquired information of quality x is
U (C, ω) − C (x, α).
The cost function C is of class C 2





0, 21 × [0, 1] and Cx (0, 0) = 0. Acquiring a positive amount of

information has a strictly positive cost, while acquiring no information entails no costs: C (0, α) = 0 and

C (x, α) > 0 for all x ∈ 0, 12 and for all α ∈ [0, 1]. For every type, gathering information of higher better
quality has increasingly higher costs, Cx (α, x) > 0 and Cxx (α, x) > 0 for all α > 0 and for all x > 0.7,8
Higher types have increasingly higher costs, which is Cα (α, x) > 0, and Cαx (α, x) > 0 for all α > 0 and for
all x > 0. Finally we assume, that there are k and t such that Cx(t) (0, 0) > 0 and Cxα(t) (0, 0) > 0.
A strategy specifies how much information a voter of a given type acquires and for which candidate she
votes, conditional on the signal received.


Definition 1 An individual strategy consists of a information acquisition strategy x : [0, 1] → 0, 21 and
of a voting strategy v : [0, 1] × {sa , sb } → {A, B} such that x is measurable and v (·, s) is measurable for
s ∈ {sa , sb }.9
A strategy of player i is denoted by (xi , vi ), a strategy profile (xi , vi )i=1,...,2n+1 is denoted by (X, V )
and (X, V )−i is the coalitional strategy of all voter but i. Consider a voter of type α who has acquired
information of quality x, receives signal s ∈ {sa , sb } and votes for candidate v ∈ {A, B}. We denote by

U v | x, s, (X, V )−i − C (α, x) the expected utility of her decision at the moment of the vote. Similarly,
consider a voter of type α who acquires information of quality x, votes for candidate va , when she receives

signal sa , votes for candidate vb , when she receives signal sb . Let v = (va , vb ) We denote U x, v | (X, V )−i −
C (α, x), the expected utility of her decision.
The equilibrium concept we employ is symmetric Bayesian equilibrium. At a symmetric Bayesian equilibrium
every player employs the same strategy. Individuals vote optimally conditional on the signal received, on the
∂ 2 C(x,α)

7 We

∂ k+t C(x,α)

use the following notation for partial derivatives: Cxx (α, x) =
and Cx(t) α(k) (x, α) =
for every
∂x2
∂x(t) ∂α(k)
non-negative integers k and t let.
8 The conditions imposed on C imply that C (0, x) > 0 for all x > 0. Assume by contradiction C (0, x) = 0 for some
x
x
x > 0. Notice that Cxx (0, ξ) ≥ 0 for all ξ ≥ 0.Thus C (0, ξ) = 0 for all ξ ≤ x. From the intermediate value theorem there
exists ξ ∈ (0, x) such that C (0, x) = C (0, x) − C (0, 0) = Cx (0, ξ) x = 0, which yields a contradiction because, by assumption
C (0, x) > 0.
ˆ
˜
9 A more rigorous definition would make the voting strategy contingent on the investment v : [0, 1]× 0, 1 ×{s , s } → {A, B}.
a b
2
However, only the signal is disclosed before the voting decision is taken so the definition presented is without loss of generality.
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investment and on the strategy of the other voters. Information acquisition and voting strategies are ex ante
optimal, given the strategy of the other voters.
Definition 2 A symmetric Bayesian equilibrium (SBE from now on) is given by a strategy (x̂, v̂) such that


the profile X̂,V̂ = (x̂, v̂)i=1,...2n+1 satisfies:



 

 
1. U v (x̂ (α) , s) | x̂ (α) , s, X̂,V̂
≥ U v | x̂ (α) , s, X̂,V̂
for all α ∈ [0, 1], for all v ∈ {A, B}
−i

−i

and for all s ∈ {sa , sb }.



 

 
2. U x̂ (α) , v̂ | X̂,V̂
− C (x̂ (α) , α) ≥ U x, v | X̂,V̂
− C (x, α) for all α ∈ [0, 1] for all voting
−i

−i

rules v.
We will consider equilibria in pure strategy only. Notice that a SBE always exists: no voter acquires
information and everybody votes for the same alternative independently on the type and on the signal
received. The concern of the paper are equilibria with information acquisition, where a non-zero measure of
types acquire information.
Definition 3 A SBE (x̂, v̂) exhibits information acquisition F ({α : x (α) > 0}) > 0.
When no ambiguity is possible, we omit any reference to (X, V )−i so, for instance, we will write U (x, v)

for U x, v | (X, V )−i .

3

Optimal Strategies and Equilibria: Characterization

A voter can affect the outcome of the election only when she is pivotal, which is when there are exactly n
electors voting for candidate A and n electors voting for candidate B. For i = 1, ..., 2n + 1, we denote by

pω = p piv | ω, (X, V )−i , the probability voter i is pivotal at state ω ∈ {a, b}. The utility that she derives
from a voting strategy (va , vb ), net of the information acquisition costs is
X

pω qω [U (va , ω) p (sa |ω) + U (vb , ω) p (sb | ω)] + U−i .

ω∈{a,b}
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where U−i = U−i (X, V )−i depends only on the strategy of the other voters. A voter decision affect
P
her own utility only when she is pivotal which accrues ω∈{a,b} pω qω [U (va , ω) p (sa |ω) + U (vb , ω) p (sb |ω)]
to her. Notice that the term p (sω |ω 0 ) depends on the information acquisition strategy of the the voter:
p (sω |ω) =

1
2

+ x, where x is the quantity of information acquired by the voter. If the probabilities of being

pivotal are very small almost her utility will be almost independent on her strategy. Thus, she will have little
incentives in acquiring information.
Let us study the optimal strategy which depends only on pivotal probabilities.
Let’s start from behavior of electors who acquire information, if any. The reader can easily check that
any voter who finds it optimal to acquire information strictly prefers to follow the signal rather than to vote
against it. A voter who ignores the signal is strictly better off by not acquiring information. The benefit
from acquiring x units of information and following the signal U (x, A, B) can be written as


U (x, A, B) = (pa qa ∆Ua + pb qb ∆Ub )


1
+ x + pa qa U (B, a) + pb qb U (A, b) − C (α, x) + U−i .
2

Notice that the marginal gain of acquiring information is the expected gain from voting for the best alternative
at each state:
pa qa ∆Ua + pb qb ∆Ub .
If a voter of type α finds it optimal to acquire a positive amount x of information, she equates the marginal
gains from acquiring information to its marginal costs or she acquires the information of the highest quality
(x = 21 ) if its marginal costs is lower than marginal gains. Thus, x > 0 must solve:
(pa qa ∆Ua + pb qb ∆Ub ) = Cx (α, x)

(1)



if Cx α, 21 > qa ∆Ua + pb qb ∆Ub and x = 12 , if Cx α, 12 ≤ qa ∆Ua + pb qb ∆Ub . Let α1 = α1 (pa , pb ) be the
highest type such that Equation 1 has a solution, α1 solves

(pa qa ∆Ua + pb q∆Ub ) − Cx (α1 , 0) = 0
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(2)

if any such α1 exists and set α1 = α1 (pa , pb ) = 1 otherwise. If α1 < 1, for a voter of type α1 the marginal
utility of acquiring information is the same that the marginal costs of acquiring no information. Thus, for
types α ≥ α1 it is never optimal to acquire information.

Define x (α, pa , pb ) as the solution to equation 1 for Cx α, 12 ≥ qa ∆Ua + pb qb ∆Ub ≥ Cx (α, 0). Set

x (α, pa , pb ) = 21 for Cx α, 12 < qa ∆Ua + pb qb ∆Ub and set x (α, pa , pb ) = 0 for Cx (α, 0) > qa ∆Ua + pb qb ∆Ub
(which is for α > α1 (pa , pb )). Let (pa , pb ) 6= (0, 0) and 0 ≤ α < α1 (pa , pb ). A straightforward application of
the implicit function theorem yields:

xα (α, pa , pb ) = −

xpω (α, pa , pb ) =

x∆Uω (α, pa , pb ) =

Cxα (α, x)
Cxx (α, x)

qω ∆Uω
for ω = a, b
Cxx (α, x (α, pa , pb ))

pω qω
for ω = a, b
Cxx (α, x (α, pa , pb ))

and lim(pa ,pb )→(0,0) x (α, pa , pb ) = 0 for every α. It follows that types with lower costs acquire better
information and that an higher probability of being decisive provides higher incentives to acquire more
precise information. Finally, the larger are the stakes the better is the information acquired by electors.
The function α1 (pa , pb ) is differentiable in the interior of the set where 2 is satisfied. Its partial derivatives
are
α1pω (pa , pb ) =
α1∆Uω (pa , pb ) =

qω ∆Uω
Cxα (α (pa , pb ) , 0)
qω ∆Uω
Cxα (α (pa , pb ) , 0)

for for ω = a, b. Higher pivotal probabilities and larger stakes guarantee that a larger fraction of the
electorate acquires information. Notice that lim(pa ,pb )→(0,0) α1 (pa , pb ) = 0 f
Up to now we have characterized, optimal information acquisition strategies, for players who do acquire
information. We will see that in every equilibrium with information acquisition all voters of type α < α1 ,
will find it optimal to acquire a positive amount of information, but in general it is not the case. Voters with
better skills than α1 might find it optimal to ignore the signal and not buying information at all. Thus we
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have to determine which types prefer to acquire information to vote uninformed. The payoff of an uninformed
elector who votes for alternative A can be written as:
pa qa ∆Ua + pb q∆Ub
pa qa ∆Ua − pb qb ∆Ub
+
+ pa qa U (B, a) + pb qb U (A, b) + U−i .
2
2
The payoffs of an uninformed elector who votes for alternative A is:
pa qa ∆Ua + pb q∆Ub
pb qb ∆Ub − pa qa ∆Ua
+
+ pa qa U (B, a) + pb qb U (A, b) + U−i .
2
2
An uninformed elector prefers to vote for candidate A if and only if the expected gain from voting for the
best candidate at state a exceeds the expected gain from voting for the best candidate at state b which is if
and only if
pa qa ∆Ua ≥ pb qb ∆Ub .

(3)

Thus, an elector of type α finds optimal to acquire information if and only if they payoff from informed
voting is higher than the maximal payoff from uninformed voting which is if and only if:

(pa qa ∆Ua + pb q∆Ub ) x (α, pa , pb ) − C (α, x (α, pa , pb )) ≥

|pb qb ∆Ub − pa qa ∆Ua |
.
2

(4)

Let α2 (pa , pb ) ≤ α1 (pa , pb ) be the type who is indifferent between optimally acquiring information and
staying uninformed, formally α2 = α2 (pa , pb ) is defined as the solution of:

(pa qa ∆Ua + pb q∆Ub ) x (α, pa , pb ) − C (α, x (α, pa , pb )) =

|pb qb ∆Ub − pa qa ∆Ua |
2

(5)

if any exists and α2 (pa , pb ) = 1 otherwise. Set α (pa , pb ) = min {α1 (pa , pb ) , α2 (pa , pb )}. Type α (pa , pb ) is
the cutoff type, the supremum of the set of types who find it optimal to acquire information. With abuse
of language, but with a more intuitive flavour, one could say that α (pa , pb ) is the least skilled voter who is
willing to acquire information. Given (pa , pb ), every voter of type 0 ≤ α ≤ α (pa , pb ) finds it optimal to acquire
the amount of information determined by x (α, pa , pb ). Every voter of type α > α (pa , pb ) finds it optimal
not to acquire information. If pb qb ∆Ub = pa qa ∆Ua , electors who do not acquire information are indifferent
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among the two candidates. Otherwise, they find optimal voting for candidate A if pb qb ∆Ub < pa qa ∆Ua and
for candidate B if pb qb ∆Ub > pa qa ∆Ua . Every type α ∈ [0, α (pa , pb )] votes for the correct candidate with
probability

1
2

+ x (α, pa , pb ).

It is easy to show that that α (pa , pb ) = α1 (pa , pb ) if and only if pb qb ∆Ub = pa qa ∆Ua . Thus, the optimal
information acquisition strategy is continuous if and only if pb qb ∆Ub = pa qa ∆Ua .
Define x̃ (pa , pb ) as the the expected amount of information acquired by a voter of unknown type, when
the probability of being pivotal at states a and b are pa and pb , respectively:
α(p
Za ,pb )

x̃ (pa , pb ) =

x (α, pa , pb ) f (α) dα.
0

Let λ (α, pa , pb ) be the probability a voter of type α > α (pa , pb ) votes for candidate A.10 When α (pa , pb ) < 1
define λ (pa , pb ) as the conditional probability a voter of unknown type votes for A, given that she does
R1
not acquire information: λ (pa , pb ) solves α(pa ,pb ) λ (α, pa , pb ) f (α) dα = λ (pa , pb ) (1 − F (α (pa , pb ))).11 Set


µ (pa , pb ) = λ (pa , pb ) − 21 ∈ − 12 , 12 . If all uninformed voters vote for alternative A we have λ (pa , pb ) = 1
and µ (pa , pb ) = 12 . If all uninformed voters vote for alternative B we have λ (pa , pb ) = 0 and µ (pa , pb ) = − 12 .
The probability a voter of unknown type votes for the correct alternative at state a and at state b are:
F (α (pa , pb ))
1
+ x̃ (pa , pb ) + λ (pa , pb ) = + x̃ (pa , pb ) + µ (pa , pb ) (1 − F (α0 (pa , pb )))
2
2
and
1
F (α (pa , pb ))
− x̃ (pa , pb ) + λ (pa , pb ) = − x̃ (pa , pb ) − µ (pa , pb ) (1 − F (α0 (pa , pb )))
2
2
respectively.
The probability a voter is pivotal at state a is

Paµ (pa , pb ) =
10 As

2n
n



1
2
− [x̃ (pa , pb ) + µ (pa , pb ) (1 − F (α (pa , pb )))]
4

we consider pure strategy only λ (α, pa , pb ) ∈ {0, 1}.
a , pb ) is well defined because strategies are assumed to be measurable.

11 λ (p
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n
.

(6)

The probability a voter is pivotal at state b is

Pbµ (pa , pb ) =

2n
n



1
2
− [x̃ (pa , pb ) − µ (pa , pb ) (1 − F (α (pa , pb )))]
4

n
.

(7)

Given any optimal strategy for uninformed types and corresponding λ, let ᾱ = ᾱ (pa , pb ) be such that be
such that F (ā) − F (α (pa , pb )) = λ (pa , pb ) (1 − F (α (pa , pb ))).
This formulation reduces the problem of finding an equilibrium in finding pivotal probabilities and a “wedge”
µ such that (pa , pb ) are a fixed point of the map (pa , pb ) 7→ (Paµ (pa , pb ) , Pbµ (pa , pb )).

A SBE equilibrium without information acquisition corresponds to the case (pa , pb ) = (0, 0) and µ ∈ − 12 , 21 .
We can thus derive the following characterization.
Proposition 1 (i) A SBE with information acquisition equilibrium exists if and only if there are (pa , pb ) ∈

2
[0, 1] \ {(0, 0)} and µ ∈ − 21 , 12 such that (Paµ (pa , pb ) , Pbµ (pa , pb )) = (pa , pb ).
Equilibrium strategies (x, v), satisfy:
1. (x, v) (α) = (x (α, pa , pb , A, B)) for α ≤ α (pa , pb ),
2. (x, v) (α) = (0, A, A) if α > α (pa , pb ) and pa qa ∆Ua < pb qb ∆Ub ,
3. (x, v) (α) = (0, A, A) if α > α (pa , pb ) and pa qa ∆Ua < pb qb ∆Ub ,
4. (x, v) (α) ∈ {(0, A, A) , (0, B, B)} if pb qb ∆Ub = pa qa ∆Ua ,
5. µ +

1
2



(1 − F (α (pa , pb ))) = F (ᾱ (pa , pb )) − F (α (pa , pb )).

Notice that for any α∗ ≤ 1 and for any measurable function ρ (α) with values in [0, 1] one there exists
R ᾱ
R1
ᾱ ≥ α∗ satisfying α∗ f (α) dα = α∗ ρ (α) f (α) dα. It follows that there is no loss of generality in considering
pure strategy only.
Let (xn , vn ) be a SBE for an election with 2n + 1 electors, let (pan , pbn , µn ) be the corresponding pivotal
probabilities and equilibrium wedge, respectively. We denote by αn = α (pan , pbn ) the cutoff type and by
x̃n = x̃ (pan , pbn ) the average quality of information acquired by informed voters.
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3.1

The rational Ignorance hypothesis

Here, we investigate whether voters have incentives in acquiring information in large electorates, which is we
analyze the validity of the rational ignorance hypothesis. Due to heterogeneity in skills, we investigate whether
information acquired by individuals voters declines and whether the fraction of agents acquiring information
declines, when the electorate grows large. In order to address this questions it suffices to consider equilibrium
pivotal probabilities. Notice that

Paµ (pa , pb ) ≤

 
2n −2n
2
n

2

for every µ and for every (pa , pb ) ∈ [0, 1] . From Stirling’s Formula we have


2n
n



22n
≈√
πn

as n → ∞, so that for ω = a, b

Pωµ (pa , pb ) = O

1
√
πn


,

uniformly in (pa , pb , µ).12,13 Thus, as n → ∞ αn → 0 and xn (α) → 0 at equilibrium. Furthermore, x̃n =
R αn
Rα
xn (α) f (α) dα ≤ 12 0 n f (α) dα → 0 as n → ∞.
0
In every sequence of SBE the probability a voter is pivotal approaches zero when the population grows
large. So even if the every equilibrium might exhibits information acquisition, only vanishing fraction of electors, the ones with the smallest costs, acquire information and this information is itself of vanishing quality.

Proposition 2 For any sequence of SBE, (xn , vn ):
1. limn→∞ pωn = 0, for ω = a, b.
2. limn→∞ αn = 0.
12 We use the following notation. Let f, g : X → R where X is a metric space. Let z ∈ X. We write f ≈ g for x → z
f (x)
f (x)
if limx→z g(x) = 1, f = o (g) for x → z if limx→z g(x) = 0 and f = O (g) for x → z if there exists C > 0 such that
|f (x)| ≤ C |g (x)| in a neighborhood of z. Let {an }n∈N and {bn }n∈N two sequences of real numbers. We write an ≈ bn if
limn→∞ ab n = 1, an = o (bn ) if limn→∞ ab n = 0 and an = O (bn ) if there exists C > 0 such that|an | ≤ C |bn | for n large enough.
n
n
√
13 Stirling Formula provides an approximation for the factorial function n! as n! ≈
2πnnn e−n . See Chow and Teicher (1997).
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3. limn→∞ xn (α) = 0 for all α ∈ [0, 1].
4. limn→∞ x̃n = 0.
Thanks to Proposition 2 we can prove that the condition Cx (0, 0) = 0 is necessary for a SBE with
information acquisition to exist for large electorates. By contradiction assume Cx (0, 0) > 0 and that a SBE
with information acquisition exists. For large enough n, in an equilibrium with information acquisition type
α = 0 acquires a positive amount of information which satisfies: (pan qa ∆Ua + pbn qb ∆Ub ) = Cx (0, xn (0)).
From Proposition 2 the left hand side of the the equation converges to 0 as n → ∞ from Proposition 2, but
the right hand side converges to Cx (0, 0) > 0, a contradiction.
Corollary 1 For arbitrarily large n, a SBE with information acquisition exists only if Cx (0, 0) = 0.
From now on we will consider cost functions C that satisfy Cx (0, 0) = 0.

4

Equilibria with information acquisition: existence and aggregation

In this section we tackle two issues the existence of equilibria with information acquisition and its informational efficiency. In particular we will verify whether the Condorcet Jury Theorem holds at least in a weak
form. We say that the Condorcet Jury Theorem holds in a weak form if the probability the best candidate
is selected in large elections at is bounded above one half at both states. We say that the Condorcet Jury
Theorem holds in a strong form if the probability the best candidate is selected in large elections at is about
one.
Let’s start by stating the conditions under which large elections aggregates information. Consider a SBE
(xn , vn ) with 2n+1 voters and set θna = x̃n +µn (1 − F (αn )) and set θnb = x̃n −µn (1 − F (αn )). The random
variable taking value 1 when a voter vote for the best candidate at state ω follows a Bernoulli distribution
with probability of success

1
2

+ θnω . Thus, the probability the best candidate is elected at state ω is:

Pωn =

2n+1
X
m=n+1



2n + 1
m



1
+ θnω
2
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m 

1
− θnω
2

2n+1−m
.

for ω = a, b. Even if limn→∞ θnω 0, the sum does not necessarily go to

1
2

because the number of the term

grows. Actually, if the the De Moivre-Laplace central limit theorem applied, one would conclude that the
probability of taking the right decision when n is large can be approximated by:


n − (2n + 1)
Φ − q
(2n + 1)



 √ √
+ θnω
 ≈ Φ 2 2 nθnω

2
− θnω

1
2
1
4

where Φ denotes the standard normal distribution: Φ (x) =

√1
2π

Rx
−∞

(8)

t2

e− 2 dt.

The classic version of the De Moivre-Laplace central limit theorem do not apply here because the parameter of the Bernoulli distribution varies with the number of the agents. However, we can prove that the
approximation provided by 8 holds, using the Berry-Esseen Theorem.
Proposition 3 Let (xnk , vnk )k∈N be a sub-sequence of SBE strategies such that

tω = lim

√

k→∞

nk (θnk ω )

exist for ω = a, b. Let Pωk be the probability the right decision is taken at state ω, at the corresponding SBE.
Then
 √ 
lim Pωk → Φ 2 2tω

k→∞

for ω = a, b. The Condorcet Jury Theorem holds in a weak form if and only if tω ∈ (0, +∞) for ω = a, b.
The Condorcet Jury Theorem holds in a strong form if and only if tω = ∞ for ω = a, b.
In principle, there are two classes of equilibria with information acquisition. In the first class, uninformed
voters are indifferent among the two candidates which is equilibria where pa qa ∆Ua = pb qb ∆Ub . In the second
class, uninformed voters strictly prefer to vote for one candidate, for candidate A if pa qa ∆Ua > pb qb ∆Ub
for candidate B if pa qa ∆Ua < pb qb ∆Ub . The next result shows that, in sequences of SBE with information
acquisition, uninformed voters are indifferent among the two candidates in large elections.
Lemma 1 For every sub-sequence (xnk , vnk )k∈N of SBE with information acquisition we have:

pank qa ∆Ua = pbnk qb ∆Ub
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(9)

for large k.
Lemma 1 implies that the cutoff point α coincides with α1 when there are many voters. Furthermore,
it excludes the existence of sequences SBE with information acquisition where the probability that one
candidate is elected, independently on the state of the world, approaches one.
From Proposition 3 follows that large elections aggregates information only if the average information
owned by voters converges to zero no faster than

√1 .
n

Equation1 and Equation 2 imply that the speed of

convergence of x̃n to zero depends, on how fast marginal costs increase. So the larger is the curvature of the
cost function, the faster the information acquired by voters vanishes and the lower is the cut-off point. It will
suffice to consider the curvature of C at (0, 0): according to Proposition 2 only the types with the lowest costs
acquire information and this is of low quality according . For generic cost functions, either Cxx (0, 0) > 0 or
Cxα (0, 0) > 0.
In order to understand the main ideas and techniques used, consider the simplest case where Cxx (0, 0) > 0
and Cxα (0, 0) > 0. When qa ∆Ua = qb ∆Ub , Lemma 1 implies that pan = pbn = pn for large n along any
sequence of SBE with information acquisition. If pan = pbn = pn in a SBE with information acquisition,
then µn = 0 because Equation 6 and Equation 7 hold. This is, half of the voters who do not acquire
information vote for A and and half vote for B.14 Brower’s fixed point implies that Pa0 = Pb0 has a
fixed point such that (pn , pn ) 6= (0, 0) (the detailed proof is in the appendix), so a SBE with information
acquisition exists. For small values of α and x, the marginal cost function is approximately linear in x
and α if Cxx (0, 0) > 0 and Cxα (0, 0) > 0. Thus, linearizations of Equations1 and 2 provide good linear
approximations of x (α, pn , pn ) and α (pn , pn ), respectively. Integrating x (α, pa , pb ) one reaches the conclusion
that x̃n = x̃ (pn , pn ) is approximately quadratic in pn : there exists C > 0 such that x̃n ≈ Cp2n for large values
n
−4nx̃2
2
of n. Since limn→∞ x̃n = 0, then 1 − 4x̃2n ≈ e−4nx̃n . From Equations 6 we obtain pn ≈ e √πnn . Taking
the squares of both sides of the equivalence and replacing p2n by
√

x̃n
C ,

we have

2

nx̃n
e−8nx̃n
≈ √
C
π n

√
which implies limn→∞ nx̃n = 0 as n → ∞.
14 Equivalently,

voters who do not acquire information equally randomize between A and B.
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In such equilibria, every elector is always more likely to vote for the best candidate than for the worst one.
It is the same situation as in earlier works on the Condorcet Jury Theorem (like, for instance, in Grofman
at al. 1987, Young 1988, Austen Smith and Banks 1996). There are two important differences. In those
works the competence of electors, which is the precision of the signal was exogenou and independent on the
dimension of the electorate. Here, the the average precision of the signal is determined endogenously at
equilibrium and depends on the number of the voters. In Martinelli (2006 and 2007) average competence is
endogenous and depends on the size of the electorate, too. However, in Martinelli 2006 every voters acquires
the same amount of information with probability one, because there is no heterogeneity among voters. In
Martinelli 2007, voters have different information acquisition costs but there is a unique quality information
available, so all informed electors acquire information of the same positive quality which is independent on
the size of the electorate. Here the heterogeneity in skills and the possibility of acquiring information of
different quality, implies that informed voters present different level of political knowledge, which explains
the different results..
In general, Lemma 1 simplifies the problem of finding SBE of large election by reducing the dimension of
the problem. It implies that pan =

∆Ub
∆Ua pbn

in sequences of equilibria with information acquisition, for large

n. However, when qa ∆Ua 6= qb ∆Ub a “natural guess” for µ is not readily available. It is possible to show that
in this case, SBE with information acquisition do not exist for large electorates. The result extends to the
case when only one among Cxx (0, 0) and Cxα (0, 0) is zero.
Theorem 1 Assume that Cxx (0, 0) > 0 or Cxα (0, 0) > 0. For n large, a SBE with information acquisition
exists if and only if qa ∆Ua = qb ∆Ub . As the number of electors goes to infinity, the probability of taking the
right decision converges to

1
2

along every sequence of SBE with information acquisition.

Thus, equilibria with information acquisition exist only when the expected gains from taking the right
decision are the same at state a and at state b. Even in this case large elections are as likely to reach the the
right decision as the wrong one. Notice when qa ∆Ua = qb ∆Ub SBE with information acquisition and without
information acquisition provide voters with approximately the same utility, qa U (B, a) + qb U (A, b). Finally
consider the two SBE without information acquisition for the case qa ∆Ua 6= qb ∆Ub . Both equilibria elect
one of the two candidate with probability one. However, if qa ∆Ua > qb ∆Ub (resp. if qa ∆Ua < qb ∆Ub ), then
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voting for B (resp. for A) is a weakly dominated strategy. The only SBE without information acquisition
which survives to the elimination of weakly dominated strategy is the one where electors vote for the candidate
which provide larger expected gains.

4.1

Possibility results

Next, we investigate conditions guaranteeing at least partial information aggregation. To derive more permissive results we need to assume that marginal costs grows slower both when the quality of information
increases and when the skills decrease. Formally, we have to assume that Cxx (0, 0) = Cxα (0, 0) = 0. Let us
begin by considering a simple example where the cost function is a polynomial and where electors are ex-ante
indifferent among the two candidates. It will provide useful intuition for the main result of the section.
Example 1 Assume that the cost function is a polynomial of degree three and that Cxx (0, 0) = Cxα (0, 0) = 0.
Then C is of the form C (α, x) =

A 3
3x

+ Bαx2 + Cα2 x + Dα3 + Eα2 + F α where A, B, C are strictly pos-

itive numbers such that B 2 − AC ≥ 0, E ≥ 0 and F ≥ 0. Notice that marginal costs can be written as
2 B 2 −AC 2
Cx (α, x) = A x + Bα
α . So larger values of B 2 − AC imply smaller marginal costs. Assume
−
A
A
that qa ∆Ua = qb ∆Ub . In this case SBE with information acquisition exist (see above) for every n. In
q
2pqa ∆Ua
SBE with information acquisition pa = pb = p. For p ≥ 0, the cutoff type is α (p) =
and the
C
optimal quality of information acquired by every voter solves: Ax2 + 2Bαx + Cα2 − 2qa ∆Ua p = 0, which
√
−Bα+ (B 2 −AC)α2 +2Ap
is x (α, p) =
, for all α ≤ α (p). Consider the two extreme cases: B 2 − AC = 0 and
A
B 2 − AC > 0.
√
2
a
(i) B 2 −AC = 0. Integrating, one obtains x̃ (p) = qa ∆U
p. From equation 6 we have B πnx̃n ≈ qa ∆Ua e−4nx̃n
B
√
√
2
as n → ∞. So l = limn→∞ nx̃n exists, is positive, finite and satisfies B πl ≈ e−4l . So, according to
√ 
Proposition 3 the probability of taking the right decision at any of the two state approaches Φ 2 2l > 21 for
large n.
(ii) B 2 − AC > 0. We have x̃ (p) =

√
−B+2 2AC
qa ∆Ua
AC

+

R α(p) √(B 2 −AC)α2 +4Aqa ∆Ua p
0

A

dα. After elementary

calculations one obtains x̃ (p) = A1 p − A2 p log p, where A1 and A2 are constant and A2 is strictly positive.
√
−4nx̃2
Then x̃ (p) ≈ −A2 p log p as p → 0 and limp→0 x̃(p)
πpn ≈ e √n n . Dividing
p = ∞. From Equation 6 we have
both sides by x̃n , we have x̃pnn ≈

2

−4nx̃n
e√
nx̃n

as n → ∞. The left-hand side of the equivalence converges to 0 so
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limn→∞

√

nx̃n = ∞. From Proposition 3 it follows that the probability the elections select the best candidate

approaches one when the number of electors is large.

In order to connect the example with the general case, notice that in Example 1 A =
Cx(2) α (0,0)
2

and C =

Cxα(2) (0,0)
.
2

Cx(3) (0,0)
,
2

B =

Marginal costs are minimized at (x, α) = (0, 0). The second order necessary

condition is Cx2(2) α (0, 0)−Cxα(2) (0, 0) Cx(3) (0, 0) ≥ 0. When α and x are small and Cαx (0, 0) = Cxx (0, 0) = 0

2 C
2
C
(0,0)
( x(2) α (0,0)) −Cx(3) (0,0)Cxα(2) (0,0) 2
α
we have Cx (α, x) ≈ Cx(3) (0, 0) x + Cx(2)
α
−
α . Thus, marginal costs
C (3) (0,0)
(3) (0,0)
x

x

2

are “approximately maximized” when (Cx(2) α (0, 0)) − Cx(3) (0, 0) Cxα(2) (0, 0) = 0 which corresponds to case
(i) in Example 1.
C1 Cxx (0, 0) = Cxα (0, 0) = 0, Cx2(2) α (0, 0) 6= 0 and Cx2(2) α (0, 0) − Cxα(2) (0, 0) Cx(3) (0, 0) = 0.15
Assume that Condition C1 holds and priors are not too biased in favor of one of the two candidates. (i.e.
the expected gains from taking the right decision are the two states are not too far from each other). In this
case equilibria with information acquisition exist and the Condorcet Jury Theorem holds in a weak form. In
a large electorate the probability of electing the best candidates stays boundedly above

1
2.

The decision is

more likely to be correct in the state to which agents attach more importance which is in the state with the
highest qω ∆Uω . If the bias in favor of one candidate is too large no SBE with information acquisition exists.
Theorem 2 Assume that C satisfies Condition C1.
(i) There exist positive real numbers t1 , t2 , 0 < t1 <1 < t2 such that if t1 <

qa ∆Ua
qb ∆Ub

< t2 an equilibrium

with information acquisition exists for every n large enough.
Along any sequence of SBE with information acquisition probability of electing the best candidate at state
ω converges to lω >

1
2

as n → ∞, where lω > lω0 if and only if qω ∆Uω > qω0 ∆Ulω0 , for ω, ω 0 ∈ {a, b}.

(ii) There exist positive real numbers, t01 , t02 0 < t01 < t1 < 1 < t2 < t02 such that a SBE with information
acquisition does not exists for n large if either

qa ∆Ua
qb ∆Ub

< t01 or

qa ∆Ua
qb ∆Ub

> t02 .

In Theorem 2 we prove that along sequences of equilibria with information acquisition
k, where l and k satisfy the following system of equations
15 Notice

that if Condition C1 holds then Cx(3) (0, 0) > 0 and Cxα(2) (0, 0) > 0.
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√

nx̃n → l,

√

nµn →

2

2f (0) ∆Ua qa e−4(l+k) = Cx(2) α (0, 0) l

(10)

2

2f (0) ∆Ub qb e−4(l−k) = Cx(2) α (0, 0) l
√
√


and that from Proposition 3 follows that la = Φ 2 2 (k + l) and lb = Φ 2 2 (k − l) . If

(11)
qa ∆Ua
qb ∆Ub

≥ 1,

then k ≥ 0. the expected gain from taking the right decision at state a is larger than the expected gain from
taking the right decision at state b. From Equations 10and 11 follows that k ≥ 0, l ≥ 0. Also, the greater
qa ∆Ua
qb ∆Ub

the greater the probability the best candidate is elected at state a and the lower the probability the

best candidates is elected at state b. Notice however that the bias in favor of candidate a derives from the
behavior introduced
When Cx2(2) α (0, 0) − Cx(3) (0, 0) Cxα(2) (0, 0) > 0 or when Cx(2) α = 0, information is “cheaper” for the most
skilled voters. Consider the following condition which includes case (ii) in Example1.
C2 Cxx (0, 0) = Cxα (0, 0) = 0 and Condition C1 does not hold.
Theorem 3 Assume that C satisfies Condition C2. If qa > 0 and if n is large a SBE with information
acquisition exists. Along every sequence of SBE with information acquisition, the probability of electing the
best candidate decision converges to 1, when .
The proofs of Theorem 2 and of Theorem 3 rely closely on the intuition provided in Example 1, through
quadratic approximations of the marginal cost function.

5

Welfare analysis

In this sections we study the asymptotic efficiency of equilibria of large elections. The expected utility accrued
to an individual voter at the best uninformative equilibrium is

Umin = |qa ∆Ua − qb ∆Ub | + qa U (B, a) + qb U (A, b) .

Along every sequence of SBE with information acquisition, the expected cost paid by every voter approaches zero when the number of electors converge to infinity. It follows that Umin is also the (approxi22

mate) value of the individual utility at large elections at any SBE with information acquisition when either
Cxx (0, 0) > 0 or Cxα (0, 0) > 0. More precisely, the approximate value of expected utility is

Umin = qa U (B, a) + qb U (A, b)

because, in this case, equilibria with information acquisition exist only when qa ∆Ua = qb ∆Ub .
When Condition C1 holds, the expected utility along a sequence of equilibria with information acquisition
is approximately

 √

 √
U = qa ∆Ua Φ 2 2 (l + k) + qb ∆Ub (B | b) Φ 2 2 (l − k) + qa U (B, a) + qb U (A, b)
where l and k are defined as solutions of equations 10 and 11. The reader can easily check that U > Umin .
The expected utility from voting correctly at every state is

Umax = qa U (B | a) + qb U (A | b) .
Notice that Umax approximate the expected individual utility of SBE with information acquisition when
Condition C2 holds. Equilibria with information acquisition are asymptotically efficient in this case. Actually,
this is the minimal assumption conditions which assures that election are asymptotically efficient.
Proposition 4 Large elections are asymptotically efficient if and only if Condition C2 holds.
In order to prove Proposition 4, it suffices to find a sequence of symmetric strategies such that, when all
agents employ them the probability of electing the best candidate approach one and the cost of using them
approach zero in large electorates. The idea to construct them is basic. The individual gains from acquiring
information of quality x are (pa qa ∆Ua + pb qb ∆Ub ) and the marginal costs are C (α, x). However the “social
gains” from such a a strategy are much higher: they are (2n + 1) (pa qa ∆Ua + pb qb ∆Ub ). The intuition is to
consider strategies that equate marginal social gains and individual marginal costs, which is strategies such
that (2n + 1) (pa qa ∆Ua + pb qb ∆Ub ) = Cx (α, x) for every voter who acquires information. Using a fixed point
argument we show that if all agents use such strategies the the probability of electing the best candidate
approaches one and costs approach zero proving the claim of Proposition 4.
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6

The Epistocracy of the educated thesis: a rational foundation.

Plato proposed to put the saviours in charge of the state, because he did not trust citizens to have the skills to
run public affairs. Similar in spirit was the concern of Stuart Mill, who believed that more educated people
should have greater voting power. Both form of government are unified by Estlund with the etiquette of
“epistocracy of the educated thesis”. The objective of this section is not to present a philosophical discussion
of these assertions. We have shown that the Condorcet Jury Theorem is no robust to the introduction
of an electorate with heterogeneous information processing abilities. We want to understand whether these
epistocratic proposals are rationally founded. We assume that less skilled types can be identified and excluded
from voting. We investigate whether an appropriate choice of the least skilled citizen who is allowed to vote
can lead to positive information aggregation. We allow the cutoff type to depend on the number of player,
otherwise the results of Section 4 would apply. In order to simplify the exposition we consider only the
case qa ∆Ua = qb ∆Ub and assume that Cxα (0, 0) 6= 0 and Cxx (0, 0) 6= 0. In this case the existence result
of Theorem 1 applies and SBE with information acquisition exist whatever is the number of the voters. If
citizens of any competence are allowed to vote, elections are as likely to elect the best candidate as the wost
one. One of the reasons that leads to this negative result of is the noise introduce by the random vote of
uninformed electors.
We study a a game with a population of 2n + 1 citizens having voting rights. They have been selected
to have type at most βn , where 0 < βn < 1. Thus voters competence is distributed as gn (α) =

f (α)
F (βn )

on

[0, βn ]. The game defined by βn will be called βn -epistocratic game. Our objective is to determine whether
an appropriate choice of βn can lead to positive information aggregation.
The model has an alternative and lecture. Assume that society starts with a given number of agents
with skills distributed according to f . Assume that it is possible to improve the skills of the electors when
their number grows, by improving the competence of the least skilled voters from 1 to βn . In this setup,
our previous question is equivalent to ask if an appropriately educated electorate can solve the informational
inefficiency revealed in the previous sections.
We prove that it is indeed the case. An appropriate choice of the cutoff βn improves the informational
efficiency of the elections. However, it does not lead to perfect information aggregation if Cxx (0, 0) and
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Cxα = (0, 0).
Proposition 5 Assume that qa ∆Ua = qb ∆Ub .
(i) Let {βn }n≥0 be a sequence strictly positive real numbers, βn ∈ (0, 1), for all n. Consider any subsequence of SBE with information acquisition of the corresponding βn -epistocratic games (xn , vn ). Let Πn
√ 
be the probability the right decision is taken at such SBE. Then sup limn→∞ Πn ≤ Φ 2 2t = ¯l > 21 , where
√
2
(0,0)
t ∈ (0, +∞] solves e−4t = πn C3qxxa ∆U
t.
a
(ii) There exists a sequence {βn }n≥0 and a sequence of SBE with information acquisition of the βn epistocratic game such that the probability of electing the best candidate converges to ¯l along this sequence of
SBE.
In particular, there exists a sequence {βn }n∈N of positive real numbers and a sequence of equilibria of the
corresponding (xn , vn ) a SBE equilibrium of the corresponding βn -epistocratic games such that along this
sub-sequence the probability of electing the best candidate is boundedly above the probability of electing the
worst candidate. This probability can approach one if and only if Cxx (0, 0) = 0.
The proof of Proposition 5, determines a cutoff βn such that every agents type βn is indifferent between
acquiring information and not acquiring information and proves (ii) through a simple limit argument. Then
it proves that no sequence of βn -epistocratic games can reach a better information efficiency.
While we study information aggregation in a model of compulsory voting the Proposition 5 seems to
suggest that a model of voluntary voting might improve the information aggregation properties of election
(see also Börgers (2004) or Krasa and Polborn (2009)). Observe that the choice of the cutoff point βn makes
every voter better off. Thus, every voter would be willing willingly to abstain. The point is that a positive
level of abstention increases the probability any voter is pivotal and thus increases the incentives to acquire
information.

7

Conclusions

When voters can acquire information of different qualities and have heterogeneous skills in large elections
fail to aggregate information. This is consistent with the most pessimistic view of the rational ignorance
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hypothesis. Information aggregation is possible only under quite restrictive assumptions. The results have its
efficiency counterpart. Large elections are efficient only when they aggregate perfectly information. Limiting
the voting rights to most skilled citizens or improving the competence of the electorate citizens can solve the
informational inefficiency. The result is compatible with the idea an educated citizenry is vital to a properly
functioning democracy, but also with an elitist view of public decision making.
This last result suggests that allowing for abstention might lead better results improve informational
efficiency. If less informed voters abstain the probability an informed voter is decisive increases and so the
incentive to acquire information for skilled voters. Less competent citizens would abstain and prefer to
delegate their decision to better informed ones (see also Feddersen and Pesendorfer 1996).
However, there are aspects that are not reflected in our model and could have important implications. It
is not clear the impact of communication or correlation among different sources of information as it would
introduce new strategic considerations.16 Furthermore, here and in every model investigating the Condorcet
the technology producing information is not specified. This way, it is not possible to compare the effects of
different technologies and market structure on information aggregation.
There are at least other two aspects that deserve deserve investigation and might help to solve the paradox
of the rational ignorance. The first one is the use made by voters of informational shortcuts. Empirical and
experimental investigation do not have reached an agreement whether the use of this shortcuts facilitate
information aggregation in election. (see, for instance Lau and Redlawsk (2006) and Nordin (2009)). The
second argument concerns the intrinsic value of information. If the information has a consumption value
in itself, voter would acquire more information. It is note clear whther they would acquire the information
sufficient to improve the efficiency of the elections.

Appendix: Proofs
Proof of Proposition 3. Without loss of generality assume that ta = limn→∞
given voter votes for A at state a is a Bernoulli trial with probability of success
16 Gerardi

1
2

√

n (θna ). The event that a

+ θna . For i = 1, ..., 2n + 1,

and Yariv (2007) study a model of pre-voting communication communication, without information acquisition.
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set
Vin =




 1 − θna if voter i votes forA
2


− 1 − θna if voter i votes for B
2



2
The Vin are i.i.d. Furthermore, E (Vin ) = 0, σn2 = E (Vin ) =

1
4



3
2
− θna
and γn3 = E |Vin | =

1
8

4
− 2θna
.

.
Note that the alternative A wins the elections if and only if it gets at least n + 1 votes which is if and
only if
2n+1
X
i=1

1
Vin > − − (2n + 1) θna .
2

Let W n be the normalized sum of the Vin .
P2n+1

n
i=1 Vi
W =r

.
2
n
(2n + 1) E (Vi )
n

If |ta | = ∞, the claim follows from applying the Chernoff bound to W n . Thus assume that ta < ∞, thus
θna → 0.
Let Fn be the p.d.f. of W n . The probability of choosing A at state a is 1 − Fn (Jn ) where
√ √
− 1 − (2n + 1) θna
Jn = q 2
≈ −2 2 n (2n + 1) θna

2
(2n + 1) 14 − θna
for n → ∞. From the Berry-Esseen Theorem (see Chow and Teicher 1997, p 322), there exists C > 0 such
that
|Fn (Jn ) − Φ (Jn )| ≤
As θna → 0, σn is bounded away from zero, thus

Cγn
1

3)2
(σn

Cγn
1

(σn3 n) 2

is bounded above and

 √ 
 √ 
limn→∞ Pan = 1 − Φ −2 2ta = Φ 2 2ta
whether ta is finite or infinite. This completes the proof for the case ω = a. The proof of the case ω = b is
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identical and thus omitted. 
Prof of Lemma 1. The proof is by contradiction. Assume that there is a sub-sequence of SBE with
information acquisition such that pank qa ∆Ua > pbnk qb ∆Ub for infinitely many k. Without loss of generality
assume that nk = k. for every k. All uninformed voters must vote for candidate A. The probability that a
voter is pivotal at state a and at state b are

pan =

2n
n


n
F (αn )
n
1 + x̃n −
(F (αn ) − x̃n )
2

and

pbn =

2n
n


n
F (αn )
n
1 − x̃n −
(F (αn ) + x̃n )
2

respectively. Observe that, in this case pan < pbn , for every n so qa ∆Ua > qb ∆Ub . Let xn = xn (0) > 0
be the information acquired in equilibrium by the lowest type. Type 0 prefers to acquire the information
thus xn satisfies inequality 4 for α = 0, which is Cx (0, xn ) xn − C (0, xn ) ≥
l=

qa ∆Ub
qb ∆Ub

pan qa ∆Ua −pbn q∆Ub
2

for every n.

> 1. As Cx (0, xn ) = pa qa ∆Ua + pb q∆Ub and C (0, x) > 0,

2xn ≥
for every n. Set l =

qa ∆Ub
qb ∆Ub .

pan qa ∆Ua − pbn q∆Ub
.
pan qa ∆Ua − pbn q∆Ub

(12)

Rearranging in 12 we obtain

2xn ≥
for every n, which implies limn→∞

pbn
pan

l−
l+

pbn
pan
pbn
pan

= l, because xn → 0.

As n → ∞
pan ≈

 

n
x̃n
2n n(x̃n − F (α2 n ) ) F (αn )
e
e−2n F (αn )
n
2

(13)



n
x̃n
2n −n(x̃n + F (α2 n ) ) F (αn )
e
e2n F (αn )
n
2

(14)


pbn ≈
Dividing 13 by 14 we obtain
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x̃n
pan
≈ e2n(x̃n −2 F (αn ) )
pbn

as n → ∞. As limn→∞

pbn
pan

= l > 1 , then limn→∞

nx̃n
F (αn )

1
4

=

log l and limn→∞ nx̃n = 0. From equivalence

13 and from Stirling Formula we obtain

pan ≈

l2

F (αn )
1
√ en(log F (αn )−log 2− 2 )
πn

(15)

.
From equation 1 2pan qb ∆Ub ≈ Cx (0, xn ), because limn→∞

pbn
pan

= l. Furthermore, Cx (0, xn ) ≈

Cx(t+1) (0,0) t
xn
t!

where t is the lowest integer such that Cx(t+1) (0, 0) 6= 0. So equivalence 15 implies that
2pan qb ∆Ub n(log F (αn )−log 2− F (α2 n ) )
C (t+1) (0, 0) t
√
≈ x
xn
e
t!
l2 πn

(16)

as n → ∞. Multiplying both sides of equivalence by nt we have:
!
2l

e
√ e
π

n log F (αn )−log 2−

F (αn )
+
2

log n
n t− 1
2

(

)

+log 2

e2l ≈

Cx(t+1) (0, 0)
t
(nxn )
t!

as n → ∞. As limn→∞ αn = 0, then limn→∞ log F (αn ) − log 2 −

F (αn )
2

+

log n
n(t− 21 )

(17)

+ log 2 = −∞ so

x̃n
the LHS of equivalence 17 converges to 0. It follows that limn→∞ nxn = 0 as well. However, F (α
=
n)
R
R
α
α
n
n
x
x̃
1
n
n
F (αn ) 0 xn (α) f (α) dα ≤ F (αn ) 0 f (α) dα = xn for every n so limn→∞ n F (αn ) = 0, which yields a

contradiction. 

Lemma 2 Assume Cxx (0, 0) 6= 0 or Cxα (0, 0) 6= 0. For every sub-sequence of SBE with information
√
acquisition (xnk , vnk )k∈N , limk→∞ nk θωnk = 0 for ω = a, b. Then the probability of taking the right decision
approaches

1
2

when n → ∞ along the sub-sequence.

Proof. Assume that there are 2n + 1 agents. Without loss of generality we assume that for every n ∈ N
there is an equilibrium with information acquisition (xn , vn ). For n large enough, Equation 9 holds so
∆Ua
pan qa ∆Ua = pbn qb ∆Ub . From Lemma 1, for n large enough pan , pbn satisfy pbn = pan qqab ∆U
. Set p = pa set
b
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qb ∆Ub
qa ∆Ua
a
x (α, p) = x α, p, qqab ∆U
p
and
set
α
(p)
=
α
p,
p
.
Set
x̃
(p)
=
x̃
p,
p
. For n large enough an
∆Ub
qa ∆Ua
qa ∆Ua
equilibrium is characterized by (pan , µn ) = (p, µ) satisfying


n
2n
1
2
− [x̃ (p) + µ (1 − F (α (p)))]
n
4
 
n
2n
1
qb ∆Ub
2
p=
− [x̃ (p) − µ (1 − F (α (p)))]
qa ∆Ua
n
4


p=

For n large enough the cutoff type α (p) is characterized by 2pqa ∆Ua = Cx (α (p) , 0). For α < α (p), x(α, p)
satisfies 2pqa ∆Ua = Cx (α, x (α, p)). Next, we obtain estimations of the rate of convergence of x̃ (p) to 0. Let
C

(0,0)

t ≥ 1 be the lowest integer such that Cxαt (0, 0) 6= 0. Using Taylor approximation Cx (α, 0) ≈ xαtt!
αt as

 1t 1
a qa ∆Ua
α → 0. Thus α (p) ≈ t!2p
p t as p → 0. Let k ≥ 1 be the lowest integer such that Cxk+1 (0, 0) 6= 0.
Cxαt (0,0)

1 1
C
(0,0) k
k!2pa qa ∆Ua t k
Using Taylor approximation Cx (0, x) ≈ xk+1
p as p → 0.
x
as
x
→
0.
Thus
x
(0,
p)
≈
k!
C k+1 (0,0)
x

k

t

Notice that using a Taylor approximation one gets Cx (α, x) = Cx(k+1) (0, 0) xk! +Cxα(t) (0, 0) αt! +F (x, α) x2 +
G (x, α) xα + H (x, α) α2 , where F (x, α) and G (x, α) and H (x, α) are bounded in a neighborhood of (0, 0)
and either k = 1 or t = 1.
First assume that Cxx (0, 0) > 0. Then k = 1 and t ≥ 1. Integrating and eliminating infinitesimal of
2

pF (α(p))
pF (α(p))
a ∆Ua )
2
higher order we obtain: x̃ (p) ≈ Cxx6(q
(0,0)Cxα (0,0) f (0) p for p → 0 if t = 1 and x̃ (p) ≈ Cxx (0,0) ≈ Cxx (0,0) ≈
1


t!2pqa ∆Ua t 1+ 1t
1
as p → 0 if t > 1. Now assume that Cxx (0, 0) = 0. Then k > 1 and t = 1.
p
Cxx (0,0)
Cxαt (0,0)

 k1
1
k!
k
1+ k
Integrating and eliminating infinitesimal of higher order we obtain x̃ (p) ≈ C (k+1)
(0,0)
(1+k)Cxα (0,0) p
x

k

as p → 0. So, in each case there exists C > 0 and k ≥ 1 such that p ≈ C (x̃ (p)) k+1 .


Assume lim n→∞ µn exists and is non negative.17 Set M = lim n→∞ µn . Then M ∈ 0, 21 . First assume
M = 0. For n → ∞
pan ≈

e−4{

and
pbn ≈
17 In

e−4{

√

√

2

n[x̃n +µn (1−F (αn ))]}

√

πn
2

n[x̃n −µn (1−F (αn ))]}

√

πn

the case it does not exist it suffices to take a convergent sub-sequence.
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.

k

Replacing pan = p with C (x̃ (p)) k+1 and pbn by
the power

k+1
k

qa ∆Ua
qb ∆Ub pan

and elevating both members of the equivalence to

in the equivalence we have:
√
√

2
 4(k+1) √
√ − k+1
1
k
nx̃n e k { n[x̃n +µn (1−F (αn ))]} ≈ C π
n− 2k



nx̃n e

√
2
8{ n[x̃n −µn (1−F (αn ))]}


≈

for n → ∞. Combining the two equivalence we obtain: limn→∞

qa ∆Ua
C
qb ∆Ub
√

− k+1
k

1

n− 2k

n [x̃n + µn (1 − F (αn ))] = 0 and limn→∞

√

n [x̃n − µn (1 − F

0.
Next, we prove by contradiction that it cannot be the case that M > 0. Let 0 < M < 21 . Then
q
2
1
2
2
qa ∆Ua > qb ∆Ub . Set δ =
4 − M and set yn = [x̃n − µn (1 − F (αn ))] − M = o (1) and set zn =
2

[x̃n − µn (1 − F (αn ))] − M 2 = o (1). We have
2n

yn
(2δ)
pan ≈ √
e−n δ2
πn

2n

zn
(2δ)
pbn ≈ √
e−n δ2 .
πn
yn −zn

∆Ub
∆Ub
n
so limn→∞ −n ynδ−z
. From p ≈
Furthermore, from Equation 9 limn→∞ e−n δ2 = qqab ∆U
= ln qqab ∆U
2
a
a


k+1
k
1
n
C (x̃ (p)) k+1 we have x
en ≈ O (2δ) k n− 2k . Then limn→∞ n (yn − zn ) = −4nµn (1 − F (αn )) x
en = 0,

because δ < 21 , which yields a contradiction. The proof for the caseM = 21 is similar. In order to conclude


k+1
1
n
and obtain a contradiction one has to observe that now x
en ≈ o (2δ) k n− 2k for every δ > 0. The proof
of the case M < 0 is the same, exchanging the roles of a and b. The last claim follows from Proposition 3.

Proof of Theorem 1. From Lemma 2 through Proposition we know that in any sequence of equilibria
with information acquisition the probability of reaching the right decision approaches

1
2

when n → ∞. In

order to complete the proof of the claim we have to show that for large values of n, a SBE with information
acquisition exist if qa ∆Ua = qb ∆Ub and that a SBE with information acquisition does not exist if qa ∆Ua 6=
qb ∆Ub .
Let us start by considering the case qa ∆Ua = qb ∆Ub . In any equilibrium with information acquisition
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pa = pb = p (see Equation 9). So from Equation 6 and equation 7 follows that µ = 0. Set r = qa ∆Ua = qb ∆Ub .
For p ∈ [0, 1], let α (p) satisfying 2rp = Cx (α, 0) if any such α exists and α (p) = 1 otherwise. Let the function
x (α, p) be defined on satisfying 2rp = Cx (α, x) for every α ∈ [0, α (p)] and x (α, p) = 0 for α ∈ [α (p) , 1].
Define:


T (p) =





2n  1 
 −
n
4

2 n

α(p)
Z

 
x (α, p) f (α) dα 
0

The function T : [0, 1] → [0, 1] is well defined and continuous so it has a fixed point. Let p∗ be a fixed point
 −2n
of T . Note that p∗ 6= 0 Because T (0) = 2n
. Next, define α̃ as the conditional median of the types
n 2
R α̃
∗
who do not acquire information. Formally, F (α̃) − F (α̂ (p∗ )) = α(p) f (α) dα = 1−F (2α̂(p )) . Consider the
strategy (x, v), where (x, v) (α) = (x (α, p∗ ) , A, B) for α ≤ α̂ (p∗ ), (x, v) (α) = (0, A, A) for α (p∗ ) ≤ α < α̃
and (x, v) (α) = (0, B, B) for α̃ < α ≤ 1. It is easily seen that (x, v)i = (x, v) for i = 1, ...2n + 1 is a SBE.
As p∗ 6= 0, (x, v), is an equilibrium with information acquisition.
Next consider the case qa ∆Ua 6= qb ∆Ub . We prove by contradiction that if n is large no SBE with information
acquisition exists. By contradiction assume that there is a sub-sequence of equilibria with information

acquisition (xnk , vnk )k∈N . Then for n = nk , there are µ ∈ − 21 . 12 and (pa , pb ) such that:

2∆Ua qa

2∆Ub qb

2n
n

2n
n





1
2
− (e
x (pa , pb ) + µ (1 − F (α (pa , pb ))))
4
1
2
− (e
x (pa , pb ) − µ (1 − F (α (pa , pb ))))
4

n
= Cx (α (pa , pb ) , 0)

n
= Cx (α (pa , pb ) , 0)

Fro Lemma 2 we have
pank
limk→∞
= limk→∞
pbnk

2nk
nk

 n1

2nk
nk

 n1

4
4

2

onk

2

onk = limk→∞

− [x̃nk + µnk (1 − F (αnk ))]
− [x̃nk − µnk (1 − F (αnk ))]

2

e−4nk ϑank
e

−4nk ϑ2bn

= 1.

k

Equilibrium pivotal probabilities pank and pbk satisfy Equation 9 for every k, which yields a contradiction
because qa ∆Ua 6= qb ∆Ub . 


qb ∆Ub
∆Ub
Proof of Theorem 2. At every SBE pan = qqab ∆U
p
.
Set
p
=
p
.
If
p
≥
0
set
α
(p)
=
α
p,
p
,
bn
nb
n
q
∆U
a
a
 

 a

qb ∆Ub
qb ∆Ub
set x (α, p) = x α, qa ∆Ua p, p
and set x̃ (p) = x̃ qa ∆Ua p, p . Notice that Cxxx (0, 0) > 0, Cxαα (0, 0) > 0.
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Set B = Cxαα (0, 0), A = Cxxx (0) and C = Cxxα (0, 0). We have AB = C 2 .
For p → 0

α (p) ≈

2pqb ∆Ub
B

 12

Furthermore for p → 0,

x (0, p) ≈

2pqb ∆Ub
A

.

 12

 1
and x (α, p) ≤ x (0, p) for every α and for every p, so x (α, p) = O p 2 , uniformly in α.
For x = x (α, p). we have:
4pqb ∆Ub = 2Cx (α, x) .
Then:


2
2Cx (α, x) = Cxα(2) (0, 0) α2 + Cx(3) (0, 0) x2 + 2Cx(2) α (0, 0) αx + o k(α, x)k
uniformly in (α, x). Set B = Cxαα (0, 0), A = Cxxx (0) and C = Cxxα (0, 0). Since AB = C 2 , then
2
Ax2 + Bα2 + 2Cαx = A x + C
α .
 A
 12 

2pqb ∆Ub
and since x
So, for α ≤ ᾱ (p) = min α (p) , C (2) (0,0)
x

x (α, p) = −

C
α+2
A



pqb ∆Ub
A

 12

√
+ o (kα, pk)

 1
 1
uniformly in α ≤ ᾱ (p), because x (α, p) = O p 2 , uniformly in α and ᾱ (p) = O p 2 .
 1
Notice that ᾱ (p) − α (p) = o p 2 . Integrating,
ᾱ(p)
Z

C
− α+2
A

x̃ (p) =



pqb ∆Ub
A

 12
f (α) dα + o (p)

0

then
"

C
x̃ (p) = − ᾱ2 (p) + 2ᾱ (p)
2A
Recall that α (p) ≈



2pqb ∆Ub
B

 12



. So
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pqb ∆Ub
A

 12 #
f (0) + o (p) .

"

C
x̃ (p) = −
2A



2pqb ∆Ub
B




+2

2pqb ∆Ub
B

 21 

pqb ∆Ub
A

 12 #
f (0) + o (p) .

Since AB = C 2 .
x̃ (p) ≈

pqb ∆Ub
f (0) .
C

Thus, in any sequence of SBE with information acquisition we have pn ≈

C x̃n
f (0)qb ∆Ub

= Dx̃n for n large.

The proof of the existence of a SBE with information acquisition in the case qb ∆Ub = qa ∆Ua the same as
in Theorem 1. Let’s consider informational efficiency:
√
2
√
For n → ∞, pan ≈ √1πn e−4( nx̃n ) so limn→∞ nx̃n = l, where l is the unique solution of the equation
Dl =

2
√1 e−4l .
π

We can conclude with Proposition 3.

Now assume qa ∆Ua > qb ∆Ub (the proof of the other case is specular). For every α, γ ∈ [0, 1] let x0 (α, γ)
be the amount of information acquired by a voter when the cutoff is γ thus x0 (α, γ) is the solution of
Cx (α, x0 (α, γ)) = Cx (γ, 0). x (α, γ) . Whenever the cutoff is γ, the expected amount of information acquired
Rγ
by a voter is xe0 (γ) = 0 x0 (α, γ) f (α) dα. It is easily seen that a SBE exists if and only if there exists a


cutoff type γ and a wedge µ, (γ, µ) ∈ [0, 1] × − 12 , 12 satisfying:


h
i 2 n
2n −2n
0
e
2∆Ua qa
2
1 − 4 x (γ) + µ (1 − F (γ))
= Cx (γ, 0)
n
 

h
i 2 n
2n −2n
0
e
2∆Ub qb
2
1 − 4 x (γ) − µ (1 − F (γ))
= Cx (γ, 0)
n


The SBE has information acquisition if and only if − 21 < µ <

1
2

(18)

(19)


so that γ > 0. For every µ ∈ − 12 , 12 .

Let γnI (µ) the solution of equation 18 and let γnII (µ) the solution of equation 19. The function γnI (µ) has a
maximum γnI which satisfies
2∆Ua qa 2−2n

 

2n
= Cx γnI , 0
n

and it is reached for µn = µIn where
µIn


−e
x γnI
=
(1 − F (γnI ))
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The function γnII (µ) has a maximum γnII which satisfies

2∆Ub qb 2

−2n

 

2n
= Cx γnII , 0
n

and it is reached for µn = µII
n where
µII
n
Observe that − 21 < µIn < 0 < µII
n <


xe0 γnII
=
(1 − F (γnII ))

1
2.

Notice that 0 < γnII < γnI because qb ∆Ub < qa ∆Ua and Cx is


√1 . Furthermore, γ II µI < γ I
increasing in γ. All sequences converge to 0 as n → ∞ because 2−2n 2n
n
n
n
n ≈
πn
so that in order to prove that a SBE with information acquisition exists for n large enough it suffices to

for n large enough . The left hand side of equation 18 is decreasing in γ for µ > µIn .
prove that γnII ≥ γnI µII
n
So this is equivalent to check that



i2
II
1 − 4 xe0 γnII + µII
n 1 − F γn
h

n
≤

∆Ub qb
∆Ua qa

for n large enough. For n → ∞:


2n
√1 . From the
n ≈
πn
II
x
e(γn
)
II )) ≈ Dτn and
(1−F (γn

Set τn = 2−2n
Then µII
n =


h
√ e0 II
2

i2 n
II
II
II
II
II
0
e
1 − 4 x γn + µn 1 − F γn
≈ e−4{ n[x (γn )+µn (1−F (γn ))]}



−4


first part of the proof follows that x̃ γnII ≈ Dτn for some positive D.18

n√ h

io2
D
II
n xe0 γnII + µII
1
−
F
γ
→ −8 √ .
n
n
π
√

In particular an equilibrium exists if

∆Ua qa
∆Ub qb

π

< t2 = e 8D .

Let us prove the second part of the claim. If a SBE with information acquisition exists for n large enough
we have
√
18 The

2

π4∆Ua qa 2e−4n[exn +µn ] ≈

proof is exactly as above.
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2C √
nx̃n
f (0) B

√

2C √
nx̃n
f (0) B

2

π4∆Ub qb 2e−4n[exn −µn ] ≈

because from the first part of the proof we have x̃n ≈ f (0)qCb ∆Ub pn , where pn = pan . In particular there are
√
√
converging sub-sequences nx̃n → l, nµn → k, where
√
√

C
l
f (0) B

(20)

C
l.
f (0) B

(21)

2

π4∆Ua qa e−4(l+k) =
2

π4∆Ub qb e−4(l−k) =

So the first part of the claim follows from Proposition 3.
In order to complete we show that if z =

qa ∆Ua
qb ∆Ub

is large then no SBE with information acquisition exists.

It suffices to show that the system constituted by equations 20 and 21 does not have a solution if z is too
n√
o
√
π4∆Ub qb Bf (0)
π4∆Ua qa Bf (0)
large. Notice that, if the system has solution (k, l), then 0 < l ≤ min
,
=
C
C
√

π4∆Ub qb Bf (0)
C

= ¯l. The system can be written as

¯lze−4(l+k)2 = l

¯le−4(l−k)2 = l.
It follows that if (l, k) is a solution, then 16lk = log z. Substituting into equation 21 we obtain that the

system has a solution if and only if there exists l ∈ 0, ¯l satisfying H (l, z) = 0, where
2

H (l, z) = 4l2 +

4 (logz)
− 32 log z + log l − log ¯l.
162 l2

2

(8l2 +2)

−4−(log z)2
.
32l3


2
Thus, Hl (l, 0) < 0 on 0, ¯l if z ≥ e8l̄ +2 . In this case, for

2
every z, H has a minimum at l = ¯l, where it reaches the value H ¯l, z = 4¯l2 + 4(logz)
− 32 log z. Since
162 l̄2

limz→∞ H ¯l, z = ∞, the system does not have a solution if z is too large. 
Notice that Hl (l, z) =

Proof of Theorem 3. Assume that

qb ∆Ub
qa ∆Ua

≤ 1 (the proof of the other case is specular). First assume

that Cx2(2) α (0, 0) − Cxα(2) (0, 0) Cx(3) (0, 0) > 0 with Cx(3) (0, 0) > 0 and Cxα(2) (0, 0) > 0. At every SBE
36



 

qb ∆Ub
b
Set pnb = pn . Set α (p) = α qqab ∆U
p,
p
,
set
x
(α,
p)
=
x
α,
p,
p
and set
∆Ua
qa ∆Ua


b
x̃ (p) = x̃ qqab ∆U
∆Ua p, p . We start by obtaining an approximation of x̃ (p) as p → 0.
 12

b ∆Ua
First observe that α (p) ≈ C2pq(2)
as p → 0. For x = x (α, p), we have:
(0,0)
pan =

qb ∆Ub
qa ∆Ua pbn .

xα

4pqb ∆Ub ∆ = 2Cx (α, x) = Cxαα (0, 0) α2 +Cxxx (0, 0) x2 +2Cxxα (0, 0) αx+F (α, x) α2 +G (α, x) αx+H (x, y) x2 .

where F , G and H converge to 0 as (x, y) converges to 0. Set ᾱ (p) = min α (p) ,



2pqb ∆Ub
Cxα2 (0,0)

 12 

and notice

that ᾱ (p) − α (p) = O (p).
Integrating and discarding infinitesimal of higher order one obtains that
ᾱ(p)
Z

x̃ (p) ≈

−Cxxα (0, 0) α +

p
2
[Cxxα
(0, 0) − Cxαα (0, 0) Cxxx (0, 0)] α2 + 4Cxxx (0, 0) pqb ∆Ub
f (α) dα
Cxxx (0, 0)

0

from which we obtain x̃ (p) ≈ Cp log p for some constant C < 0.
The proof of the existence of a SBE with information acquisition in the case qb ∆Ub = qa ∆Ua is unchanged.
Let’s consider informational efficiency:
Notice that limn→∞

x̃n
pan

= ∞, furthermore pan ≈

√
2
√1 e−4( nx̃n )
πn

so limn→∞

√

nx̃n = ∞ We can conclude

with Proposition 3.
Now assume qb ∆Ub < qa ∆Ua . In the proof of Theorem 2 we observed that a SBR with information


h

i2 n
∆Ub qb
II
II
II
0
e
, where γnII and µn
acquisition and 2n+1 voters exists if 1 − 4 x γn + µn 1 − F γn
≤ ∆U
a qa
II


xe0 (γn
)
satisfy 2∆Ub qb 2−2n 2n
= Cx γnII , 0 and µII
From x̃ (p) ≈ Cp log p as p → 0, follows
II )) .
n = (1−F (γn
n




√
√
x̃0 γnII ≈ √Cπn log √1πn , thus limn→∞ nx̃ γnII = ∞ and limn→∞ nµII
n = ∞. This fact implies
n
on



2
II
that limn→∞ 1 − 4 x
e γnII + µII
= 0 so a SBEequilibrium with information acquisition
n 1 − F γn

exists for n large enough. Then a SBE with information acquisition exists for n large enough.
In order to complete the proof we have to consider the information aggregation properties of the elections.
Consider a sequence of SBE with information acquisition. Notice that limp→0
∞ for ω = a, b. We have
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x̃(p)
p

= 0 and so limn→∞

x̃n
pωn

=

pbn

2
en log{1−4[x̃n −µn (1−F (αn ))] }
√
.
≈
πn

Dividing both site of the equivalence by x̃n we obtain limn→∞

√

nx̃n = ∞. As µn ≥ 0 we obtain limn→∞

√

nθan =

∞. From x̃ (pbn ) ≈ Cpbn log (pbn )

√

n log{1−4[x̃n −µn (1−F (αn ))]2 }

nx̃ (pbn ) ≈ −Ce

From limn→∞

√

nx̃n = ∞ we have lim→∞

√

 n

o
1
1
2
√ n log 1 − 4 [x̃n − µn (1 − F (αn ))] −
log πn
2n
π

nθbn = ∞. Thus the last claim follows from Proposition 3. We

can conclude by
Now we consider the most general case. If at least one of the third derivatives of C is zero at (0, 0), there are
C1 , C2 , C3 positive such that for p small enough
(i) Cx (α, x) ≤ C1 x2 + 2Cq2 αx + C3 α2 uniformly for α ≤ α (p) and x ≤ x (0, p) . 19 .
−C1 α+ (C22 −C1 C3 )α2 +2pqb ∆Ub
(ii) The function
is well defined is well defined and non negative for all
C1
α ≤ α (p).
Then

q
−C1 α+ (C22 −C1 C3 )α2 +4pqb ∆Ub
C1

≤ Dx (α, p) for some D > 0.

Integrating like in the first part of the proof one obtains that |p (logp)| = O (x̃ (p)) as p → 0. Then the claim
follows from the same arguments used above. 
Proof of Theorem 4. In order to prove the claim it suffices to show that there is a profile of symmetric
strategies that elect the best candidate with probability close to one, and such that expected costs converge
to 0. Theorem 3 prove the result when Condition C2 holds. So, assume that condition C2 does not hold.
For every p > 0, small enough, let β (p) the solution of

Cx (β, 0) = (2n + 1) (qa ∆Ua + qb ∆Ub ) p.
19 In

the case where Cxxx (0, 0) = Cxxα (0, 0) = Cxαα (0, 0) = 0 the claim holds for every C1 , C2 , C3 positive.
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For α ≤ β (p), let y (α, p), the solution of

Cx (α, y) = (2n + 1) (qa ∆Ua + qb ∆Ub ) p

and set y (α, p) = 0, if α > β (p). The function y (α, p) maximizes the social marginal benefits from acquiring
the information for a voter of type α, when the probability of being pivotal at any state is p. Set ỹ (p) =
R β(p)
y (α, p) f (α) dα. Define
0
 
n
2n −2n
Sn (p) =
2
1 − 4ỹ 2 (p) .
n
Let pn 6= 0 be a fixed point of Sn (pn ), which exists from Brower’s fixed point theorem. Set βn = β (pn ), and
set yn (α) = y (α, pn ) for all α ∈ [0, 1]. Let γn satisfying F (γn ) − F (βn ) = 1 − F (γn ). Define the strategy
vn as follows: vn (α) = (A, B) if α ≤ βn = β (pn ), vn (α) = (A, A) if α ≤ γn , vn (α) = (B, B) if γn < α ≤ 1.
Finally set ỹn = ỹ (pn ). Thus, if every voter adopts strategy (yn , vn ) their probability of being pivotal is
 −2n
n
pn = 2n
1 − 4ỹn2 and Cx (α, yn (α)) = (2n + 1) (qa ∆Ua + qb ∆Ub ) pn for every α ≤ βn .
n 2
First observe that
2
1
2
Cx (βn , 0) ≈ √ en[log(1−4ỹn )+ 2n log n]
π

so limn→∞ βn = 0 which implies that individual expected costs converge to zero. Also, limn→∞ ỹn = 0
because ỹn ≤ x (0, yn (0)) F (βn ).
1+ξ

Using the same techniques of the proofs of Theorems 1,2 and 3, it is easy to prove that ỹn ≈ C ((2n + 1) pn )
δ

(ỹn )
for some ξ, 0 ≤ ξ ≤ 2, and some C > 0. Thus pn ≈ C(2n+1)
for some δ, 12 ≤ δ ≤ 1. We have
2
n
√
√
−4nỹn
1
(ỹn )δ
√1
or, equivalently 2Ce
≈ πn−δ− 2 . from which follows nỹn → ∞. Thus,
1 − 4ỹn2 ≈ C(2n+1)
√
δ
πn
( nỹn )
from Proposition 3 it follows that the probability of taking the right decision approaches 1 for n large. 

Proof of Proposition 5. Assume that Cxx (0, 0) 6= 0 and Cxα (0, 0) 6= 0. (i) For every pa , pb small let
β (pa , pb ) satisfying

Cx (β, 0) = pa qa ∆Ua + pb qb ∆Ub .
β is a continuous function of (pa , pb ).
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Set

Pn (p) =


n
2n −2n
2
1 − 4x̃2 (βn (p, p)) .
n

Let pn be a fixed point of Pn (p), which exists from Brower’s Fixed Point Theorem. Observe that pn 6= 0.
Set xn (α) = x (α, pn , pn ), set vn (α, sa ) = A and vn (α, sb ) = B for every α ∈ [0, βn ].
It is easy to check that (xn , vn ) is a SBE with information acquisition and that pn is the probability each
voter is pivotal at any of the states in this equilibrium.
The probability a voter chooses the right alternative is 21 +x̃n , where x̃n = x̃ (βn , pn , pn ) =
Working as in Lemma 2 we obtain that βn ≈
more pn ≈

√1 e
πn

−4nx̃2n

2pn qa ∆Ua
Cxα (0,0)

and x̃n ≈

3qa ∆Ua pn
Cxx (0,0) .

Thus, pn ≈

1
F (βn )

R βn
0

Cxx (0,0)
3qa ∆Ua x̃n .

x (α, pn , pn ) f (α) d (α).

Further-

. We have

√

πn

2
Cxx (0, 0)
x̃n ≈ e−4nx̃n
3qa ∆Ua

form which follows the claim.
If
(i) Consider any βn -epistocratic game.
From Lemma 1, in any SBE with information acquisition pan = pbn = pn and µn = 0. Notice that in
order to maximize the probability of electing the best candidaecandidate it is necessary to look for a βn which
is at most indifferent between acquiring information and not. Formally we have to look for βn such that

Cx (βn , 0) ≤ 2pn qa ∆Ua
Thus βn ≤ β (pn , pn ) where β (pa , pb ) has been defined in the proof of part (ii). Set Cn =
C̄ = sup limn→∞ Cn ≤

βn
pn .

Notice that

2qa ∆Ua
Cxα (0,0) .

Thus the information acquired by an elector of unknown type is x̃n =
The probability an elector votes for the best candidate at each state is
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1
2

1
F (βn )

R βn
0

x (α, pn , pn ) f (α) d (α).

+ x̃n . Working as in Lemma 2 we

obtain

≈

x
en
So pn ≈

2Cxx (0,0)
Cn Cxα (0,0)+4qa ∆Ua x̃n .

Cn Cxα (0, 0) + 4qa ∆Ua
2Cxx (0, 0)


pn

It follows that
√

πn

2
2Cxx (0, 0)
x̃n ≈ e−4nx̃n
Cn Cxα (0, 0) + 4qa ∆Ua

.
Without loss of generality assume that Cn → C, Then
√

π

√

nx̃n → l where

2
2Cxx (0, 0)
l ≈ e−4l
CCxα (0, 0) + 4qa ∆Ua

The limit l is a decreasing function of l so it is maximized for C = C̄. This yields a supremum of the possible
values of ¯l satisfying:
√ Cxx (0, 0)
2
l ≈ e−4l .
π
3qa ∆Ua
The case where Cxα (0, 0) = 0 and Cxx (0, 0) = 0 is proved similarly through the approximation found in the
proof of Lemma 2.
The strategy of proof for the case where either Cxα (0, 0) = 0 or Cxα (0, 0), is identical and uses the
approximations for x̃ (p) that were found in Theorems 1, 2 and 3. The details are available on request. 
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