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Abstract

We study the effect of a binding minimum wage on labor market outcomes, the
accumulation of capital and welfare. We consider a large firm that invests in physical
capital and hires several types of workers. Labor markets are characterized by search
and matching frictions, while incomplete wage contracts allow workers to expropriate
part of the return on each factor. Absent a minimum wage, the model generates levels
of capital and employment that are inefficiently too low or too high. We show that
the introduction of a binding minimum wage has ambiguous effects on employment,
capital and welfare, and depends on the ability of the minimum wage to deter rent
appropriation by workers.

Our model is able to generate situations where i) a minimum wage increases the
level of employment through an increase in labor demand, or has a small impact on
employment, at the same time as ii) it increases the aggregate stock of capital. The first
outcome is in line with the empirical literature and holds even in partial equilibrium.
The second result offers an explanation for the higher capital-to-output ratios observed
in Continental Europe as compared to the US.
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1 Introduction

Modern labor economists hardly see minimum wages as being responsible for the ob-
served differences in capital and employment among developed economies. Two reasons
support this statement. First, although common wisdom suggests that a minimum
wage should have a negative effect over employment, there is an extensive empirical
literature on this topic that suggests a weak—or even a positive—relation between the
two variables. Card and Krueger (1994) is the seminal contribution that lead to a
rapid expansion of this literature, which mainly challenges the neoclassical view that
increases in the regulatory minimum level necessarily lead to a decrease in employment
(Stigler, 1946).!

Second, it is sometimes argued that labor market institutions may be a possible
explanation for the higher capital-output ratios observed in Continental Europe as
compared to the US.? Standard explanations rely on capital-labor substitution: an
increase in the relative cost of labor forces firms to substitute away from labor and
towards capital, as argued in Caballero and Hammour (1998). In this context, a
mechanism based on minimum wages can hardly account for an increase in capital if
it has to generate a small or positive impact on employment simultaneously.

In this paper, we show that the presence of a binding minimum wage can be consis-
tent with a higher capital stock and a response of employment in line with the empirical
literature mentioned before. To do so, we introduce a binding minimum wage into a
“large-firm” framework in which labor markets are characterized by search frictions.
Our model is able to generate situations where a minimum wage has a very small im-
pact on the employment level of workers earning the minimum or even increases the
demand for those workers. Moreover, this negligible (or positive) impact on employ-
ment is attained at the same time as the aggregate capital stock is increased.” Hence,

LCard and Krueger (1994) exploit a difference-in-difference approach to study the impact of an increase
in the New Jersey’s minimum wage on the employment level of fast-food restaurants by using establishments
of the same industry in Pennsylvania as a control group. Their conclusion is that the rise in the minimum
wage did not seem to reduce employment. Similar conclusions have been reached in other studies for
the United States, such as Katz and Krueger (1992), Card (1992b) and Card (1992a), while Machin and
Manning (1994), Machin and Manning (1996), Stewart (2004b) and Stewart (2004a) obtain similar results
for the United Kingdom, and Dolado et al. (1996) for France, the Netherlands and Spain. Negative effects
over employment may sometimes be found by some authors, especially in the case of young workers (e.g.
Linneman (1982), Currie and Fallick (1996), Dolado et al. (1996), Burkhauser et al. (2000) and Portugal and
Cardoso (2006)) or vulnerable sectors (e.g. Machin et al. (2003) and Machin and Wilson (2004)).

2Evidence on higher capital-output ratios in Continental Europe as compared to the US can be found in
Caselli and Feyrer (2007) and Hall and Jones (1999).

3The literature has stressed the importance of minimum wages for wage inequality. See for instance Lee
(1999), Teulings (2000), Manning (2003) and Autor et al. (2010), among others. In particular, this literature
emphasizes the presence of spill-over effects on the wage of workers not directly affected by minimum wages.



minimum wages may serve as a potential explanation for the higher capital-output
ratios observed in Continental Europe.*

Our setup relies on contract incompleteness under wage negotiation. Stole and
Zwiebel (1996b) and Stole and Zwiebel (1996a) have shown that, in this context, firms
ex ante choose a specific organizational structure in order to influence the outcome of
the bargaining process ex post. This may occur because firms aim at limiting the effect
of expropriation by workers as in Grout (1984) for instance—the so called “holdup”
problem—or simply because firms wish to reduce the size of the rent that workers
obtain when bargaining over wages. We model these inefficiencies in a framework
with search and matching frictions as in Bertola and Caballero (1994), Smith (1999),
Bertola and Garibaldi (2001) and Cahuc et al. (2008), among others. In our model, a
representative firm may hire several types of labor and capital, generating a rich set
of strategic interactions between workers and the firm under wage negotiation. We
ask how labor and capital demands react to the introduction of a binding minimum
wage in this setup. We find that, when capital and labor are complements,” capital
utilization always increases, but the impact of a minimum wage on labor demand is
ambiguous: it may be negative, as in the neoclassical framework, but the impact may
also be positive.

Our model economy is characterized by a standard holdup problem, yielding lower
incentives to invest in physical capital when capital and labor are complements. When
the minimum wage is binding, part of the disincentives to accumulate capital are
eliminated, since the firm no longer underinvests as a way to reduce the wage of workers

earning the minimum regulatory level. This mechanism explains why the introduction

Our model is able to generate these effects through an increase in the demand for high-wage workers. See
Section 4.

4Data from Caselli and Feyrer (2007) shows that the capital-output ratio is 36% larger in France than
in the US, 29% in Spain and 22% in the Netherlands. See also Hall and Jones (1999). At the same time,
those countries are also characterized by higher minimum wages. Data from the OECD reveals that the
ratio of minimum to median wage of full-time workers is 36% in the US, while it is 56% in France, 43% in
Spain and 51% in the Netherlands. In other countries such as Germany and Italy, there is no minimum wage
regulation for most sectors of the economy. Instead, wages are determined through collective bargaining.
In our model, as long as collective bargaining imply that individual firms take the stream of future wages
as given, it should generate similar results on employment and capital accumulation as a minimum wage.
According to the OECD, the proportion of workers covered by collective agreements is 92% in Germany,
82% in Italy and 18% in the US.

5The assumption that capital and labor are complements is in line with US data. Krusell et al. (2000)
estimate a production function for the US that includes two types of capital, structures and equipment, and
two types of labor, skilled and unskilled. They find that, although the elasticity of substitution is higher
between capital equipment and unskilled labor than between capital equipment and skilled labor, capital
equipment is a complement of both types of labor. This is also true for capital structures.



of a binding minimum wage increases the aggregate stock of capital in the model.®

When capital and labor are complements, the increase in capital demand also tends
to increase labor demand. Moreover, we also show that an increase in the demand of
workers earning the minimum wage is possible in our model. This comparative static
becomes more likely when the different types of labor considered are substitutes. The
reason is the following. Cahuc et al. (2008) have shown that, absent a minimum wage,
the firm chooses to “overemploy” one type of labor in order to reduce the wage of the
other type: because the equilibrium wage depends on the marginal product of labor
under Nash bargaining, overemployment allows to reduce the other type’s wage by
decreasing its marginal product. Unfortunately for the firm, this leads to an additional
appropriation problem as the overemployed workers claim part of the decrease in the
other type’s wage rate. As a result, the firm ends up paying higher wages and making
lower profits. In a context where the wage of one type of workers is fixed by regulation,
rent appropriation by those workers is no longer possible. Thus, overemploying these
workers becomes a more attractive option for the firm to affect the wage of the other
type.

The lack of clear-cut evidence supporting a negative effect of minimum wages on
employment has favored the popularity of theoretical models that predict a positive
effect as an alternative to the neo-classical framework. An example is the monopsony
model, where employment is increased through an increase in labor supply without
labor demand being necessarily affected.” In our paper, we move further away from
conventional modelling since we find that the introduction of a binding minimum wage
may increase labor demand, even at the microeconomic level. We insist on the term
“microeconomic” here because this result does not rely on any general-equilibrium
mechanism. Moreover, the rise in labor demand may occur for any labor input, includ-
ing the labor type for which the minimum wage is binding. In this sense, this result
represents a step further away from conventional models.®

6Because a minimum wage helps deter rent appropriation by workers, it may also generate an increase in
measures of aggregate welfare. Our paper is not the first to show welfare-improving properties of minimum
wages. See Flinn (2006) and the references therein.

“In the monopsony model, the firm has some market power over workers, which allows it to fix wages
below the competitive level. Because the slope of the labor supply curve is positive, the introduction of
a binding minimum wage increases employment by enhancing the incentives to supply more labor. The
marginal impact on employment remains positive as long as the minimum regulatory level does not go
beyond the competitive wage. The consequences of a minimum wage are similar in the oligopoly extension
of the basic monopsony model and in its version with search frictions. See e.g. Boal and Ransom (1997),
Burdett and Mortensen (1998), and Manning (2003).

8 An exception is the paper by Cahuc et al. (2001). They study the effect of a binding minimum wage in
a context where firms negotiate wages with trade unions. They show that, when skilled and unskilled labor
are substitutes, an increase in the minimum wage may increase the employment level of both groups.



Our analysis is closely related to the work of Smith (1999). This paper also studies
the effect of a minimum wage in the context of a large-firm search model. In his model,
firms hire one type of labor and the production function displays decreasing returns to
scale. Those assumptions generate two effects. First, firms tend to overemploy workers
in order to decrease wages by decreasing their marginal product. Second, overem-
ployment creates a negative externality that forces some firms out of the industry by
increasing the labor-market search cost. As a result, there are too few firms in the
economy and those are inefficiently too large. By introducing a minimum wage, it is
possible to eliminate this inefficiency: firms stop to overemploy, which increases firm
entry and aggregate employment. Our work improves on Smith’s contribution in two
ways. First, the seminal study of Card and Krueger (1994) shows a positive effect of
the minimum wage on firm size and no significant effect on the number of firms. Our
results are consistent with Card and Kruger’s findings. Second, while Smith (1999)
shows a positive effect on aggregate labor demand, we show that labor demand may
also increase at the microeconomic level.

Our paper is also related to the literature that discusses the effect of a minimum
wage on capital accumulation. In a context with search frictions, Acemoglu and Shimer
(1999) show that the holdup problem is avoided if the wage rate (as a function of the
capital stock) is constant in the neighborhood of the efficient capital stock. In our
model, introducing a minimum wage allows to fulfill this necessary condition. Acemoglu
(2001) builds a model where firms open too few capital-intensive jobs because workers
expropriate part of the return on capital. The introduction of a binding minimum
wage helps correct for this externality and enhances the creation of capital-intensive
jobs. However, an increase in the minimum wage always results in an increase in
unemployment in his model, while the effect is ambiguous in the context of our model.
Moreover, our model considers a richer set of strategic interactions between workers,
the firm and capital. Similarly, Kaas and Madden (2008) illustrate the beneficial effects
of a minimum wage for capital investment in the context of an oligopsonistic model,
but they do not obtain a positive effect on employment.

The rest of the paper is organized as follows. In Section 2 we describe the model.
The effect of a minimum wage on employment and capital in partial equilibrium is
analyzed in Section 3. General equilibrium effects are studied in Section 4, along with
the implications of a minimum wage for welfare and wage dispersion. An extension of

the model is analysed in Section 5. Finally Section 6 concludes.



2 The model

We consider an economy in steady state, where time is continuous and discounted at
a rate r and agents are risk neutral. For notational simplicity, we suppress the time
indices ¢ while describing the economy and analyzing the equilibrium, while we denote
by primes variables evaluated in period (t+dt), where dt is an arbitrarily small interval

of time.

2.1 A representative firm

Output is produced by a representative firm. This firm hires two types of workers in
quantities nj, and n; and owns capital in quantity k.” The production function f is
increasing and concave in each argument.'” Standard Inada conditions are assumed
such that an equilibrium exists on all markets for inputs, independently of the flow
value of being unemployed'".

Without loss of generality, we assume that the first type of labor is the one paid
the highest wage. We refer hereafter to the two types of labor as “high wage” and “low
wage” workers respectively, hence the subscripts h and [. We interpret these types as
corresponding both to unskilled labor (and consequently, subject to binding minimum
wages) but with varying job characteristics (tasks, experience, training...).

2.2 Labor

There are two labor markets corresponding to the two types of labor the firm hires.
The mass of high-wage workers is normalized to one and ¢ denotes the mass of low-wage
workers in the economy. Thus, ¢ is also the ratio of low-wage to high-wage workers. A
high-wage worker cannot hold a low-wage job and wvice versa.

Workers on each market can be either employed or unemployed. The presence
of search and matching frictions explains the existence of unemployment on the two

9We introduce two types of labor in the analysis because the effects of a minimum wage over employment
are ambiguous in this case, and depend on the assumptions about complementarity or substitutability
between production factors. Cahuc et al. (2008) show that, with several types of labor, strategic interactions
between workers appear. The presence of these strategic interactions is necessary to generate incentives for
the firm to demand more labor when a minimum wage is introduced.

10We do not restrict the production function to be constant returns to scale. A reason is because firm
size is undetermined in partial equilibrium under constant returns to scale. Thus our simulations in partial
equilibrium consider a production function with decreasing returns to scale (Section 3). Both constant and
decreasing returns to scale are allowed in general equilibrium (Section 4).

W iy, o 2Omnik) — oo Yimy,, oo 0tk — 0 v e {h, 1}, VE > 0, limy 20kl — o
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markets (in quantities up, and w; respectively). Firms post vacancies at a flow cost ¢
in order to hire workers. We denote by v;, i € {h,l}, the mass of posted vacancies
by the firm on each labor market. Vacancies on market i, i € {h,l}, are filled at
a rate ¢(6;) that depends negatively on the labor market tightness ¢; = Jt, i.e. the
vacancy-unemployment ratio. This rate is derived from a matching function m(u;, v;)
with constant returns to scale, increasing in both its arguments, concave and satisfying
the property m(u;,0) = m(0,v;) = 0, implying that ¢(6;) = %ﬁzml) = m(@{l,l).

Separations occur at an exogenous rate .12

2.3 Prices

We denote by wj(np, ni, k, xn, x;) the wage paid to a given type of labor ¢ € {h,l}.
Wages can be either set equal to a minimum wage w or, because there are search and
matching frictions on both labor markets, negotiated between workers and the firm.
Call w;(np, ng, ky Xn, x1) the wage determined under Nash bargaining, with 5 € (0,1)
denoting the bargaining power of workers. Then, x;, and x; are indicator functions
such that:

B 1 if wi(nh,nl, k, Xh»Xl) = wi(nha ny, ky, Xn, Xl)
Xi = ) (1)
0 if wi(nhanlak7Xh7Xl) =w

for i = h,l. If x; = 1, wages of group ¢ are continuously renegotiated.

Notice that our notation for wages explicitly emphasizes their dependence on the
employment levels ny and n; and the capital stock k. The reason for this is that, if
wi(-) = w;(+), the firm may choose a particular level of employment or capital before
wages are negotiated in order to influence the outcome of the bargaining process ex
post.'? For example, Smith (1999) shows that when the production function is concave
in each factor, the firm may choose to overemploy in order to reduce wages through a
reduction of the marginal product of labor'*. Cahuc and Wasmer (2001a) and Cahuc

et al. (2008) show that the complementarity (substitutability) between different types

12For notational simplicity we assume that the parameters s, b, ¢ and the function m is common across
labor groups. However, all the results presented in the next sections go through when those parameters and
functions are allowed to differ across groups.

13We assume that the firm acquires capital before wages are bargained, and that the capital stock of the
firm cannot be adjusted while wage negotiation occurs. In the case, capital is predetermined. If capital
could be freely adjusted, the holdup problem would not be present, see Cahuc and Wasmer (2001a) for a
discussion.

14We refer to a situation of overemployment when (in partial equilibrium) the firm hires a quantity of
labor larger than the level that would prevail under a situation where the firm takes the stream of future
wages as given. Similarly, when employment is below that level, we refer to a situation of underemployment.



of labor may induce the firm to underemploy (overemploy) one type of labor in order
to reduce the wage of other workers.

The purchase of a unit of capital is priced one unit of final good and depreciates at
a rate 9.

2.4 Value functions

The present-discounted value of profits for the representative firm is

II(np, ni, k) = max (2)

y
{vh vy 7a}

ﬁ ([f(nh, ny, k) — Zj:{h,l} [wj(nn, sk, Xn, X1)1y + vic] — a| dt 4+ II(ny,, nj, k’)) ,

subject to the constraints

and

K = (1 - édt)k + adt, (4)

where a denotes investment in physical capital and dt is an arbitrarily small interval
of time. We specifically consider the case where dt tends to zero.

The values of being unemployed and employed follow a standard formulation and
respectively write in steady state as

rU; = b+ 0;q(0;) [W; — U] (5)
and

TWi :wi(nhanbk’XhaXl)+8[Ui_Wi] (6)

with b the flow utility of being unemployed.

3 Wage determination in partial equilibrium

We first illustrate the effect of a binding minimum wage in partial equilibrium in
order to show that its possible positive impact on employment actually holds at the

microeconomic level and does not depend on general equilibrium effects: it is due to



the strategic interactions between the representative firm and workers in bargaining.
We define a partial equilibrium as an equilibrium where all aggregate variables are
exogenous, that is, where the labor-market tightness 6; and the present discounted

values of being unemployed U; are exogenous Vi € {h,[}.

3.1 Equilibrium wages

In equilibrium, the wage effectively paid to an I-type worker is w;(ng,ng, k, 1,1) if this

wage is higher than the minimum wage, and w otherwise:

wi(np, sk Xn, xi) = max{w(np, i, k, 1, 1), w} (7)
Given our assumption that wages under Nash bargaining are always higher for

h-type workers, the equilibrium wage of this group is determined according to

ﬁ}h(nh,nl,k‘,l,l) if Xl = 1

wp(np, s Ky Xn, Xa) = { (8)

max{wy(np, ng, k, 1,0),w} if x; = 0.

3.2 First-order conditions

The first-order conditions for vacancy posting and capital investment are, respectively,

np,N ow;(np,ni,k,Xh,
c Dit 8};{,‘ Lh) wi(nhanl7k7Xh7Xl) - Z]G{h,l} Xj 2 harllik X Xl)nj Vi € {h l}(g)
q(6;) r+s ’ ’
and
8f<nh7nlak) 8wi(nh7nl7k7Xh7Xl)
b= ———=— i i 10
T o 2 x ok " (10)
ie{h,l}

The vacancy-posting conditions (9) equate the expected search cost of hiring a
worker of type ¢ to the discounted sum of profits that the marginal worker brings
to the firm after being hired. They differ from the condition of the standard model
with one worker per firm (Pissarides, 1985) through two strategic effects. First, the
employment level of group ¢ may affect the wage of that group. Incentives to overemploy
may appear when the production function is concave in n; (Smith, 1999). Second, the
employment level of group ¢ may affect the wage of the other group j # i. Incentives to
overemploy may appear when factors are substitutes and underemployment may result
from complementarity between factors (Cahuc et al., 2008). These strategic effects may
of course counteract each other. At the same time, some of these effects may disappear
when the wage is set to the minimum wage level for a particular group ¢ because, in



this case, the equilibrium wage of this group cannot be affected by the employment
levels ny, or n;. This occurs when y; = 0.

The capital investment condition (10) equates the opportunity cost of capital to the
marginal income of capital. The latter differs from its neoclassical counterpart through
the effect on wages: depending on the complementarity /substitutability of capital with
labor, the representative firm may choose to underinvest/overinvest in order to reduce

wages.

3.3 Intrafirm bargaining and the minimum wage

The equilibrium wage rates under Nash bargaining w;(-) are determined following a
standard Nash bargaining rule. In this case, they solve the following equation:

8H(nh,nl, k)

= (1 - 6) [Wz - Ul]) Vi € {hvl}7 (11)

where W; is defined in (6) and the firm’s surplus

%n’im’k) is calculated by applying

the envelope theorem to (2).

The solution to this equation reads:

wi(nhynlakaXhaXl) = ﬁ%ﬁ?l’k)—k(l—ﬂ)rw
ow;(np,ny,k,Xh, .
- Zje{h,l} Xi i ha,lli Xh Xl)nj, Vi € {h,l}. (12)

The wage equation (12) differs from the standard equation from Pissarides (1985)
through the last term in the equation. Its presence can be explained as follows. When
the firm bargains with a worker, its surplus is composed by two elements: the marginal
product of labor and the effect of this worker’s hire on the wages of other workers. The
first element is present in the standard one-worker-per-firm model, while the latter
is due to the large-firm aspect of our model. Under Nash bargaining, workers can
appropriate part of the decrease in wages of the other workers. This explains the
difference between the wage equation (12) and the standard one.

By plugging the solution for wages into (9) and (10), the vacancy-posting conditions

can be rewritten as

% (e, f(unmusk) _ ), ( sNL Ky Xhs
e _ Qlmx) (i, 1, K, X Xl), Vi € {h,1}, (13)
Q(ei) r+S
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8f(nh7 n, k)

on; + (- pB)rv;, Vie{hl}, (14)

Wi (nn, 1y Ky X X1) = B (Xws X1)

while the capital-investment condition takes the form

3f(nh,nl,k).

o (15)

r+ 06 = Q% (xn x1)
Notice the presence of the front-load factors €; (xn, x1) > 0 in equations (13) and (15),
the value of which may differ depending on the fact that the minimum wage may bind
or not. Their presence is the outcome of the strategic interactions between workers
and the representative firm in bargaining. When the ; of a particular factor i takes
value larger than one, we refer to this situation as a situation of overemployment in
the sense that the firm employs a quantity of type-i¢ workers larger than in the case
where the firm considers future wages as given. Similarly, underemployment of factor
1 appears when the respective factor is lower than one.
The following Proposition identifies the values taken by each €2; depending on the
values of the y;’s:

Proposition 1 The front-load factors can be written as follows.

e In the absence of a binding minimum wage,

fol Wﬂz)dz 01%;252”“) (2)dz
WD) = = mm > UL = G mm
Th ong
d

an fl 8F(’I’L}LZ7TL[Z7I€)(P,(Z) dZ

Q (1,1) = o

’ OF (np,m1,k)
ok
1 1-8 ’ 1-3 1-28 R . .

where p(z) = 52 7 and ¢'(2) = 572 7 are weights assigned to the infra-

marginal products of labor and capital, with fol o(z)dz = fol ' (z)dz = 1.

o If low-wage workers are paid the minimum wage, but not high-wage workers,

10 ) ,k nyz,n
7 o Ji e 2
Qn (1,0) = ey 2 (L0) =T m

and
1 OF (npz,ny,k) gD’(Z)dZ

Jo T %
2 (1,0) = OF (n,mk)
Ok
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o If the minimum wage is binding for all workers,
Q;(0,0) =1, Vie{hlk}.

The Proposition does not illustrate the case where x;, = 0 and x; = 1 because we
assume without loss of generality that, absent a minimum wage, the h-type workers earn
more than the [-type workers. Thus, if high-wage workers are paid the minimum legal
level, low-wage workers are necessarily paid that amount too. Hence, the Proposition
illustrates three situations: i) one where the minimum wage never binds, ii) one where
it binds only in the case of the [-type workers and iii) one where it binds for both labor
groups.

When the minimum wage is binding, the set of strategic tools workers and the firm
can use is reduced. The firm cannot affect the wage of workers for which the minimum
wage is binding—i.e. some x’s take value zero in equation (9)—and workers cannot
obtain higher wages by claiming they help reduce the wage of others—i.e. the same
X’s are forced to take value zero in equation (12). These additional restrictions in
the bargaining process explain the differences between the front-load factors given in
Proposition 1.

For example, consider the value of €2, in the absence of a binding minimum wage.
Qp, is the ratio of two elements: its denominator is the marginal product of labor,
while its numerator is a weighted average of the infra-marginal products of labor. The
weights in the latter are given by the parameters ¢(z). Notice that € = 1 when these
weights are zero for all z < 1 and one for z = 1, since the numerator is equal to the
denominator in this case. €2, is also equal to one when the marginal product of labor
is independent of nj, and n;. For other values of ¢(z) and with a non-linear production
function, 25 may differ from one. Three effects may take the value of the front-load
factor away from one.'” First, the concavity in ny of the production function tends
to increase its value: the more concave the production function, the larger are the
incentives for the firm to overemploy h-type workers in order to reduce their wage.
Second, the substitutability (complementarity) with I-type workers tends to increase
(decrease) the value of Q,: overemployment (underemployment) allows to decrease the
wage of [-type workers by decreasing their marginal product. Third, the shape of the
function ¢(z) also allows to affect the value of Q) by weighting the different infra-
marginal products of labor at a different intensity. Specifically, when the bargaining
power of workers is large, the representative firm has more incentives to reduce wages.

Now observe how the value of the front-load factor §2;, compares to the case when
the minimum wage binds for low-wage workers only. In this situation, h-type work-

15See Cahuc et al. (2008) and Cahuc and Wasmer (2001a) for more details.
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ers cannot obtain higher wages by claiming that they help reduce the wage of I-type
workers. This explains why the z variable does not appear next to the level of n; in
the numerator of €2, in the case where the minimum wage binds for low-wage workers
only, while it is present in the absence of a binding minimum wage. Hence, holding
constant the levels of ny, n; and k, Proposition 1 suggests that introducing a minimum
wage that marginally binds for low-wage workers increases the incentives to hire h-type
workers (larger €2;) when they are a complement of low-wage workers, while it suggests
lower incentives when they are substitutes.

It is possible to understand the differences in the values of €); in a similar way.
Two differences can be noticed. First, the concavity in n;, that generates incentives to
overemploy absent a minimum wage, does not operate when a binding minimum wage
is introduced. Thus, holding constant the levels of ny, n; and k, this effect suggests
lower incentives to hire [-type workers (lower ;) when a binding minimum wage is
introduced. Second, it turns out that the weighting function ¢(z) is also affected by
the introduction of the minimum wage. In particular, the weighting function ¢'(z)
(that operates under a binding minimum wage) assigns larger weights to low values
of z than the weighting function ¢(z) (which prevails in the absence of a binding
minimum wage). Intuitively, when the minimum wage binds for [-type workers, these
workers cannot expropriate part of the decrease in the wage of h-type workers. Varying
the employment level of [-type workers thus becomes a more attractive tool for the
representative firm to affect the wage of h-type workers. This makes the demand for
[-type workers more elastic. This additional effect suggests higher incentives to hire
[-type workers when the two types of labor are substitutes and lower incentives when
they are complements.

Under Nash bargaining, the negotiated wage is a function of the capital stock.
Moreover, in the absence of binding wage contracts, workers do not share in the cost
of ex ante investments. This leads to underinvestment (overinvestment) when capital
is complementary (substitutable) to labor because the representative firm anticipates
that investing more (less) in physical capital amounts to bargaining to a higher wage.
The values of 0, illustrate how investment by the representative firm responds to the
introduction of a binding minimum wage in this context. Specifically, the minimum
wage legislation helps deter rent appropriation by workers since the wage, as a function
of the capital stock, becomes constant for values of k below the equilibrium capital stock
that would prevail absent a binding minimum wage. This implies that the value of €
gets closer to one when the minimum wage becomes binding.

Finally, if the minimum wage binds for all labor groups, then the front-load factors
are all equal to one because the firm cannot influence strategically any wage rate.
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3.4 Equilibrium

As explained before, we define a partial equilibrium as an equilibrium where all aggre-
gate variables are exogenous.

Definition 1 A steady-state partial equilibrium is a set of indicator functions x;, firm
size indicators np, n; and k and wage rates wy, and w; such that the definitions (1),
the first-order conditions (9) and (10) and the wage equations (7), (8) and (14) are

satisfied, given exogenous values for 0; and U; and a minimum wage w, Vi € {h,l}.

We restrict our attention to equilibria that are internally consistent. An equilibrium
in which the minimum wage is binding for [-type workers is said to be internally
consistent if, at any point in time, no I-type worker has incentives to renegotiate its
wage with the firm, given that he earns w. Formally,

Definition 2 An equilibrium in which the minimum wage is binding for I-type workers
is internally consistent if
wi¢ < w,
where

af(nhv n, k)
ony

8’wh(nha n, kv Xhs 0)
np

,wic —
=5 an,

+ (1= B)yrU - B (16)

The previous definition states wfc as the wage that a marginal I-type worker would
obtain if he renegotiated the wage with the firm, given that all other [-type workers
earn the minimum wage. Notice that wlic acknowledges the fact that, by employing
a marginal [-type worker, the firm is able to influence wages of h-type workers. By
imposing that the equilibria we analyze satisfy internal consistency, we require that
I-type workers have no incentives to deviate from the strategy of providing labor to
the firm at wage w.

The following proposition characterizes the wage wfc that a marginal [-type worker
would negotiate with the firm, if he deviated from the strategy of earning the minimum

wage w.

Proposition 2 The wage wlic that a marginal [-type worker would obtain if he rene-
gotiated the wage with the firm, given that all other l-type workers earn the minimum
wage, s

8f(nh7 n, k)

wi® = Au(1,0——-

+ (1 - B)rl. (17)
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Table 1: Parameter values

n 0.5
I6] 0.5
mo 0.7
r 0.004
S 0.036
b 0.71
c 0.356
0 0.01
S 1.5
a 2/3
v if complements 0.9
v if substitutes 1.3«
v 0.3

The next proposition shows that a steady-state partial equilibrium in which the

minimum wage is binding is always internally consistent.

Proposition 3 A steady-state partial equilibrium in which w; = w, is always internally

consistent.

Proofs are available in the Appendix.

3.5 A numerical example

The discussion above has emphasized how the introduction of a binding minimum wage
affects the incentives to overemploy or underemploy by analyzing how the front-load
factors change with the policy. Nevertheless our comments on the variation in the €2;’s
are made in a context where all the levels of ny, n; and k are held constant. It is
tempting to extrapolate these results to the whole incentives to open up vacancies and
believe that, if a front-load factor increases (holding constant ny, n; and k), then the
marginal income of the respective factor increases too. However, we know that this
may not be true because of the possible complementarities or substitutabilities between
factors in the production process.

We now illustrate through a numerical example how the results given in Proposition
1 can be extended to a context where the levels of ny, n; and k are allowed to change.
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Figure 1: Factor utilization and front-load factors - n, and n; as complements

For the purpose of the exercise, we need to specify a production function and a matching
function and parametrize the model. We use a Cobb-Douglas matching function of the
form

m(1 —n,v) = mo(l —n)T! ™", (18)

and a production function represented by
f(nn, i k) = [na” + "] k7. (19)

We parametrize the model following Pissarides (2009).'° The parameter values used
for the numerical exercise are reported in Table 1.

We perform the following exercise: we first compute the equilibrium values of fac-
tor utilization, front-load factors and labor market tightness 8, and 6; when there is
no minimum wage regulation in place. The integrals in the expression for the front-
load factors in Proposition (1) are approximated using the Gauss-Legendre algorithm.
Keeping 6, and 6; fixed, we then set a minimum wage w and compute the new equilib-
rium values of factor utilization and front-load factors that arise from the maximization
problem of the firm and the wage bargaining process.

Figure 1 shows how the equilibrium values of labor and capital utilization change

16See also Janiak (2010).
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for different values of the minimum wage, when both types of labor are complements.
Consider the equilibrium quantities when the minimum wage is marginally binding,
with respect to the case in which it is not binding. As explained before, the front-
load factor of high-wage workers, 1, increases in this case, because the firm can no
longer reduce the wages of low-wage workers through a reduction of their marginal
productivity associated to a decrease in ny. By a similar reasoning, the decrease in €
is due to the fact that, given that the minimum wage is binding for [-type workers, the
firm strategically uses low-wage workers only to decrease the marginal productivity of
h-type workers. Since both labor inputs are complements, this is achieved through a
reduction in the incentives to hire low wage workers.

Notice that 2 is always lower than 1 and that, after the minimum wage becomes
binding, it increases. This is due to the holdup problem previously described: since
workers are able to seize part of the rent from capital, the firm underinvests, which
translates into 2 < 1. When the minimum wage becomes binding for n; workers, they
can no longer extract this rent and, consequently, the holdup problem is alleviated,
which encourages the firm to invest more. Consequently, € increases. The effects
of the binding minimum wage over ny, n; and k can be easily understood in light of
this result. Since capital is complementary to both labor inputs, the increase in capital
leads to an increase in the marginal productivities of h-type workers and I-type workers
and, as a consequence, to an increase in ny and n;. For [-type workers, there are two
opposing effects that take place simultaneously: on the one hand, the firm would like
to decrease the use of such workers to reduce the wage of h-type workers, but on the
other hand, the increase in the capital stock implies a higher marginal productivity of
[-type workers. The latter effect dominates and n; increases, although much less than
np.

Figure 2 shows how the equilibrium values of labor and capital utilization change
for different values of the minimum wage, when nj, and n; are substitutes. The analysis
is similar to the previous case. In this case, the front-load factor of high wage workers,
Qy, decreases, because the firm can no longer reduce the wages of low wage workers
through a decrease of their marginal productivity associated to an increase of ny. By
a similar reasoning, the decrease of €2 is due to the fact that, given that the minimum
wage is binding for [-type workers, the firm can no longer strategically use low wage
workers to decrease their marginal productivity.

The effect of the minimum wage over {); is completely analogous to the previous
case: the fact that low wage workers cannot appropriate part of the rents of capital
when the minimum wage is binding for them increases the incentives to invest of the
firm. This translates into a higher 25 and, finally, higher k. The increase in the
capital stock exerts a positive effect over the marginal productivities of high-wage and
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Figure 2: Evolution of factor utilization and front-load factors - n, and n; as substitutes

low-wage workers which, in turn, translates into higher utilization of both labor inputs.

As the minimum wage increases, €;, 5 and € remain practically unchanged.
This is due to the fact that the main change in the front-load factors occurs when
the minimum wage starts binding, because of how such wage changes the strategic
decisions of the firm. For higher values of the minimum wage, the labor costs of
the firm increase and, consequently, profits decrease. This leads the firm to reduce

production by decreasing the use of all factors of production.

4 General equilibrium

4.1 Equilibrium concept

In general equilibrium, the present-discounted values of being unemployed U; and the
labor-market tightness 6; are endogenous. The former is determined through equation

(5), making wages to respond to labor-market tightness as follows:

- of (np,ny, k ,
B, b i ) = 59 ai) PRy e, i huty, (20)

18



while the latter is obtained in a standard way, by equating the flows in and out of
employment and leading to the Beveridge relations

0nq(0n) and my — 01q(6;)

= S na(0n) ST 040 2D

This yields the following definition of equilibrium:

Definition 3 A steady-state general equilibrium is a set of indicator functions x;,
employment levels ny, and ng, a capital stock k, wage rates wy, and w; and labor-market
tightness 0, and 6; such that the definitions (1), the first-order conditions (9) and (10),
the wage equations (7), (8) and (20) and the Beveridge relations (21) are satisfied,
given a minimum wage w and indicator functions x;, Vi € {h,l}.

As in the partial equilibrium case, we are interested in equilibria that are internally
consistent. The definition of an internally consistent equilibrium is analogous to Defi-
nition 2. Proposition 2, which characterizes the wage wlic that a marginal [-type worker
would negotiate with the firm if he deviated from the strategy of providing labor at
wage w, also holds in general equilibrium.

In partial equilibrium, Proposition 3 states that the equilibrium is always internally
consistent. In general equilibrium, however, the value of the outside option of workers
rU" is no longer exogenous and depends positively on 6;. If the labor market tightness
of [-type workers increases, then it is possible that the wage wlic that a marginal [-type
worker would obtain if he renegotiated with the firm is higher than the minimum wage
w, thus rendering the equilibrium internally inconsistent.

In the following section, we define a notion of robust equilibrium such that the

equilibrium is always internally consistent.

4.2 Robust Equilibrium

As explained before, in general equilibrium Definition 3 may yield internally incon-
sistent equilibria, for a given minimum wage w. If this is the case, the equilibrium
obtained can be regarded as unstable, in the sense that workers have incentives to
deviate from the strategy in which they earn the minimum wage by renegotiating the
terms of the contract with the firm.

To overcome this difficulty, we assume an alternative setup such that, when the
minimum wage is binding for [-type workers, the firm negotiates the wage by Nash
bargaining with a fraction = of low-wage workers, and pays the minimum wage w to
the remaining (1 — x) fraction of workers. The value of z is determined in equilibrium

such that all wages of [-type workers are equal.
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The representative firm takes the fraction x as given. Hence, the present-discounted

value of profits can be restated as

II(np,n, k) = max
{vn,v,a}
1

v (f (s nay k) — @ (np, iy by 1, 2)ng, — (g (g, m, Ky 1, 2) + (1 — 2)w)n

—|—(Uh+Uz)c—a]dt+ﬂ(n/h,n§ak/))a (22)

subject to the constraints (3) and (4).

Notice that the indicator function y; now assumes the value x, which is the pro-
portion of [-type workers that negotiate their wage with the firm.

We solve for wages contracted between the firm, h-type workers and a fraction x of
I-type workers.!”

The vacancy-posting conditions can be rewritten as

C Qp, (1,1’) af(%};{:l,k) _’J]h<nhanl7k‘i717x)
¢ = , (23)
q(6n) r+s

c Q (1,x) M — (xwy(np,ny, k1, 2) + (1 — 2)w)

—~ I , 24
q(6h) r+s 29
where
. af(np,ng, k
(b, 1,) =mh<1,m>f(a’";lhl)+<1—ﬁ>b+ehﬁc, (25)
wl(nhanlak717$) :5Ql(171’)%ﬁ7“k>+(1_5)b
+6,8¢(6)) (q(gl) + (1—"5)(“)—1?—(:;}1,”[7}6,1,27))) ) (26)

Notice that in expressions (25) and (26) we have used the fact that the value of
the outside option rU; is determined by equation (5). Finally, the capital-investment
condition takes the form

8f(nh, ny, k?) '

P 0= (L) o

(27)

The following Proposition identifies the values taken by each €;(1,xz):

1"The details of the derivation are contained in the appendix.
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Proposition 4 The front-load factors can be written as follows:

(1-p)x
Of | npznz 1=z |k
dz

fol gp(z) O(npz)
Qn(1,7) = 9 (npnu k) ’ )
onp,
1-B)e -
fol 0 (2)0f (nhZ,leB””,k> /0 (nlzlm) dz
Y(1,2) = 7 (nnik) ’ 2
ony
(=g
1 of <"hzv’“"" o k)
fo SDI(Z) Bl dz
(1, x) = 9 (npny k) ’ )
ok
1s 1-5_1-=x
5 _1-8_%-2 1-fz 5 1-Fe

1
with @(2) = 25—, ¢'(2) = =727

Next, we provide a definition of a robust equilibrium:

Definition 4 A steady-state robust general equilibrium is a set of employment levels
np and ny, a capital stock k, wage rates wy, and Wy, a share x and labor-market tightness
0y, and 0; such that the first-order conditions (23), (24) and (27), the wage equations
(25), (26) and the Beveridge relations (21) are satisfied, given a minimum wage w.
Moreover,

1 ifwl(nhanlvka L, 1) > W,
=40 z'fwliC < w,

is such that wy(np,ny, k,1,x) =w otherwise.

It is clear from the previous definition that, by requiring that x is such that
wy(np,ng, k,1,x) = w, we are guaranteeing that [-type workers will be indifferent be-
tween renegotiating their wage with the firm and earning w. Thus, a steady-state
robust general equilibrium is, by definition, internally consistent.

4.3 Welfare

Our model is characterized by two types of inefficiencies. First, congestion externalities
are not necessarily internalized by the Nash bargaining rule as in Hosios (1990). Second,
appropriability distorts employment and capital decisions, as in Grout (1984) and
Cahuc et al. (2008) among others. Of course both inefficiencies may partly compensate
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each other. For instance, the social losses of a large bargaining power, which leads to
too few vacancies in the standard model with one worker per firm, may be reduced by
an overemploying representative firm.

We now illustrate these ideas in the context of a centralized equilibrium.'® The
value function characterizing the social planner’s solving problem is

V(nh,nl,k) = (31)
MaxX{y, .} 71+17“dt ({f(nh, n, k) +b(1+x—np—ng) — Zj:{h,l} vjc — a] dt + V(nj,n, k/)) ’

subject to the constraints (3), (4), 6, = —=2— and 0, = -2

1—nyp r—ng”
The first-order conditions for a maximum are, in steady state,

o _ (om0 (P o) —weope N
q(0;) r+s o Ve {1}, (82)

and

of (nn,ny, k)

A

(33)

where 7(6;) = _Gztl('e(gi)'

These optimality conditions can be compared to the vacancy-posting and capital-
investment conditions of the representative firm in the context of the steady-state
equilibrium given in Definition 3. This allows us to establish the following result on
the efficiency of the equilibrium:

Proposition 5 A centralized equilibrium is a set of employment levels ny and ng, a
capital stock k and labor-market tightness 0y, and 0; such that the optimality conditions
(32) and (33) and the Beveridge relations (21) are satisfied.

Hence, a steady-state equilibrium is efficient if, Vi € {h,l},

3f(%h7nz,k)
=000+ (0= (00) O =) s — (34)
when x; =1,
0 ., k
w=(n(0;)+Q —1) W + [1 = n(0:)]b + n(0;)0;c (35)

18See also Smith (1999) and Cahuc and Wasmer (2001b).
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when x; = 0 and
Qr = 1. (36)

Condition (36) is a standard condition for an efficient capital allocation, while condi-
tion (34) is an augmented Hosios-Pissarides condition, with (35) being its counterpart
in presence of a binding minimum wage. Both reduce to the standard condition of
a model with one worker per firm when Q; = 1, with 8 = n(6;) when x; = 1 and
w = 77(00%1{:””6) + [1 = n(6;)]b + n(6;)0;c when x; = 0. When Q; > 1, a value
for B larger than 7(6;) is required in order to compensate for overemployment by the
representative firm. The opposite occurs when €2; < 1.

A minimum wage can fill one of the efficiency conditions given in Proposition 5.
For example, condition (35) may be satisfied when the decentralized equilibrium wage
is inefficiently too low absent a minimum wage legislation. This happens when the
representative firm has incentives to overemploy (£2; > 1) or when the share it obtains
under wage bargaining is too high, generating congestion on the vacancy side. Similarly,
condition (36) is satisfied when the minimum wage is binding for both labor groups. In
this case, intrafirm bargaining cannot take place, which alleviates the holdup problem.

However, these efficiency conditions are rarely satisfied together. Moreover, the
fulfilment of a subset of them does not necessarily produce an improvement in welfare.
It may be the case that reaching optimality on one market leads to augmented ineffi-
ciencies on another market. For example, implementing (35) in the case of low-wage
workers may induce the front-load factor for high-wage workers to deviate even more
from its social optimum. Similarly, implementing (36) on the capital market or (35)
on the market for high-wage workers may be too expensive if it requires increasing the
wage cost of [-type workers.

4.4 Numerical illustration

In this section we show, by means of an example, how the utilization of productive
factors np, n; and k and front-load factors Qp, €; and Qi vary with the minimum
wage. Moreover, we also report the profile of wages, profits of the firm and aggregate
welfare for different values of the minimum wage. We first show results for the case
in which both labor factors are complements. One can think that this case reflects
the situation in which the two types of labor correspond, for example, to skilled and
unskilled labor. We then proceed to show results for the case in which the labor factors
are substitutes. As commented before, we can associate this case to one in which both
types of labor are unskilled but they differ in tenure or experience.

Throughout this section, we use the same parameter values and functional forms
used in Section 3.5 in order to make them comparable. In the Appendix, we show that
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Figure 3: Factor utilization and front-load factors in general equilibrium- n;, and n; as
complements

the results are barely similar under constant returns to scale (with v =1 — «).

4.4.1 h-type workers and [-type workers as complements

Figure 3 shows how the equilibrium values of labor and capital utilization change for
different values of the minimum wage, when both types of labor are complements and
0; and U; adjust so as to equate the search cost that firms must face to the expected
future profits from posting a vacancy.

Notice first that the behavior of the front-load factors with respect to the binding
minimum wage is very similar to the case in which 6; and U; were kept constant (partial
equilibrium). Consequently, the intuition provided in Section 3.5 still holds in the
current case. The difference now arises because the search cost of the firm varies with
0;. In particular, given the high demand of h-type workers from the firm, 6 increases
substantially and, consequently, so does the search costs of this type of workers. This
translates into a subtle increase in ny utilized in the production process. Since ny and
k are complements, this reduces the marginal productivity of capital (with respect to
the partial equilibrium case) and, therefore, of capital acquired for production.

The lower use of k and nj, causes a decrease in the marginal productivity of I-type
workers. As explained in Section 3.5, the demand for low-wage workers is influenced
by two forces: on the one hand, the firm no longer has incentives to increase n; in
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Figure 4: Wages, profits and welfare in general equilibrium - nj, and n; as complements

order to reduce their wage, and this hinders the demand for such labor input. On
the other hand, the mitigation of the holdup problem and the increase in the demand
of h-type workers lead to an increase in the marginal product of I-type workers and,
consequently, on its demand. In partial equilibrium, the latter effect dominates and
ny increases, though not substantially. In general equilibrium, however, the positive
effects on n; are much milder and the negative effect prevails.

As in the partial equilibrium case, when the minimum wage is high, the increase in
the costs of production and the consequent reduction in profits imply that firms reduce
their demand for all productive factors, thus offsetting the effects due to the alleviation
of the holdup problem. For a high value of w, np, n; and k are lower than they would
be were the minimum wage absent.

Figure 4 shows the equilibrium wages of h-type and [-type workers, and the profiles
of welfare and firm profits for different values of the minimum wage. For a marginally
binding minimum wage for low-wage workers, the wage of high-wage workers increases.
This is due to the fact, given the high demand for these workers, the labor market
tightness 6, increases, causing a further increase in wages. Notice that, despite the
increase in wages, profits of the firm increase as well.

Finally, the flow of aggregate welfare, computed as the flow in equation (31), de-
creases when the minimum wage becomes binding and thereafter. This is so because,
despite the fact that the minimum wage partially corrects for the holdup problem, em-
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Figure 5: Factor utilization and front-load factors in general equilibrium- n;, and n; as
substitutes

ployment for I-type workers decreases and the search costs for h-type workers increase.

It can be easily shown that the equilibrium in this case is always internally consis-
tent. This is the case because labor market tightness of [-type workers, #; decreases
and, consequently, the value of the outside option rU; for these workers decreases as

well.

4.4.2 h-type workers and [-type workers as substitutes

Figure 5 shows how the equilibrium values of labor and capital utilization change for
different values of the minimum wage, when both types of labor are substitutes and
0; and U; adjust so as to equate the search cost that firms must face to the expected
future profits from posting a vacancy.

Once again, the effects of the minimum wage over the front-load factors are similar
to the case of partial equilibrium, so they will not be repeated here. It is still the case,
as in the previous section, that the increase in the demand of h-type workers causes
the search cost associated to this type of workers to increase through a higher 8. This
has a detrimental effect on the marginal productivity of capital and, as a consequence,
on its demand, lowering k compared to the situation in partial equilibrium. In the
present case, however, h-type and [-type workers are substitutes. The relative decrease
in the demand of h-type workers translates into a relative increase in the marginal
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Figure 6: Wages, profits and welfare in general equilibrium - nj and n; as substitutes

productivity of l-type workers which, in turn, translates into a higher demand for
[-type workers.

Figure 6 shows the equilibrium wages of high-wage and low-wage workers, and the
profiles of welfare and firm profits for different values of the minimum wage. As in the
previous case, for a marginally binding minimum wage for [-type workers, the wage
of h-type workers increases due to the high demand for these workers that increases
0. It is still the case that profits of the firm increase even as wages increase, because
workers are able to seize less rents of capital, reducing the holdup problem.

In the current example, the alleviation of the holdup problem is sufficiently strong
to increase aggregate welfare, as shown in the upper right panel of Figure 6. We can
understand this result in light of Proposition 5. In our parameterization, we have set
B8 = n = 0.5 which, given the Cobb-Douglas matching function we use, assures that
B =n(6;). Then, according to expression (34), the efficient steady state entails Q; = 1
Vi. Since the introduction of the minimum wage drives all the front-load factors closer
to 1, the equilibrium moves toward the efficient one, thus increasing welfare.

For a particular range of the minimum wage considered, the equilibrium depicted
in Figures 5 and 6 is not internally consistent.'” This is due to the fact that, in this

19This can be easily checked by computing, for every possible value of the binding minimum wage, the
wage rate that a marginal [-type worker would obtain if he renegotiated the wage with the firm, given by
equation (17), and comparing these two wage rates. If w}® > w, the equilibrium is not internally consistent.
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Figure 7: Factor utilization and front-load factors in robust general equilibrium - n; and n,
as substitutes

range, the labor market tightness of [-type workers, 0;, increases. Therefore, the value
of the outside option of low-wage workers rU; increases, rendering wliC higher than the
minimum wage w. To overcome this problem, we follow Section 4.2 and compute the
robust equilibrium when this is the case.

Figure 7 is analogous to Figure 5 and shows the equilibrium values of labor and
capital utilization, and the front-load factors of the three production factors. The
shaded area corresponds to the range of the minimum wage for which we compute the
robust equilibrium. Notice that, in this case, employment of h-type workers and capital
increase gradually after the minimum wage starts binding, and the corresponding front-
load factors change gradually as well. This behavior of allocations is due to the fact
that, in the robust equilibrium, only a fraction of I-type workers receive the minimum
wage, while the remaining fraction negotiates the wage rate with the firm. As the
minimum wage increases, this fraction increases, until a point in which the original
equilibrium is internally consistent and all I-type workers perceive the minimum wage.
20 Then, the alleviation of the holdup problem is only gradual, and increases with w.
Notice that, when the minimum wage is marginally binding, employment of low-wage
workers no longer increases (as in Figure 5) but rather stays constant, since the fraction

20Figure 9 in the appendix shows the evolution of the proportion of I-type workers that negotiate their
wage with the firm, for every possible value of the minimum wage.
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Figure 8: Wages, profits and welfare in robust general equilibrium - n;, and n; as substitutes

of workers that negotiate their wage rate with the firm is close to one.

Figure 8 shows that, in a robust equilibrium, the evolution of wages, welfare, prof-
its and aggregate employment also present smoother transitions when w starts being
binding. The qualitative behavior of wages, welfare and profits remains the same as in
Figure 6. Aggregate employment increases when the minimum wage becomes binding,
although this change is very close to zero. This is in line with some of the empirical ev-
idence on the effect of the minimum wage over aggregate employment that have found
such effect to be insignificant.

5 Extension: non-credible threats in bargaining

Our analysis in the previous sections has shown that our model can produce situations
where the introduction of a binding minimum wage enhances the accumulation of cap-
ital without necessarily decreasing the aggregate stock of employment. This result
potentially gives an explanation for the higher capital-output ratios observed in Con-
tinental Europe as compared to the US and is consistent with the empirical literature
that describes an ambiguous impact of minimum wages on employment. Nevertheless,
several papers, including the seminal contribution of Card and Krueger (1994), suggest
that the ambiguity of the impact does not concern aggregate employment only, but
also particular employment groups, including those directly affected by the minimum
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wage legislation. While our simulations show that under substitutability the demand
for low-wage workers increase when a binding minimum wage is introduced,?' the step
from partial to general equilibrium actually smooths the increase in the employment

t.22 This is intuitive: if the increase in demand pushes the

of low-wage workers ou
outside option of those workers upwards, then those workers choose not to be paid the
minimum wage anymore and have incentives to negotiate higher wages.

In this Section, we suggest a possible extension of our model that may generate
situations where the employment of low-wage workers increase even in general equi-
librium. The idea is to limit the influence of the outside option on the wage bargain.
This prevents low-wage workers from negotiating wages above the minimum when the
outside option goes up.

Since the contributions by Diamond (1982) and Mortensen (1982), it has become
standard practice to use the axiomatic Nash solution to wage bargaining in search
models. However, some authors such as Hall and Milgrom (2008), argue that this
solution is based on unrealistic assumptions about bargaining threats: once a worker
meets an employer, a threat to walk away, permanently terminating the bargain, is
not credible. These authors thus propose a modelling framework where the threats are
to extend bargaining rather than to terminate it. As a result, the outside option rU;
looses importance in the solution for wages as compared to the standard Nash solution.
If both parties actually have incentives to extend the bargaining process forever, the
(1 = B)rU; term in equation (12) even disappear. This is for instance the case in some
papers from the money search literature such as Trejos and Wright (1995),%* yielding
the following solution instead of (11):

ﬁﬁﬂ(nh, ni, k)

o, =(1-p)W;, Vie{h,l},

with the following constraint required for a solution to exist:
Wi 2 Ui, Vie{hl}.

Under this wage rule, equations (12) and (14) read instead as

k Ow; ’f
Ofmnnk) 5Ottt kxaead, e n, iy,

. J A j
on; e on;

wi(nhv ng, ka Xh> Xl) = B

21See Figure 2.
22Gee Figure 6.
238ee also the papers by Shi (1995) and Coles and Wright (1998).

30



and

N of(np,ng, k ,
B, K ) = 6% Goo) R e gy,

where the constant terms (1 — 3)rU; disappear.?*

With this wage rule the general equilibrium is always internally consistent and
there is no need for the robust specification described in Section 4. Moreover, the
simulations in Figure 2 in the partial-equilibrium case extend to a general-equilibrium
context. More precisely, the impact on the employment level of low-wage workers in

Figure 6 is still positive.

6 Conclusions

Common wisdom among economists suggests that a minimum wage should have a
negative effect over employment. The rationale for this is simple: a minimum wage
acts as a price floor that reduces the demand for labor by firms because of the increase
in its cost. However, a large body of literature that has tried to assess this effect in
the data has found either that the introduction (or increase) of a minimum wage has
an insignificant effect over employment, or even that this effect is positive.

In line with the previous argument, it is reasonable to think that a minimum wage
encourages investment, by pulling down the relative price of capital. Acemoglu and
Shimer (1999) and Acemoglu (2001) reinforce this idea by showing that a minimum
wage may alleviate the holdup problem that firms face when workers, by negotiating
wages with the firm, expropriate part of the returns on capital. The effect of a minimum
wage on labor is still negative and, consequently, contrary to the evidence on the
subject.

In this paper we study the effects of a minimum wage on labor and capital demand
in a standard large firm model with search frictions in the labor market. We are able
to generate an increase in the capital stock of the firm following the introduction of a
minimum wage, and at the same time a null or slightly positive effect on employment
through an increase in the demand for labor of firms. Moreover, the mechanism de-
scribed in Acemoglu (2001) by which a minimum wage deters rent appropriation by
workers and fosters investment is embedded in our model, and implies that, under some
parameter configurations, the introduction of a minimum wage is welfare-improving.

Given the correspondence between the empirical findings mentioned before and the

240f course, if the worker earns the flow utility b while negotiating, the negotiated wage would depend on
b as well.
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qualitative results of our model, we believe this type of model proves useful to quan-
titatively analyze the effects of a minimum wage over factor utilization under specific
parameterizations. The model is also well suited to study issues of redistribution be-
tween types of workers and efficiency in the allocation of production factors. We leave
these exercises for future research.
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A Appendix: proofs

A.1 Front-load factors

In this section, we show how to obtain the expressions for the front-load factors in
Proposition 1.

Absent a binding minimum wage, our economy reduces to a particular case of the
models studied in Cahuc et al. (2008), with two types of labor and capital as factors of
production. These authors use spherical coordinates to solve the system of differential
equations given by equation (12). This leads to the wage expression (14) and the
corresponding front-load factors (1, 1), and ©;(1,1).

To obtain the value of Q(1,1), we first need to derive (14) with respect to k:

ow;(nn,ny, ky Xn, X1) :/1 z%yf(nhz’mz’k)dz wj e {h 1.
0

ok 0(n;z)0k

3 3 3 61Dj(nh7nl7kthvxl)
Given the expression above, we can integrate by parts > jethiy i I

as

1 ok = ok ok dz.

Z Ow;(np, sk, xnxa)  Of (np,, k) 1-8 /121‘;‘3 Of (nnz,mz, k)
jel{hi} b Jo

Plugging this expression in the capital-investment condition yields (15) and the
respective expression for Q(1,1).

When the minimum wage binds only in the case of I-type workers, one can calculate
the wage of h-type workers by solving one differential equation given by (12). This
differential equation can be solved as in Cahuc and Wasmer (2001a), where the variables
n; and k can be considered as parameters. This produces the expression for Qp(1,0)
given in Proposition 1.

The values of €;(1,0) and 24(1,0) can be obtained in a similar way. We first need
to derive (14) with respect to the relevant factor (n; or k):

dz, V1=mnyk,

awh(nha n, ka Xh» Xl) _ /1 Z% azf(nhza n, k)
o3 0 d(npz)03

where J refers to the relevant factor.
Given the expression above, we can integrate by parts

n, 5 - > GRS PO gy W1 =y, k.

Own(nn, nis ky xn, xa) — Of (i, k) 15 /1 1228 O f (npz,, k)
B Jo 01
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Plugging this expression in the capital-investment condition in the case of J = k yields
(15), while by plugging it in the vacancy-posting condition in the case of J = n; we get
(13). The respective expressions for Q(1,0) and ;(1,0) are then deduced.

Finally the result €;(0,0) = 1, Vi € {h, [}, is straightforward.

A.2 Internal consistency

In this section we prove Propositions 2 and 3. We begin by obtaining w , which is
the wage that a marginal [-type worker would negotiate with the firm, 1f he were to
deviate from the strategy of earning the minimum wage w. From (16):

Of (nw, mu, k)
8’)1[
Given expression (14) for wy,

ic _ af(nh,nl, k) / 82 th ny, k?) 1*,3
w’ = p—F—— o, +(1=p)rU,—pB iz Oy B npdz. (37)

Integrating by parts the integral in the right hand side of the last expression, we
obtain

awh(nhv ni, ka 17 0)
ne.
anl

wi¢ = + (1 =Bl - B

Lo2f(npz,mg k) 1= of (np,ny, k)
S D npdz = (11— (1,0))
| T ot iz = (11— 041, 0) L

Plugging this in (37) we obtain
af(”h? n, k)
ony

In order to prove Proposition 3, consider the case in which w = w;(np, ni, k,1,1)+€
Then, if € < 0, equation (13) reads

wi® = BY(1,0) + (1= B)rl.

C ~ ~ ~
r—+s = —w(ny,n’, k", 1,1). 38
( )q(el) l( ho ' ) ( )

Similarly, if € > 0,

=O(1,0)——2——~ —w. (39)
For € — 0, w = wy(np, ny, k,1,1) and, from equations (38) and (39),

of (ny, nf", k™)
6nl

From expression (17) for w;®,

of(ny,ny, k¥)

Q(1,1
l(?) 87’&[

=(1,0)
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wi® = p(1,0) o + (1= B)ruy,
= B(1, 1)af(”zuégu’kw) + (1= B)ruy,

since, in partial equilibrium, U® = U%¥. Then, when the minimum wage becomes
binding and w = w;(np, ny, k, 1, 1), the equilibrium is internally consistent. Now assume
e > 0. From (39),

0 (u(1,0) ik
Ow

From the expression for wj° (equation (37)), and using the previous result

=1. (40)

awlz’c 0 (Ql(l, 0)%&77’&)
Ow p Ow
Then, as w increases, the wage that a worker would be able to negotiate with the
firm if he deviated from the strategy of earning the minimum wage, increases less
than proportional to the increase in the minimum wage. Consequently, the partial
equilibrium is always internally consistent.

) g

A.3 Robust equilibrium

Solving the problem stated in (22), the first-order conditions for vacancy posting and
capital are, respectively,

8f(nh7nl7k)

~ a~ k 6~ k
¢ _ T—wh(nh,nz,kﬂ,x)—%wnh_x%w : (41)
q(0n) rre |
5 k ; o : e
¢ _ M#j”’) — (zwy(np, g, k1, 2) + (1 — 2)w) — %’th _ xwl(m}Twm (42)
q(0r) T |
r4+6= of(nn,mu, k) Own(np, iy &, 1’x)n Oti(rn, ks 173:)711- (43)

ok ok het ok
The equilibrium wage rates under Nash bargaining w;(-) solve the following equa-
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tions:

B any, = (1 - B) [Wh - Uh] , Vi€ {h7 l}a (44)
Ao el) — (1 gy pri - Ui, vie ) ()

where W is defined in (6) and the firm’s surpluses 0Il(ny, ny, k) /Ony, O (np, ny, k) /dzny
are calculated from the profits function of the firm. Notice that, in order to compute
the marginal profit of the firm from hiring an additional [-type worker, one has to dif-
ferentiate the profits function of the firm with respect to the amount of I-type workers
that negotiate the wage by Nash bargaining, that is, xn;, because these are the relevant
actors in the negotiation. The marginal value of a worker i € {h,} is, then,?

af(nhanlak) awh(nh,nl,k,l,l‘) awl(nh7nlvka1ax)
- ny — & ny.

(r+s)J; =

This leads to the following system of differential equations to be solved:

d}h(nmnl, ki, 1’35) _ (1 . ,B)TUh + B@f(nh,nl,k) . 5 (Bzﬂh(nh,nl,k,l,x)nh + 8wl(nh,nl,k,1,x)mnl

ony, onp, ony,
~ Ie] sT ,k ow s 1k117 ow ) 7k711
wi(np, ny, ki, 1,2) = (1= B)rUp + B8 f(nahnll L—p ( wh(n’é:ll Dy + l(nhBZf gg)x"l)

This system can be re-expressed as in Cahuc et al. (2008) by applying the change
of variable

wy(np,ny, k, 1, 2) = xwy(ny,ng, k, 1, 1), (46)

which yields

~ of (np,ny,k 0wy (np,ny,k,1,x owy(np,n,k,1,x
Wy (np, s, k1, 2) = (1= B)rU, + ﬁiﬂa};hl ) g (9ol o Ly, + 22 B Yy

wl(nh,nl, k, 1,.56) = (1 — ﬂ)erl + ﬁx%ﬁ?l’k) — Bz (ﬁwh(nignz,k,l,z) ny, + Oy (np,,ny,k,1,z) nl) .

n; ony

)

The solution to this system corresponds to the one presented in Cahuc et al. (2008) in
the case where workers are characterized by different bargaining powers. Specifically,
the two bargaining powers to be considered are equal to 8 and Sx, respectively. Hence,

2°Notice that, strictly speaking, we should write df(np,n;, k)/0xn; and 0w;(ny,ny, k,1,2)/dxn; in the
equation for w;. However, since at this stage the firm takes xn; as a specific factor of production, it is the
case that

Of (nn, m k) Of (nn, u, k) and _

0w (np,my, k, 1,2)  Owi(np, g, k, 1, x)
ony ozrny ony Ozrny '
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the solution to this system is
(=B

) 8f<nhz,nlz 1-pB= ,k>
Wy (np, sk, 1,x) = (1= B)rUs + B [ o(2) dz

Howz), (47)
1-gz Of <nh2(15>z 2,k
S 1 T
Wy (np, g, k,1,2) = (1= B)arU; + 8 [, g ) dz,

from which the solution for @; can be deduced:

1—Bz
17351 af (nhz“—ﬁ)l‘,nlz, /~c>
Bx d(nz) d

z.

1
ml(nhanlvk717$):(1_B)TUl+ﬁ/ z
0

1—Bx _ _l-z
After applying the change of variable { = 2(0-8= = dz = %C 1-82 d( to the above
equation, we obtain:

ﬁf(nh, ng, k) .

wl(nh>nlak717:€) = (1_B)TUl+ﬁQl(1ax) 87”

(48)
Using equation (5) to substitute rU; in (47) and (48), we obtain expression (25)
and (26) in the text. Expressions (23) and (24) are computed by plugging in the
previous expressions for wages, and their correspondent derivatives, into the first order
conditions of the firm (41) and (42).%
To obtain the capital front-load factor, we first need to compute

owp(np,ny, k, 1, x) 0wy (np, ny, k, 1,z)
s ok + xny ok =

1-p)=
Of | npz,mz 18z k

(1-B)z
( ) e Of | npznz 1= &k
1-B)z —7=
gz 1-p)=
O niz 1-Bz |9k

Integrating by part the above expression yields

1 52
fo z nh 9(nnz)0k dz.

owy(np,ny, k, 1, ) n 0wy (np, i, k, 1,z)

K ok i ok

(1-p)x
of | npz,myz 7=8=  k
af (nhvnl7k) _/1 SOI(Z) f( " l >dZ
ok 0 ok ’

By plugging this expression into the first-order condition for capital, we obtain the
value for Qg (1, z).

26To obtain equations (23) and (24), it is necessary to carry out an integration by parts, as in Section A.1.
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This completes the proof of Proposition 4.

A.4 Welfare

This section is dedicated to the proof of Proposition 5. More specifically, we show
below how to obtain equations (32) and (33). Once these equations are obtained, it
is straightforward to derive conditions (34)-(36) from the vacancy-posting and capital-
investment conditions. In particular, equations (34)-(36) are obtained by comparing
(32) and (33) with the first-order conditions in the case of the decentralized equilibrium.
As a reminder, they correspond to the following conditions:

e (1-p)0 2 _ go.c— (1 B)b

O s when x; =1, Vie {h,l},

Q; of (np,mi,k) w

c on; .
- - h i — Y, ) )
20D s when x; =0, Vie {h,l}
and of( K
Np, N,
= Q"
r+0 k ok

To obtain (32) and (33), first define p(8) = 0q(0). The first-order conditions of the
program in (31) are

c= Wpl(ei), Vi € {h,l},
and
aV(nh,nl, k) -1
ok T
By applying the envelope theorem, we get
ov k 0 k
(T+S—9,L2q,(91)) (nh7nl7 ) — f(nh')nlv ) —b, VZE{h,l},

and

8V(7’Lh,nl,k) _ af(nhanhk)
ok B ok '
Plugging these two equations in the first-order conditions yields equation (33) and

(r+9)

Of (k) _

on; .
= L Y h,l}.
p(0;) r+s—02q0;) e {hi}
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Notice that p'(6;) = q(8;)(1 — n(6;)). Hence,

c(r+s—07q(0:) = (m’m’k)

23 )1 (09, Vi€ ).

By rearranging this equation, one can obtain equation (32).
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B Appendix: numerical algorithms

We briefly describe here the numerical algorithms to solve the examples depicted in the
main text. We first describe how to solve the example of Section 3.5 in partial equi-
librium, and then proceed to describe how to obtain the results in general equilibrium
discussed in Section 4.4.

B.1 Partial equilibrium

1. Specify the parameter values and functional forms according to Table 1 and ex-
pressions (18) and (19).

2. Suppose the minimum wage is not binding, therefore x;, = x; = 1. Obtain the
equilibrium values of 6y, 0;, ny, n; and k such that equations (13), (14), (15) and
(21) are satisfied. In order to compute the integrals in Q;(1,1), ¢ = [, h, k, use a
Gauss-Legendre quadrature, suited to compute the area under a curve.?”

3. Set the fixed values of 6}, and 6; to the values found in 2.%%

4. Compute the wages determined by Nash bargaining w;(ny,n;, k,1,1), i = h, L.

5. Construct a grid for the minimum wage such that w € [wmin; Wmaz]. For every
value of w’ in the grid, check whether w;(-) S w’:

(a) If w;(-) > w’, then it must be the case that wy,(-) > w’. Set n{l, n{, k7 to the
values obtained in 2.

(b) If wy(-) < w?, set X{ = 0 and compute the new values of ”717 n{, k7 such that
equations (13), (14) and (15) are satisfied, for wfl() = ﬁ)ﬁl() and wl]() = w.

(c) If X{ = 0, check whether wz S Wl If LZ;{L > w’, the allocations and wages
are the ones obtained in 5b. If, on the other hand, w{L < w’, set X{L =0 and
compute the new values of nfl, n{ , k7 such that equations (13) and (15) are
satisfied, for wi() = w’ and wlj() = w.

B.2 General equilibrium

1. Specify the parameter values and functional forms according to Table 1 and ex-
pressions (18) and (19).

2"To compute the integral, we use 100 quadrature nodes.
28These values will be kept fixed throughout the exercise, since we are analyzing the partial equilibrium
case.
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2. Suppose the minimum wage is not binding, therefore x, = x; =

btain the

1. O
equilibrium values of 0y, 0;, np,, n; and k such that equations (13), (14), (15) and
(21) are satisfied.

3. Compute the wages determined by Nash bargaining w;(ns,ny, k,1,1), i = h, .

4. Construct a grid for the minimum wage such that w € [Wmin; Wmaz). For every
value of w? in the grid, check whether w;(:) < w’:

(a)

(b)

If @;(-) > w’, then it must be the case that wy,(-) > w’. Set n{l, n{, K7, 9{;,
6] to the values obtained in 2.

If @y (-) < w?, set X{ = 0 and compute the new values of n{L, n{ , kI, 9{” Glj
such that equaﬁions (13), (14), (15) and (21) are satisfied, for wj (-) = wj (-)
and wi (+) = w’.

If xJ = 0, check whether @) < w/. If @) > w’, the allocations and wages
are the ones obtained in 4b. If, on the other hand, @] < w’, set x5 = 0 and
compute the new values of 7}%, ni, I?j, 6, 9{ such that equations (13), (15)
and (21) are satisfied, for w} (-) = w? and wi(-) = w’.

Check whether the equilibrium is internally consistent. To this purpose,
compute w{® from equation (17). If w’/ > wi¢ the equilibrium is internally
consistent.

If w < wi, compute the robust allocations such that equations (23)-(27) are
satisfied, for w] = Wl
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C Figures
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Figure 14: Factor utilization and front-load factors in robust general equilibrium - n;, and
n; as substitutes - CRS production function
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