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Patrullaje Nocturno
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Stackelberg Security Games: Applications.
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Bayesian Stackelberg Games

Perfect information game

Adversary observes policy of leader before deciding response
If indiferent, adversary will favor leader (inducible)

Multiple adversaries k € K, with a-priori probability 7*

Data:
— Rfj benefit to leader of playing ¢ if adversary k plays j

— ij benefit to adversary k of playing j if leader plays ¢
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Stackelberg Games

LLeader: maximize reward under optimal adversary response

MaXega Y, >, » © Rywid]
i€X keK jeJ

st. Yiexa; =1

¢" = argmax,{ > Cliay; | > y; =1, y> 0}
ieX jeJ

k-th follower problem optimality conditions
Yjesdi =1, ¢§ >0
a¥ — Yiex Cfsws > 0
¢i(a* — Yiex Cliw;) = 0



(5G)

Stackelberg Games

MaXega ., Y Y w Rjwd;

S.T.

i€eX keK jeJd

Yiex® =1, z; € [0, 1]
Yjesdf =1, q¢f €10,1]
0 < a* = Siex Cljas
¢i(a" — Yiex Cliw;) = 0
a € RIKI



Stackelberg Games

If follower optimal solution has qf > 0 then action 3 has optimal
value a* and qf — 1 is an optimal pure strategy.

Optimality conditions, restricted to pure follower strategies

Yjesqi = 1
a* — Yiex Ciiwg > 0
ak—ZieXijfBz' < (1—Qf)M
¢i € {0,1}



(Paruchuri et al., 2008)

(D2) Maxygaq » wd"

ke K
s.t. d* <> Rpzi+ (1—q)M Vj e JVk € K,
el
LT
€1
e [0, 1] Viel,
» df=1 Vk € K,
j€J
q; € {0,1} Vj € JVk € K,
0<a* = Clhai<(1—q¢f )My VjeJVkeK,
el
a® d* e R Vk € K.
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(Paruchuri et al., 2008)
(D2) Maxy g,0,d

S.t.

Vi JVk €K,

Vi e l,
Vk € K,

Vi JVk €K,




(FMD2) Maxggqa  »  w°d*

ke K

s.t. d* <> Rpzi+ (1—q)M Vj € J,Vk € K,

el

in — 17
1e1
CUZ'E[O,H Vi € 1,
» df=1 Vk € K,
j€J
g% € {0,1} Vj e JVk € K,
€1
o, d* € R Vk € K.
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Stackelberg Games

SG leader problem with pure adversary strategies

MaXega », >, » m Rijzig)
i€EX keK jeJ

S.t. diexxi =1, xz; € [0, 1]
Siedf =1, ¢f € {0,1}

0 < af — Yiex Cliay < (1 —gj)M
a € RIKI.




(Paruchuri et al., 2008)

(DOBSS)

M&Xm y S‘ Y Y WkRk kext

1€l jeJ keK

s.t. Z szxt 1 Vk € K,
icl jeJ
D ozt < Vie I,Vk € K,
jed
<Y At < Vi e JVk € K,
el
» qf=1 Vk € K,
j1€J
0<a > > Chzi™ <(1—qf)M Vj € J,Vk € K,
el g'ed
2ot =y et Vi e I,Vk € K,
j€ed jed
2et € 10,1] Vie I, Vje JVkeK,
q; € {0,1} Vj e JVk e K,
a® eR
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(Paruchuri et al., 2008)

(DOBSS) Max,, > Y > xbRE ket

el jeJ keK

S.t. Z zf?-ext =1

icl jeJ

szext <1

jed

kext
7 <) =<1

el

> a =1

jEJT

vk € K,

Vi c I,Vk € K,

Vi e J,Vk € K,

Vk € K,

;%?mt:: ngm
jeJ jeJ
zéfxtEE[O,l]

q; €1{0,1}
a® € R

12

Vi€ I,Vk € K,

Viel, V) e JVkeK,
Vi e J,Vk € K,

Vk € K.

¢ fnis

ILE LA LIBERTE DE CHERCHER



(FMDOBSS) Max, , > Y Y wFREzFe!

1€l jeJ keK

S.t. Z nyea:t 1

el jed

Z kext < 1

jed

kext
QJSZZ <1
el

> q =1

jed

2> (Cl = Ch)=y™ = (4

el g'ed

kext lext
“ijg 2
JjeJ jeJ

ijext c [07 1]

q; € {0,1}
a" € R

12

)M

Vk € K,

Vie I,Vk € K,
Vi e J,Vk e K,
Vk € K,

Vi, b€ J,Vk € K,
Vie I,Vk € K,

Viel,Vj e JVk e K,
Vi e J,Vk € K,

fn's

LA LIBERTE DE CHERCHER




> (Clh = Clpai < (1 —q )M Vj, b € J VK € K

el

13



> (Clh = Clpai < (1 —q )M Vj, b € J VK € K

el

Teoria RLT
(Sherali, H.D., Adams, W.P., 1999)

Xq%ﬁ/

® ¢ (1-¢/)=0

> (CF = Cl)zie™ >0 Vj,l € JVk € K.

2N
=)
% | ES
</
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> (Clh = Clpai < (1 —q )M Vj, b € J VK € K

el

Teoria RLT
(Sherali, H.D., Adams, W.P., 1999)

® ¢ (1-¢)=0 ® (1-¢) =(01-q)
> (CF = Cl)zie™ >0 Vj, L € JVk € K.
el

2N
=)
% | ES
</
13 UNIVERSIDAD DE CHILE LA LIBERTE DE CHERCHER




(MIP-p-G)

Max,

S.t.

> > >‘ kRk kea:t

icl jeJ keK

S‘ S‘ Zl-ce:ct

el jed
) (CF; —
1e1
ke:vt > 0

i
zfjext € {0,1}

C ) kext>0

el

kext lext

jeJ jedJ

14

Vk € K

Vi, b e JVk € K,

Viel, V) e JVk e K,
Vi e J,Vk € K,

Viec ILVk € K.

HILE LA LIBERTE DE CHERCHER



What we know

Projz.q.1.sP(f-DOBSS) C P(D2)

P(MIP-p-G) C P(FMDOBSS) = Proj, ,.P(DOBSS)

ZLP(MIP-p-G) S ZLp(f—DOBSS) — ZLP(DOBSS) S ZLP(DQ)

P(MIP-p-G) is an integer polyhedron when k£ =1
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Stackelberg Games: complexity

- If |[K| = 1 then solve (SG) by, for every j € J, fixing qg; = 1 and
solving

v = MaXg ) iex Bijx;
st. Yiexx; =1, z; € [0, 1]

Yiex Chwy < Yiex Chimy Vi€ J

- Multiple adversaries (SG) is NP-hard
Conitzer and Sandholm (2006)
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Stackelberg Security Games

y -

s T E

A, 5
A

R _— -
Eﬂ@ﬁﬂﬁi .

18



Stackelberg Security Games
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Stackelberg Security Games

Place n security resources to cover
|Q| = m targets

| X| is large ~ ("’g) but rewards are

structured
X action var
1 1,2,3 1
2 1,2,4 x5
1 1,2,5 3
120 | 8,9,10 | z120

action

q = g =1 qio =1
1,2,3 5, -10 4, -8 -20, 5
1,2,4 5, -10 4 -8 -20, 5
1,3,5 5 -10 | -12, 9 -20, 5

Dk(jle) if i protects j

ok { Ak(jle) if ¢ protects j

k — —
I { Dk(j|u) it does not t Ak(j|u) it does not

2



Max, S: S: S: ﬂkajxiq;“

il jeJ keK

S.T. Zﬂfz = 1,

19

Vil
Vi JVk € K,

Vi€ JVk € K,
vk € K,

Vk € K.

EEEEEEEEEEEEEEEEEEE



Max; >: >:7quka(j\c) Z x; + D" (j|u) Z T

keK jeJ

S.T. Z$Z = 1,

icl
jEi

19

1e1:

J¢i

Viel,

Vi e J,Vk € K,
Vk € K,

Vk € K.



0 < (s — A" (j|c)

kEKjEJ el

1el:jer iel:jéi
q; €{0,1}
> g =1
jed

19

/' Vie I,

)< (1—¢f) M VjeJVkeK,

Vi€ JVk € K,
vk € K,

Vk € K.



keK jeJ
el
0 < (Sk _ Ak k |

k (jlo)e; — AP(Glu)(1 —¢j)) < (1 —qf ‘ o
Zq.:1 < qj)-M Vi e JVke K
jeJ 7
q;? o Vk € K,
in:cj V9e JVke K
i.EI.: 7
= V9 € J,

" e R
Vk € K.

19



Juegos de Stackelberg de seguridad

Max Y S:W {Dk c)c; + Dk(]\u)(l —¢cj)}

keK jeJ

S.t. ZCEZ — 1,
=y
0 < (8" — A%(jle)e; — AR(Glu)(1 —¢;)) < (1 — q:,) M VYjeJVkeK,
» df=1 Vk € K,
jed
q; € {0,1} Vj e JVk e K,
ZZEZ' — C; Vg e J,
i.EI.:
1€
sF e R Vk € K.

fnis
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Juegos de Stackelberg de seguridad

Formulacion Compacta

Max Y » w*¢f{D*(jlc)e; + D*(jlu)(1 - ¢;)}

keK jeJ
s.t. ch < m
ged
c; € 10,1] Vi e J,
0 < (s* = A*(jle)e; — AP(jlu)(1 —¢5)) < (1 —¢f) - M Vje JVkeK,
Zq;“ =1 Vk € K,
J€J
q; €{0,1} Vi e JVk € K,
Vi € J,
Vk € K.

" c R
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Juegos de Stackelberg de seguridad

Formulacion Compacta

(ERASER) Max » =*f"

ke K

st.  fF §Dk(j\c)cj+Dk(j]u)(1—cj)—|—(1—qf)-M Vj e J,Vk e K,
ch S m,
jed
c; € 10,1] Vi€ J,
0< (a® = A%(jlo)e; — AP(Glu)(1—¢;)) < (1 —¢f)- M Vje JVkeK,
q; €1{0,1} Vj e JVk € K,
d qf=1 vk € K,
jeJ

a®, ff e R Vk € K.

20



(DOBSS)

Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

Max S: Sj S: Wkajzfj

el jedJ keK
st Y ah=) 2 VieI,Vk € K,
jeJ jed
Y o<1 Vk € K,
el jed
25 <1 Vie I,Vk € K,
JjeJ
<> <1 Vi € J,Vk € K,
el
2 €0, 1] VicI,Vj € JVkeEK,
0<s" =) ) Chzl <(1—¢f)-M Vj e JVk e K,
el 3'ed
d df=1 vk € K,
J€J
q; € {0,1} Vj e JVk € K,
s¥ e R Vk € K.

21




Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

(DOBSS) Max S: Sj Sj Wkajzfj

1€l jeJ keK

st Y ah=) 2 Vi€ l,Vk € K,
j€J 1€J
o<1 Vie I.Vk € K,
j€J
qF =) 2F Vj e JVk € K,

€1
25 >0 VicI,Vjec JVkcK,
0<s" =) ) Chzl <(1—¢f)-M Vj € JVk € K,
icl §'cJ

d qi=1 vk € K,
jed
q; €1{0,1} Vj e JVk € K,
s¥ e R Vk € K.

21



Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

(DOBSS) Max 3. > 7#(D"(jle) S 25 + DM (jlu) 3 2k

jeJ keK el vel:

jei i
st ZZZ:ZZ}J Vi e I, Vk € K,
jed j€J
Y o<1 Vie I,Vk € K,
jed
=) 2 Vj € J,Vk € K,
el
z,szO VieI,Vje JVkeK,
0< s —AF(ile) Y Y 2 = ANGlu) Y Y a2 <(1—qf)-MVj€eJVkEK,
j EJzeEI jleJiel
JE1T
qu Vk € K,
1€J
q; €1{0,1} Vj e JVk € K,
s¥ e R Vk € K.

Al
7N
% &
<
UNIVERSIDAD DE CHILE

fnis

LA LIBERTE DE CHERCHER



Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

(DOBSS) Max Y > 7" (D"(jle) Y 2+ D (jlu) Y =)

jeJ keK

s.t. E z,fyzg zz-lj

jeJ jeJ

szjgl

1€J
E : k
el
szO

1e1:
JE

zEI‘:
J&i

Viel,Vk e K,

k. k
E Zii — Y

1el:4eq

Viel,Vk e K,

21

Vi e J,Vk € K,

Vie I,V € J,Vk € K,

(1—q]) M Vje JVEk e K,
Vk € K,

Vi e JVk € K,
Vk € K.

22 r
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Juegos de Stackelberg de segurldad

Formulacion extendida basada en (DOBSS)

k(mk( k k(o k k
jeEJ kEK i€l T L iel: |
JE y v J &
st Y 2=z 37 Vi€ l,Vk € K,
jeJ jeJ
E _ _k
E Zij = Yu;
Y k< telibet Vie I,Vk € K,
JjeJ
=) 2 L k Vj € J,Vk € K,
iel yj] q] - y
25 >0 / T VieI,Vje JVkeK,
0< s —AF(ile) Y > |- ANGlu) Y | Bl < (1 —qf)-MVjeJvVkeK,
] EJz'_eEI_: §'€J ZE%I
Jct 1
Y g = ’ vk € K,
1€J
q; €1{0,1} Vj e JVk € K,
s¥ e R Vk € K.




Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

(DOBSS) Max ZZT( D’”C yj]—l—Dk( \u)( —yjj))

jed keK
st Y ahi=) Vie I,Vk € K,
1€J 1€J
q;?: ,z,ff? Vi e JVk € K,
el
25 >0 Vie I, Vje JVkeK,
k k- k
0<s"—A%(jlc) Zyjj_
7'ed
ARGl (Y5 = D v < (L —qf) - M Vj e J,Vk € K,
7'ed 1'ed
Y gy =1 vk € K,
j1€J
>z =g, Vi b e JVk e K,
1€l:4ey
sF e R

¢f €{0,1} VjeJVkeK

L]
7N
=)
% \==J\//
21 UNIVERSIDAD DE CHILE LA LIBERTE DE CHERCHER



Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

(DOBSS) Max > > «*(D*(jle)y}; + D (jlu)(a} — u})))
1€J ke K
st | Y ah=) 2 Vie I,Vk € K,
1€J 1€J
QfZZij Vj e J,Vk € K,
el
2 >0 Vie I,Vje JVkeK,
0<s"—A(jle) Y uh—
7'ed
ARGl (Y5 = D v < (L —qf) - M Vj e J,Vk € K,
7'ed 1'ed
Y gy =1 vk € K,
jeJ
>z =g, Vi b e JVk e K,
1€l:4ey
sF e R

q;“ c{0,1} VjeJVke K
21




Juegos de Stackelber §de SE §g’urldad

Formulacion extendida basada en (DOBS

Y ozi=> z;VielVke€K,

JjeJ jeJ

22



Juegos de Stackelber gde SE gg’urldad

Formulacion extendida basada en (DOBS

Y ozi=> z;VielVke€K,

JjeJ jeJ

YN k=Y N il wedvkek,

eller jed eller jed

22



Juegos de Stackelber §de SE §g’urldad

Formulacion extendida basada en (DOBS

Y ozi=> z;VielVke€K,

JjeJ jeJ

Yooy k=) N Ve VkeK,

eller jed eller jed

Y oy => iy, Ve VkeK

jeJ jeJ

22



Juegos de Stackelberg de seguridad

Formulacion extendida basada en (DOBSS)

x> > 7T (DH(loy); + DRl (df - v)))

1€J keK
st D> U= U Ve e JVk e K
jeJ Jj€J
QfZZij Vi e JVk € K,
el
ZZ-ZO Vie I,Vj e JVk e K,
0 < 5" —A%(jle) Y fy—
j'ed
ARGl (Y a =Yy <1 —gf)- M Vj e J,Vk € K,
j'ed j'ed
Y gy =1 vk € K,
jed
>z =g, Vi b e JVk e K,
el:ley
sF eR

23



Juegos de Stackelber gde SE gg’urldad

Formulacion extendida basada en (DOBS

x> > 7T (DH(loy); + DRl (df - v)))

1€J keK
st D> U= U Ve e JVk e K
Vsl Jj€J
szzzfj Vi e JVk € K,
el
25 >0 Vi e I,Vje JvkeK,
0 < 5" —A%(jle) Y fy—
7'ed
ARGl (Y a =Yy <1 —gf)- M Vj e J,Vk € K,
j'ed g'ed
Y gy =1 vk € K,
jeJ
>z =g, Vi b e JVk e K,
el:ley
sFeR
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Juegos de Stackelberg de seguridad

Formulacién compacta basada en (DOBSS)

(SDOBSS) Max > N 7D (jle)yt; + D (jlu)(f — k)

jeJ keK
0< sk — Ak(j]c)cj—

ARGlu) (1 —¢) < (1—¢qf)- M Vj € J,Vk € K,
qu =1 Vk € K,
jed

Zy@gmq] V9 e JVk € K,

Led

yg; >0 Ve, € JVEk € K,

yZSQf \V/&jE‘LVkeK)

nyjzzyéj Vi e J,Vk € K,
JeJ jedJ

q; € {0,1} Vj e JVk e K,

st e R Vk € K.




Juegos de Stackelberg de seguridad

Formulacién compacta basada en (MIP-p-G)

(MIP-p-S) Max YYTF DI~C yJJ—I—Dk( ]u)( —yj]))

keK jeJ

s.t. nyj = Zyéj Vi e JVk € K,
1€J je€J
d qf =1, vk € K
1€J
Oﬁyé’“jéqf Vil e JVk e K,
nyjémqf Vj e JVk e K,
teg
AR (le)yg; — A (Clu)(af —ye;) > 0 Vi, £ € J,Vk € K,

g5 € {0,1} Vj e JVk e K.
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What we know

® Proj.qrsP(D2) ="P(ERASER)

® Proj,,sP(DOBSS) C P(SDOBSS)

®  Proj,,PMIP-p-G) C P(MIP-p-S)

27



What we know

Proje.q.r.s(f~SDOBSS) C P(ERASER)

P(MIP-p-S) € P(FMSDOBSS) = Proj, .., P(SDOBSS)

v(MIP-p-S) < v(SDOBSS) = v(f-SDOBSS) < v(ERASER)

P(MIP-p-S) integer polyhedron when k£ = 1

28
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Estudio computacional

Time vs. % of problems solved
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Estudio computacional

Time vs. % of problems solved Lp Time vs % of problems solved

100 100

90 90

80 80

B 70 B 70
= =

? 60 3 60
7] 7]
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Estudio computacional

Time vs. % of problems solved LP time vs. % of problems solved
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Retrieving mixed strate

Example: m=2

sol.:

gies
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Stackelberg Security Games

Using
ko k k. _ pk k
> Rijjzi= ) Rpjzi+ ), wpjzi = Rpy;+mp;(1—y;)
iEX i | jei i | i
maXx’Q,a,,’y Z kayk
keK
s.t. Vo <7+ yi(Rh; —7h) + (1 —dHM
>icoy; =m, y; € [0,1]
(SSGM)

Siedf =1, ¢f € {0,1}

k k k k k
0<a _RAj _yj(PAj _RAj) < (1 _q]')M
a,v € RIL

Yj = LfieX|jei} Tir 2iex Ti = 1, @ € [0, 1]
11



_uk;_

ZZ]

-EZ

Novel Formulations

a:‘,l:qj,,
CCz >3, C kxz Mg Zz(czkj k)zk >0
k pk k
MaXz yj y: y:ﬂ- Rzg 1]
1€ X keK jed
st Yiex Djeqay =1, 28 €[0,1]
(MIPSG)

k — 1
2.jeQ Zz’j = 2.jeqQ %j
ZZEX( k)zk >0
ZZEX sz 6 {O 1}
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Novel Formulations

When |L| = 1, the LP relaxation of (MIPSG) is integral.

Proof Sketch:

Let z be a vertex of the LP relaxation. Let g = > ;cx ;1 and
assume some q;. is fractional.

For any ¢, > 0 (at least 2, since Y, qp = 1) define

Zikif j =k
— qr
O otherwise

k

2k is feasible for the LP relaxation for any k such that gz > 0O

and z =) 1 qkzk, which is a contradiction

13



Novel Formulation for SSG

(MIPSSG)

k k k k k_k _k
maxz,w’q Z Z 7 (RDJ — T‘-Dj) w]] —I— T 7Tqu]
keK j&€J

k k
S.t. 0 < Wy < q;

yp—1+df <wf; <y +1-4}

k k) wk ko ok
(w5 — RA]>w ‘|‘R j45 > (why, — Rhy,) wh; + Rl
deQq] =1, ¢ Gk{o 1} ) )
Wk Z{ZGX“CEZ} Zij) ZZEXZ — 45> Zzy c [0, 1]
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Novel Formulations
Logarithmic representation of integer choice
Theorem 1 (Vielma 2014) Given {b'}s_, c {0,1}11092(K)]  such

that b # b ifi # j. Then the set S = {y € {0,1}F | 8 _, y; = 1}
IS equivalent to

k k
{y c %I_{i_ | Z y; = 1, Z by, = w € {0, 1}('092(14)1}
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Novel Logarithmic Formulations

(LSGM)

k_k
MaXz,q,a,v,w Z Ty

S.t.

keK

V< Siex Rfjai 4+ (1 —¢)M
Yiexri =1, z; € [0,1]

Yiedi =1, ¢F €[0,1]

>0 quj = wk € {0, 1}11092(]QD)]

0 <a¥ —Yiex i < (1 —¢)M
a,vy € RILI,
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Novel Logarithmic Formulations

(LMIPSG)

Maxz w S: S: S:WkRZzZ

S.T.

iEX keK jEJ

D iEX 2_ieQ ZZ =1, zfj e [0, 1]

2.5€Q ij = 2.j€Q Z,}J

ZieX(ij — C’fk)zfj >0

Sicq iex bzl = wh € {0, 1}/1092(1QD]
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Computational Results

T hese results compare

e Tighter second level optimality constraints: (SGM) vs (MIPSG)

e This effect for SSG : (SSGM) vs (MIPSSQG)

e The effect of the logarithmic formulation: (SGM) vs (LSGM)
and (MIPSG) vs (LMIPSG)

Random instances, average of 30 instances, increasing | X|, |Q|,
or |L].

18



Computational Results

MIPSG DOBBS SGM
|1 X| Q| |L] At gap bnb At gap bnb At gap bnb
10 10 2 0.05 0.05 0 0.17 0.23 0 0.11 1.65 4
10 20 2 0.17 0.05 0 0.62 0.23 24 0.50 1.51 509
10 30 2 0.28 0.05 0 1.29 0.20 144 0.80 1.35 1115
20 10 2 0.08 0.03 0 0.19 0.12 o) 0.16 1.48 73
20 20 2 0.30 0.03 1 0.69 0.13 103 0.88 1.41 694
20 30 2 0.61 0.03 2 1.64 O0.11 172 1.23 1.32 1604
30 10 2 0.09 0.02 0 0.18 0.09 23 0.22 1.43 127
30 20 2 0.42 0.03 4 0.94 0.09 92 1.03 1.37 741
30 30 2 1.01 0.02 4 2.43 0.09 170 1.61 1.32 1693
10 10 4 0.35 0.15 24 0.90 0.47 314 1.556 2.20 2292
10 20 4 1.65 0.14 49 476 0.40 1140 6.68 1.80 1.3+4
10 30 4 477 0.16 o7 1594 0.39 3082 1565 1.70 3.0+4
20 10 4 0.95 0.15 49 1.72 0.33 478 3.31 1.91 5333
20 20 4 5.90 0.13 99 10.39 0.29 2012 25.17 1.72 4.34+4
20 30 4 || 20.88 0.14 170 56.48 0.29 5588 80.91 1.65 1.245
30 10 4 1.65 0.13 69 2.43 0.28 501 5.5 1.84 7999
30 20 4 || 14.15 0.14 188 24.17 0.27 3077 49.72 1.74 T7.144
30 30 4 || 52.69 0.13 291 | 114.01 0.25 6684 196.45 1.62 2.4+45
10 10 6 2.14 0.31 266 5.28 0.70 2967 13.13 2.70 2.5+4
10 20 6 || 12.30 0.27 466 44.77 0.59 1.6+4 71.74 2.19 1.5+45
10 30 6 || 40.51 0.26 742 | 187.50 0.55 3.4+4 211.86 1.98 3.3+5
20 10 6 597 0.23 366 13.35 0.47 4709 65.07 2.27 1.2+5
20 20 6 || 68.81 0.25 1286 | 301.46 0.46 4 .5+4 | 1085.62 2.08 1.74+6
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Computational Results

MIPSG DOBBS SGM
Q] m |L]| At gap bnb At gap bnb At gap bnb
20 5 2 0.67 26.72 48 0.72 50.04 51 0.13 92.61 198
20 10 2 0.91 0.68 28 0.77 1.41 26 0.14 4.11 144
30 38 2 2.60 2.16 93 2.15 3.33 113 0.22 6.88 470
30 15 2 1.80 0.40 26 1.43 0.84 25 0.19 2.79 260
40 10 2 4.89 2.06 103 3.63 3.08 136 0.33 6.22 707
40 20 2 3.47 0.39 33 3.16 0.80 43 0.26 2.67 437
20 10 4 8.59 1.09 571 7.54 1.92 646 2.17 4.80 3893
30 38 4 47.82 5.02 1853 37.48 7.49 2879 9.46 13.50 6272
30 15 4 26.93 0.86 826 24.34 1.42 949 7.31 3.77 5216
40 10 4 || 144.27 4.27 3182 155.60 6.30 5401 | 14.44 11.13 8138
40 20 4 70.62 0.80 1236 60.81 1.34 1358 | 12.99 3.55 6481
20 10 6 || 142.60 1.47 5995 155.82 2.43 8037 | 26.39 5.78 1.9+4
30 8 6 || 961.21 12.31 1.444 | 1433.32 16.48 3.7+4 | 94.50 28.08 5.4+4+4
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Computational Results

MIPSG SGM
1 X| |Q| |L] nvar nvari ncost At gap | nvar nvari ncost At gap
20 10 4 840 40 468 1.65 0.14 68 40 125 4.04 1.93
20 20 4 1680 80 1668 7.95 0.14 | 108 80 245 28.83 1.76
20 30 4 2518 119 3666 21.75 0.12 | 148 120 365 82.05 1.61
20 10 4 Log 816 16 440 2.42 0.14 84 16 141 4.5 1.93
20 20 4 Log 1620 20 1604 12.03 0.14 128 20 265 31.25 1.76
20 30 4 Log || 2420 20 3564 37.69 0.12 | 168 20 385 73.74 1.61
30 10 4 1240 40 498 2.51 0.12 78 40 125 7.19 1.80
30 20 4 2480 80 1698 16.56 0.14 | 118 80 245 58.04 1.76
30 30 4 3720 120 3698 53.32 0.13 | 158 120 365 217.72 1.63
30 10 4 Log || 1216 16 470 3.83 0.12 94 16 141 6.68 1.80
30 20 4 Log 2420 20 1634 2459 0.14 138 20 265 5435 1.76
30 30 4 Log || 3620 20 3594 90.93 0.13 | 178 20 385 155.09 1.63
10 10 6 644 58 647 2.80 0.27 82 60 187 15.08 2.58
10 10 6 Log 617 24 613 3.80 0.27 106 24 211 22.81 2.58
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