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Markov Decision Problems

Discrete time system.

An action chosen which makes

An instant reward.

A probability distribution on the state space.

Rewards and distributions may depend on the decision epoch.



Elements of the MDP

M := (S ,A ,{As : s ∈S },{Qt},{rt},{λt})

S , state space.

A , action space.

As. K= {(s,a) : s ∈S ,a ∈As}.

Qt, transition law on S , Qa,b
t (z|s).

rt, reward function . ra,b
t (s) .

λt, discount factor.



Strategies

History up to time n,

hn = (s0,a0,s1,a1, . . . ,sn−1,an−1,sn).

Markov strategy π = {fn}, fn ∈ P(A |Hn),

P(a|hn) = P(a|sn) .

Stationary strategy: π = {f , f , ...}= f .

Π, Πstat.



Performance Criteria

Vπ
N(s) = Eπ

s

[
rA0

0 (s)+
N−1

∑
t=0

λt−1 rAt
t (St)+λN−1 rN(SN)

]
.

With the convention λ−1 = 1, .

Vπ
N(s) = Eπ

s

[
N−1

∑
t=0

λt−1 rAt
t (St)+λN−1 rN(SN)

]
.

Vπ (s) = Eπ
s

[
∞

∑
t=0

λt−1 rAt
t (St)

]
,



Objectives on the MDP

Infinite-horizon,

π
∗(s) ∈ argm«ax

π
Vπ (s) .

π∗ optimal.

V∗(s) = sup
π∈Π

Vπ (s) value function.

ε > 0, πε , ε-optimal strategies

V∗(s)−Vπε (s)5 ε .

The same in finite horizon problems.



Works with Constant Discounts

Discrete spaces,

Kallenberg L., Finite state and action MDPS. Handbook of Markov
Decision Processes. Methods and applications, 2002.

Puterman L., Markov Decision Processes , 2005.

General spaces

Ross, S., Applied Probability Models with Optimization Applications,
1970.

Hernández-Lerma O., Lasserre J.B., Discrete-Time Markov Control
Processes, 1996.



Assumptions

Hipótesis

(a) S , Borel.

(b) As, compact.

(c) r·t(s), upper semicontinuous on As.

(d) |ra
t (s)|5 Mt and |rN(s)|5 MN .

(e) v bounded and meassurable a 7→
∫

v(y)Qa
t (dz|s) continuous on As.
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Idea

Constant discount, particular case, λτ = (α)τ .

(Tv)(s) = sup
a∈As

{
ra

t (s)+α

∫
S

v(z)Qa
t (dz|s)

}
,

α = ατ

ατ−1 .

Propose dynamic programming with factors λτ

λτ−1
.



Finite Horizon Result

Theorem 1

V0, V1,...,VN functions on S
VN(s) = rN(s) ,

Vn(s) = sup
a∈As

{
ra

n(s)+
λn

λn−1

∫
S

Vn+1(z)Qa
n(dz|s)

}
. (1)

There exist f ∗n , which in s in time n, maximizes (1).

π∗ = {f ∗0 , f
∗
1 , ..., f

∗
N−1} optimal.

V∗N = V0.
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Augmented Model

Hipótesis

(a) |ra
t (s)|5 M.

(b) λt 5 ρ λt−1, ρ < 1 .

M̃ := (S̃ , ˜A ,{ ˜As̃ : s̃ ∈ S̃ }, Q̃, r̃,{λ̃s̃, s̃ ∈ S̃ })

S̃ = S ×N0

˜A = A , ˜A(s,τ) = As.

r̃a(s,τ) = ra
τ (s).

Q̃a(z,τ ′|s,τ) =
{

Qa(z|s) if τ ′ = τ +1
0 si no

λ̃(s,τ) = λτ .
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Augmented Model

Π̃. Π̃stat.

1-1 correspondence strategies stationary on M̃ and Markov on M .

Ṽ π̃ (s,τ) :=
1

λ̃(s,τ−1)
Eπ̃

(s,τ)

[
λ̃(s,τ−1)r̃

Aτ (s,τ)+
∞

∑
t=τ+1

λ̃S̃t−1
r̃At (S̃t)

]

= r̃f̃τ (s,τ)+Eπ̃

(s,τ)

[
∞

∑
t=τ+1

λ̃S̃t−1

λ̃(s,τ−1)
r̃At (S̃t)

]
.

Optimal strategies and value function .

Ṽ∗(s,τ) expected optimal value from time τ , in s.

Ṽ∗(s,0) = V∗(s).
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Dynamic Programming Operators

M (S̃ ), B(S̃ ).

||v||∞ = sup
(s,τ)∈S̃

∣∣v(s,τ)∣∣, (B(S̃ ), || · ||∞) Banach space.

T,T f : B(S̃ )→B(S̃ ).

(Tv)(s,τ) = sup
a∈As

{
r̃a(s,τ)+

λ̃(s,τ)

λ̃(s,τ−1)

∫
S̃

v(z,τ ′)Q̃a(dz,τ ′|s,τ)

}
,

(T f̃ v)(s,τ) = r̃f̃ (s,τ)+
λ̃(s,τ)

λ̃(s,τ−1)

∫
S̃

v(z,τ ′)Q̃f̃ (dz,τ ′|s,τ) .



Results

Lema 1

T, T f̃ monotone and contractive on B(S̃ ), modulus ρ .

Lema 2

f̃ ∈ Π̃stat, Ṽ f̃ unique fixed point of T f̃ on B(S̃ ).

Theorem 2

Ṽ∗ unique fixed point of T,

Ṽ∗(s,τ) = sup
a∈As

{
r̃a(s,τ)+

λ̃(s,τ)

λ̃(s,τ−1)

∫
S̃

Ṽ∗(z,τ ′)Q̃a(dz,τ ′|s,τ)

}
.

There exists f̃ ∗ ∈ Π̃stat, which in (s,τ) ∈ S̃ maximizes rhs.

f̃ ∗ optimal,
T f̃ ∗ Ṽ∗ = Ṽ∗ , and Ṽ f̃ ∗ = Ṽ∗ .
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f̃ ∈ Π̃stat, Ṽ f̃ unique fixed point of T f̃ on B(S̃ ).

Theorem 2
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Policy Iteration Algorithm

PI1 n = 0, f̃0 ∈ Π̃stat.

PI2 ũn = Ṽ fn , punto fijo de T f̃n .

PI3 f̃n+1 ∈ Π̃stat, T f̃n+1 ũn = Tũn.

PI4 n := n+1, ir a PI2.

Theorem 3

ũn ↑ Ṽ∗.

If for some n ∈ N, ũn+1 = ũn, ũn = Ṽ∗ and f̃n optimal.
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Rolling Horizon Procedure

RH1 In τ , sτ , buscar

V∗τ,N(s) = m«ax
π

Eπ
s

[
τ+N−1

∑
t=τ

λt−1rAt
t (St)

]

s = sτ initial state. Get fN−1(sτ ).

RH2 Apply aτ = fN−1(sτ ).

RH3 Observe the state in τ +1: sτ+1.

RH4 Put τ := τ +1 and go to RH1.

Theorem 4

||Ṽ∗− ŨN ||∞ 5
2MρN

1−ρ
.
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Concluding Remarks

In Finite Horizon,

Characterization of the value funtion, Markov optimal strategy,
recurrence method.

Infinite-Horizon,

Existence and characterization of the value function and existence of
stationary strategies.

Approximation schemes to obtain value function and ε-optimal
strategies. Policy Iteration Algorithm, Rolling Horizon Procedure.
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