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Markov Decision Problems

m Discrete time system.

m An action chosen which makes

® An instant reward.

B A probability distribution on the state space.

m Rewards and distributions may depend on the decision epoch.



Elements of the MDP

M= (S A s € LA A} {A))

m .7, state space.

m o/, action space.

m . K={(s,a):s€.%,a¢c o}
m (O, transition law on ., Q?’b(z|s).
m r;, reward function . rf"b(s) .

m A, discount factor.



Strategies

History up to time n,

hi’l = (s07a0aslaa17"'7sn—17an—lvsn)'

m Markov strategy © = {f,.}, f, € P(<«/|H,),

P(alh,) =P(als,) .

m Stationary strategy: @ = {f,f,...} =f.

m IL Ty



Performance Criteria

Vii(s) =EF
t=0

N-1
700 (s)+ ¥ At 7 (Se) + Av rN(SN)] :

With the convention A_; =1, .

En:

Z Ay 7 (S) + Ay er(SN)] :

R [f A r?'(sg} ,
=0



Objectives on the MDP

m Infinite-horizon,
7" (s) € argmax V" (s) .
T

m 7" optimal.

m V*(s) = sup V7 (s) value function.
mell

m £ >0, me, €-optimal strategies

Vi(s)—V®(s) S €.

m The same in finite horizon problems.



Works with Constant Discounts

m Discrete spaces,

m Kallenberg L., Finite state and action MDPS. Handbook of Markov
Decision Processes. Methods and applications, 2002.

m Puterman L., Markov Decision Processes , 2005.

m General spaces

m Ross, S., Applied Probability Models with Optimization Applications,
1970.

m Hernandez-Lerma O., Lasserre J.B., Discrete-Time Markov Control
Processes, 1996.



Assumptions

Hipétesis

(a) &, Borel.

(b) 2, compact.

(c) r;(s), upper semicontinuous on .
(@ [F(5)| My and Iy ()] £ M.

(e) v bounded and meassurable a — [v(y)Q?(dz|s) continuous on ;.



Finite Horizon Problem



m Constant discount, particular case, A; = (o)7.

u
(Tv)(s) = sup {rf(s)—l—ot/ v(z)Qf(dz|s)} ,
ac g, %
" o= a",‘fl.
m Propose dynamic programming with factors fjl .



Finite Horizon Result

Vo, Vi,..., Vy functions on ./
Vn(s) =rn(s),

An .
Valo) = sup {6)+ 2 [ Vi )08kl | <1>

m There exist f;, which in s in time n, maximizes (1).

Tt = {f()k?f]*,--wf]t/_l} Optimal.

m Vy ="V



Infinite-Horizon Problem



Augmented Model

@ [rf(s)| =M.
® 4 =ph,p<l.



Augmented Model

(@) |rf(s)| =M.
™ A S pA_pp<l.

M= (P, {:5€ I},0F{ds5€ .}

|} j:yXNO
IJZZZJZ{,Q{L%T):JZ{S.
m (s, 7) = r{(s).

. (z|s if '=1+1
. Qa(Z7T,|S7T):{ 2 E)| ) si no

| | 2’(&’1‘) = A«T.



Augmented Model

| f[ ﬁstat-

m 1-1 correspondence strategies stationary on ./ and Markov on ..



Augmented Model

| f[ ﬁstat-

m 1-1 correspondence strategies stationary on ./ and Markov on ..

e 1 - & . D B AR
VE(s,1) = 7 Ef 5 AP (s,0)+ Y ;leerr(st)}
(s,7—1) t=7+1
-~ - o 1.. _
= 7ff(s,r)+IEfS7T> Z P ES ?“'(S,)} .
=1+1 Ms,7—1)

m Optimal strategies and value function .

m V*(s,7) expected optimal value from time 7, in s.

m V*(5,0) = V¥(s).



Dynamic Programming Operators

n A(F), B(S).
m ||V||e= sup |v(s,r)|, (B(7), |- ||-) Banach space.
(s,7)eS
n 1,7 B(F)— B(F).
)(s, T —sup{ (s,7) ”> / v(z,7)0%dz,T'|s, T)} ,
ac g sT 1)

(Tv)(s,7) = 7 (5,7) + “>/ vz, ©) (dz, 7']s, T)

s‘:l



RENI

T, T monotone and contractive on %(j ), modulus p.

Lema 2

f € Tsear, V unique fixed point of 7 on B(F).



T, T monotone and contractive on B (<77 ), modulus p.

Lema 2

f & Mgtat, V unique fixed point of 7/ on B(F).
m V* unique fixed point of T,

3 As,0)
7*(s,7) = sup{ (5, 7) + D / 7*(2, )0 (dz, 75, 1:)}.
acd (s,7—1)

m There exists f* € Ty, which in (s,T) € % maximizes rhs.
m f* optimal, ) )
TV =V, and V' =V*.



Approximations on Infinite Horizon



Policy Iteration Algorithm

PIl1 n= Ost € I‘:Istab
PI2 i, = V", punto fijo de /.
P13 fn—%—l S Ijstat’ Tf"“ i, = Tiy,.

Pl4 n:=n-+1,iraPI2.



Policy Iteration Algorithm

PIl1 n= Ost € ﬁstat~
PI2 i, = V", punto fijo de /.
P13 fn-&-l S I:Istat’ Ti"'“ i, = Tiy,.

PI4 n:=n+1,iraPI2.

m i, TV

m [ffor somen €N, it | = iy, ity = V* and f, optimal.



Rolling Horizon Procedure

RH1 In 7, 57, buscar
T+N-1
Tn(s) = max EY [ t; lt—lr?'(st)]
s = sz initial state. Get fy_ (s¢)-
RH2 Apply ar = fy—1(s7).
RH3 Observe the state in T+ 1: s741.

RH4 Put 7:= 7+ 1 and go to RH1.



Rolling Horizon Procedure

RH1 In 7, 57, buscar
T+N—1
Tn(s) = max EY [ t; lt—lr?’(st)]
s = sz initial state. Get fy_ (s¢)-
RH2 Apply ar = fy_1(s7).
RH3 Observe the state in T+ 1: s741.

RH4 Put 7:=7+1 and go to RHI1.

2MpN

V*— Uple < .
17"~ Ol £ 225




Concluding Remarks

m In Finite Horizon,

m Characterization of the value funtion, Markov optimal strategy,
recurrence method.

m Infinite-Horizon,

m Existence and characterization of the value function and existence of
stationary strategies.

m Approximation schemes to obtain value function and €-optimal
strategies. Policy Iteration Algorithm, Rolling Horizon Procedure.
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