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1. Introduction

Scheduling problems in which jobs are allowed to be split into
many parts and be processed independently and concurrently on
different machines naturally model situations in which jobs consist
of a large number of small identical operations. When processing a
job (or its small operations) the setup cost is negligible, while when
switching to a different job a setup time is required, during which
the machine cannot process or setup any other job (see Fig. 1). This
family of scheduling problems was introduced by Potts and Van
Wassenhove [9] to study batching and lot-sizing integrated with
scheduling decisions in manufacturing.

In this paper we consider a stylized version of the model in
which jobs can be arbitrarily split, introduced by Serafini [11]
as a scheduling model for the textile industry. More specifically,
our model considers a set M of m machines and a set J of n
jobs under two different machine environments: unrelated and
identical machines. In the unrelated machine setting, each jobj € |
has a machine dependent setup time s; and processing time py,
while for identical machines the processing and setup times are
machine independent, so p; = p;ands; = s;forallj € Jandi € M.
On the other hand, each jobj € J is associated with a nonnegative
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weight w; and the objective is to minimize the weighted sum of
job completion times. Thus, the problems studied are denoted by
R|split| Y~ w;C; (unrelated machines) and P|split| Y w;C; (identical
parallel machines).

A number of scheduling problems with split jobs are polyno-
mially solvable in the absence of setup times [11,13], however
when setup times are present these problems become NP-hard.
Indeed, Schalekamp et al. [10] show that P|split| > w;C; is NP-
hard even with uniform setup times (s; = s). They also design
a 2.781-approximation algorithm for the uniform setup time ver-
sion of P|split| ) C; and an exact polynomial time algorithm for
the case m = 2, though the complexity is open for m > 3. Xing
and Zhang [13] consider the problem of minimizing makespan on
identical machines with splitting jobs and setup times, P |split|Ciax,
obtaining a (1.75 — 1/m)-approximation algorithm. This was
later improved to an algorithm with a worst-case factor of 5/3
by Chen et al. [2]. Recently, Correa et al. [3] obtain a (2.618 +
&)-approximation algorithm for the case of unrelated machines,
R|split|Cnax. We refer to the survey by Allahverdi et al. [1] for fur-
ther related results.

In this paper, an outgrowth of [12], we first improve upon the
results of Schalekamp et al. [10], who design a greedy strategy
for P|split| > G and uniform setups. In their algorithm jobs are
sorted by their size and split among an appropriate number of
machines such that the job finishes the earliest. The algorithm
and its analysis combine the decision of how to split and how to
schedule simultaneously. This provokes extra technical difficulties
in the analysis. In a broad sense, the completion time of each job


http://dx.doi.org/10.1016/j.orl.2016.04.011
http://www.elsevier.com/locate/orl
http://www.elsevier.com/locate/orl
http://crossmark.crossref.org/dialog/?doi=10.1016/j.orl.2016.04.011&domain=pdf
mailto:correa@uchile.cl
mailto:victor.verdugo@ens.fr
mailto:jverschae@uc.cl
http://dx.doi.org/10.1016/j.orl.2016.04.011

470 J. Correa et al. / Operations Research Letters 44 (2016) 469-473

‘sj| (I -a)p; ‘

o] e

Fig. 1. Example where a job is split in two pieces.

is bounded by using the average load of jobs processed before it.
The bound on the total cost obtained by this method naturally
yields a term that depends purely on the processing time of jobs,
and another depending on the setup times. Afterwards, each term
is bounded separately. Bounding the term related to the setup
times requires some technical effort and it is not clear how to
generalize it to other cases, for example, for weighted jobs or
job-dependent setup times. In contrast, we propose a simple but
new splitting scheme that separates the decision of splitting and
scheduling. This provides a more robust strategy that extends
naturally to different problem specifications and yields very clean
and simple arguments. Specifically we split jobs into uniform
pieces of size essentially equal to the setup. We then interpret
the problem we are left with as a problem of scheduling orders,
where orders correspond to jobs and jobs correspond to pieces,
and by applying existing machinery [7,8] we obtain a factor 4
approximation algorithm for P|split| ) w;C;, which improves to
(2+e¢) if the setups are uniform, and further to 2 if also the objective
is unweighted. In the latter case the analysis becomes remarkably
simple.

To wrap-up we consider the most general version of the
problem for which we can design a constant factor approximation
algorithm. This turns out to be the unrelated machine problem
R|split, ;| >~ w;G; in which additionally jobs have machine-
dependent release dates. In this setting the splitting concept is that
of Correa et al. [3] where if a fraction x; of job j is assigned to
machine i it requires time x;;p;; + s;; to be processed.

2. Identical machines

Clearly in the identical machine case we can consider that
Pj, Wj, Sj € Z4. Recall that a job may be split into several parts,
which can be processed simultaneously on different machines and
before processing any part of a job a setup time is required, during
which the machine cannot process or setup any other job. These
setup times affect G, the completion time of jobj € J, and therefore
also ) ;; wiGj, the objective to be minimized.

2.1. Splitting jobs into orders

Key to our algorithms is a rule that pre-specifies the splitting
pattern of every job j. If a job j has a positive setup time, the
rule splits the job into parts of size s;, which together with their
setups need a total processing time of 2s; each. If the setup time is
zero, the rule splits the job into m parts of size p;/m. The variant
obtained, where jobs are split and each part is not splittable, can
be interpreted as the following scheduling problem with orders.
Consider a set of jobs J that is partitioned into sets L{ U --- U L
with L N Ly = @ for all s # s'. Each set Ls corresponds to an
order, thatis completed when the last of its jobs is completed. Thus,
the completion time of order L is C; := max{G; : j € L}. Given
weights w; € Z for each order L, we aim to find a schedule on
m machines that minimizes ), w;C;. We denote this problem as
P|part| Z wiCy [4]

Given an instance I of P|split| ) w;C;, we transform it to an
instance I’ of P|part| ) w;C, as follows: each job with s; > 0 is
split into [p;/s;] parts, each of size 2s;. A job j with s; = 0 is split
into m parts of size p;/m. Together, the parts of a given job j are
interpreted as an order L; where the parts correspond to jobs and
the weight of L; is wy; := wj. We remark that the number of jobs

in I’ might be pseudo-polynomial. In Section 2.2 we discuss how
we deal with this technical issue. The next two lemmas show how
to transform feasible schedules for an instance I of P|split| > w;C;
into schedules for the transformed instance I’ of P|part| > w,C;
and back.

Lemma 1. A feasible schedule for I’ with completion times Gy can
be transformed into a feasible schedule to I with completion times
G < Gy foreachj € J.

Proof. Consider a feasible schedule for I'. Since each job in L; has
processing time 2s;, we can use the time slots occupied by jobs in L;
to process job j. In this slot we can schedule the setup time s; plus
s; processing time units of job j. The chosen number of [p;/s;] parts
for job j guarantees that job j can be processed for s; - [p;/s;j1 > p;
units of time, and thus fully completed before . O

Lemma 2. A feasible schedule for I with completion times C; can
be transformed into a feasible schedule for I’ with completion times
CLj < 2G; foreachj € ].

Proof. By a simple swapping argument, we can restrict ourselves
to consider a schedule for I that processes each job contiguously
on each machine. Let t;; be the amount of time used to schedule job
j on machine i (without considering the setup). We will see that
duplicating the total time spent to process job j on each machine i,
that is s;; + tj;, is enough to process the complete order L;.

If the job j has a positive setup time, doing this gives a total of
2(sj + ty) = 2s; (14 t/s;) > 2s;[t/s;] units of time available for
order L; on machine i. Hence, we can process at least [t;;/s;] jobs of
L; on machine i. For this case, the lemma follows by noticing that
the total number of jobs of L; that we can process is

E {z f] - [2] =
iem | Si iem Si Sj

When the job has a setup time equal to zero, by duplicating the
time we obtain a total of 2t; > (p;/m) - [2m - t;j/p; — 17 units of
time available for order L; on machine i. Therefore, we can process
[2m - t;/p; — 1] jobs of order L; on machine i and thus in total we
can process at least m jobs of L;:

1)—‘ =m. O

2m- tij —‘ <2m - G
- -1 > - 4 _
> (™
Corollary 3. For any « > 1, an «a-approximation algorithm for

ieM p; ieM
Plpart| > w.C, implies a pseudo-polynomial 2a-approximation al-
gorithm for P|split| > w;C;.

The last result is an immediate consequence of Lemmas 1 and 2
and it naturally raises the question of whether the proposed way
of splitting can be done more effectively. We show that if each
job is split into several parts independently to the rest of the
instance, then our splitting procedure is best possible regarding
the worst-case loss in the objective function. More precisely,
we say that F(-,-) is a splitting function if F(p,s) is a vector
(1D, 5), - - -, frps) (P, $)) such that Zz(jf)ﬁg(p, s) = p. Then, any
splitting function defines a feasible way of splitting jobj in r (p;, s;)
many pieces, of sizes s; + fy(p;, 5;) for £ € {1, ..., r(p;, s)}.

Lemma 4. Consider an instance of P|split| ) w;C and a splitting
function F. If each job is split according to F, then there exists an
instance for which the transformation increases the optimal value by
a factor of at least 2.



J. Correa et al. / Operations Research Letters 44 (2016) 469-473 471

Proof. Consider a single job with processing time p € Z, and
setup time s = 1. Suppose there exists an entry in F(p, s) with
value f > 1and there are m = p? machines. Any solution with this
splitting has a cost of at least 1 + f > 2. In an optimal schedule
the job is split uniformly over the p> machines achieving a cost of
14 1/p. Therefore, the splitting scheme induced by F increases the
cost by at least a factor of 2/(1 + 1/p), which converges to 2 when
p — Q.

Now suppose that every entry in the vector F(p, s) is at most
a < 1, which implies that r(p, s) > p/«. If the instance contains
a single machine, then the cost of scheduling the pieces on the
machine is at least p/« + p. In an optimal schedule the job is not
split, yielding a cost of 1 + p. We obtain that cost increases by a
factor of at least

p/a+p
1+p

2p p—>00
i
1+p

2. O

2.2. A 4-approximation for P|split| Y w;C;

Now we obtain a 4-approximation algorithm for the general
P|split| > w;C; problem using Corollary 3 and a result of Leung
etal. [7] for P|part| }_ w,C;.

Leung et al. [7] design a list-scheduling algorithm for R|part|
> w;C; which specialized to the identical parallel machine setting
leads to a 2-approximation algorithm. The algorithm works as
follows. First relabel the orders such that p(Ly)/w;, < --- <
p(Ly)/wy,, where p(L) := Zja pj. Foreachk = 1,...,n, take all
jobs in Ly in arbitrary order and schedule them iteratively in the
machine with the smallest load. In the instance of P|part| Y w;C;
constructed in Corollary 3 the number of jobs is pseudopolynomial
and all jobs within an order have the same processing time.
We now argue how we can use this fact in order to implement
this algorithm in polynomial time. In this setting, a schedule is
described by specifying the number of jobs ny of each order L
assigned to machine i.

Lemma 5. The list-scheduling algorithm by Leung et al. [7] can
be implemented in polynomial time if all jobs in an order have
the same processing times and the number of jobs per order is
pseudopolynomial.

Proof. Let us assume that we have scheduled orders Ly, ..., L1,
and let T; be the completion time (load) of machine i in that
schedule. We denote by C; the completion time of order L in the
list-scheduling algorithm and by py, the processing time of a job in
L. We notice the following property: after scheduling order L, each
machine that processes a job in Ly has load in [C; — px, Ci]. Thus,
we have that

Go—p—T [CG—pc—T;
Ny € HV k — Pk 1—‘7’7 k Dk 1—‘+]}.
Pk Dk

Consider the function h(C) = »;,,[(C — px — T;)/p«1, which
is an estimate of the number of jobs of size p; that can be used
to greedily schedule jobs having a completion time at most C. In
particular it holds that 0 < |Ly| — h(C,) < m. Moreover, we know
that min;cy T; < G < min;epy T;+ |L|pk. Since h is non-decreasing,
by running a binary search procedure we can find C* such that
ILy| —m < h(C*) < |L|. Then we assign [(C* — pr — T;)/p«|
many jobs of L, to each machine i. The at most m missing jobs in L
can be assigned greedily. O

We conclude the following result.

Theorem 6. The problem P|split| ) w;C; admits a 4-approximation
algorithm.

2.3. Uniform setup times

We now turn to the special case in which the setup times
are independent of the jobs. For the corresponding problem with
orders, this translates into the case in which all jobs have the same
processing times, P|p; = p, part| ) w;C;. In what follows we argue
that this problem admits a PTAS. To this end we first prove that
for P|p; = p, part|)_ w.C we can focus on solutions given by
a list-scheduling algorithm. However, unlike the list-scheduling
algorithm studied in Section 2.2, the sequence of orders is not
necessarily given by Smith’s rule. Without loss of generality we
assume thatp = 1.

Lemma 7. For each instance of P|p; = 1, part| Y_ w,C; there exists
a list-scheduling optimal solution.

Proof. Consider an optimal schedule S with completion times C;
and relabel the orders such that ¢, < G, < --- < (. We
feed the list-scheduling algorithm with the sequence of orders
Ly, ..., L,. The completion time of order L; in this schedule is CL’j =

f% Zki, |Lk|1. On the other hand, in the original schedule S all the
orders Ly, ..., L; have been completed up to time CLj, and then we

have that mCy; > sti |Ly|. Because of the integrality ofCLj it holds
that ¢, > [+ p Lel] = G- O

Lemma 7 teaches us an important lesson. Optimal solutions
to P|p; = p, part| Y w,C are characterized by the sequence of
orders. We next show that we can further reduce the problem
to a single machine problem with a non-linear objective, namely

> wilG/m].

Lemma 8. The instances of P|lp; = p, part| Y w;C, are in a cost-
preserving one-to-one correspondence to instances of 1 || > wj

[G/m].

Proof. We map each instance I, of the problem with orders to
an instance I; for the single machine problem as follows. Each or-
der L of I, corresponds to a job j(L) in I; with processing time |L|
and weight w;. Clearly this mapping is bijective. By Lemma 7 we
know that there exists an optimal schedule for I, given by a list-
scheduling algorithm. Let L+, ..., L, be any sequence of orders. If
we schedule the jobs in I according to this sequence, the total
cost is

n CLj B n 1
Zij m —Zij EZILH )
j=1 j=1 k<j

which coincides with the cost of the solution for I, following the
corresponding list-scheduling solution. Thus, any solution for I is
in one-to-one correspondence to a list-scheduling solution I, of
equalcost. 0O

With Lemma 8 we can design approximation algorithms for
the single machine problem, which turns out to be strongly NP-
hard [6], and then transfer them to the problem with orders. To this
end we use the PTAS for 1 || Zj wjf (Gj), where f is any computable
non-negative non-decreasing function, obtained by Megow and
Verschae [8], and directly obtain a PTAS for P|p; = p, part| Y_ w;C,
and a (2 + e)-approximation algorithm for our split job problem
with uniform setup times.

We remark that the fact that the transformation in Corollary 3
creates a pseudopolynomial number of jobs per order does not
affect the polynomiality of the algorithm just described. Indeed,
the number of jobs in the instance of P|p; = p, part| > w,C
corresponds to the processing time of jobs of the instance of 1 ||
> w;f (Gj), which can be described with polynomially many bits.
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Theorem 9. There exists a (2 + ¢)-approximation for the problem
with splittable jobs and equal setup times.

Finally, when all setup times are equal and all weights are
unit, i.e., P|s; = s, split| Y_ C;. The same reasoning allows us to
reduce the problem to 1 | Y [Cj/m] by losing a factor of 2
in the approximation guarantee. For the latter problem a simple
swapping argument amounts to conclude that the SPT rule yields
an optimal schedule, and therefore we obtain a 2-approximation
algorithm.

Theorem 10. The split scheduling problem admits a 2-approximation
in the case of uniform setup times and uniform weights.

3. Unrelated machines

We now focus on the unrelated machine case, R|split| ) w;C;.
Here, a fraction y of job j on machine i uses s;; + y - p;; time units
in total. We consider the problem even under machine-dependent
release dates r;; for each machine—-job pair i, j. For technical reasons
we scale the processing times and setups such that p; > m for all
nonzero p;’s. Additionally, also by scaling, we can assume that if
pij = 0 thens; > 1. Thus, any feasible solution satisfies G; > 1 for
allj.

Our algorithm is based on an interval-indexed LP relaxation
introduced by Hall et al. [5] and the extension in [4]. Let T be an
upper bound on the makespan of the optimal schedule, e.g., T =
> i Ti+si+pi. Given 1 < o < 2, let g be such thata?~' > T. We
partition the time axis in intervals [7o, 1], (71, T2, . . ., (Tg—1, Tq],
where 1, = 1and 7, = o*~'. Our LP-relaxation considers variables
Yiik € [0, 1] that represent the fraction of job j that finishes at
interval (ti_1, 7¢] for each k > 2, and y;;; represents the fraction
of job j finishing in [0, 1]. In what follows when it is not specified
krangesin {1,...,q},irangesin M andj € J.

min E w;G
i

s.t. Zyijk =1 forallj, (1)
ik
Z Zyijg(p,-j + i) <7 forallk,i, (2)
j €<k
Zyijkfk_‘] <G forallj, (3)
ik
yijk =0 foralli,j, k:rj > 7 ors; > 1, (4)

Yiik > 0 foralli,j, k.

Itis easy to see that (1), (2),and (4) are valid inequalities for our
problem. To see also that (3) is valid notice that for all k we have
that 7y_; < G if y; > O: this holds by definition of yj for k > 2
and because G; > 1 for k = 1. Thus (3) follows by (1). Hence, the
previous LP is a relaxation to our problem.

Consider an optimal solution (y;) and (Cj”’)j of this LP.
Our rounding technique consists of two steps. First, since the LP
solution can process a fraction of job j at a time much larger
than Cj”’, we truncate the solution so that no job finishes later

than y - G*/(y — 1), for some y > 1 that will be chosen
appropriately. Unfortunately, the resulting fractional solution it is
still not a feasible schedule since the LP only reserved a fraction of
the needed setup for each piece of a job. To overcome this difficulty,
we interpret each interval-machine pair (i, k) as a machine and
round using the technique of [3] that studies the split job problem
in the minimum makespan setting. It is worth mentioning that
both transformations maintain variables y;; = 0 untouched, and

thus (4) is always satisfied. Finally we construct the final schedule
with a greedy algorithm based on the rounded LP solution.

The next lemma specifies how to truncate the solution given by
the LP.

Lemma 1l Let y > landY; = 3, . _ c» Vi for each job j.
ket 1<y C
Then,
) 0 if er > v - G,
Yige = .
o i/ Vi fu—1 =<y CjLP,
satisfies (1) and (4). Also, (2) is satisfied if the right-hand-side is
multiplied by y /(y — 1).

Proof. The vector y’ satisfies (1) and (4) by definition. We will
show that for all i, j, k it holds that y;jk < Vi - ¥/(y — 1). This
is enough to conclude the lemma since y satisfies (2). Notice that

Y= —D/y,

E YijkTk—1 = E
ik

ikne1zy P

yie v -G =yGTA-Y) > G",

contradicting (3). We conclude that y,fjk <yi/Y; < Yig-v/(y =1
for all i, j, k, which implies the lemma. O

We further round the solution by using the following recent
result for R|split|Cyax, implicitly proven in [3]. The theorem gives
a way of rounding a fractional solution into a fractional solution
in which the setups are fully considered, while the total load of the
machine is at most twice the original fractional load plus one setup.

Theorem 12 ([3]). Consider an instance of R|split|Cpax. For any non-
negative assignment vector x such that ), x; = 1 for all j, there exists
a non-negative solution X such that: ) ", %; = 1 foreachj, if x; = 0
then x;; = 0, and for each machine i

Z (Xijpij + Si) <2 inj(pij + i) +jgl}ja>)§)5ij.

_])'ZU >0 j

The next step of our algorithm consists in interpreting a
machine-interval pair as a machine in the previous theorem and
applying it to solution y’ given by Lemma 11. This leads to a
solution y satisfying for all i, k:

Z G - pij +5j) <2 ZJ/,{]-k(Pij +sp) + max s

Fi=0 j Ve

<2 i+ sp) + T (5)
J

where the last inequality follows from (4) since ylfjk > 0 implies
thaty,»jk > 0.

Let y = {j : ¥y > 0}. The final step of the algorithm is
the following. For every k = 1, ..., q and every machine i, our
algorithm takes each job j (in arbitrary order) in J; and processes its
setup time s; and a fraction of y;j as early as possible while obeying
the release dates.

Theorem 13. The problem R|r;, split| Zj w;G admits a 19.7864-
approximation algorithm.

Proof. Let 7, = 1/(¢ — 1) + Y4_;(2 Y, jue(pij + Si) + ). We
prove that all pieces of jobs corresponding to J; can be completely
processed (including setup) within [tx_1, T¢]. Indeed, for allj € Ji,
we have that y;3 > 0 and thus y > 0, which in turn implies that
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rj < T by (4). Thus, since 1 < o < 2, we have that
o1 -1 1 +"‘1 -

i <t = T < Tg—1-
U_k_a—l oa—1 a—1 t=

~
Il

1

Therefore all jobs in Jj are available at time 7,_;. Moreover, since
T — Ty = 2 Zj yl{jk (pij+5ij) + t, Eq. (5) implies that all the pieces
in Ji, together with their setups, can be processed within [Ty_1, Ti].
Hence, all pieces of Jj are finished by time

E a11+22

k
=1

> Viplpi + i) + T
]

IA

14

<af2-Y + ad
al2—— Th1.
= v 1 a—1 k=1

Here, the first inequality follows since by Lemma 11 y’ satisfies
(2) with the right-hand-side amplified by a factor y /(y — 1), and
the second by the definition of t;. We conclude that all pieces of

1 y k
2 T T
Ol—1+ _1k+;€

ajobj e Ji finish by time « (2% + ﬁ) Tx—1. Moreover, if
j € Ji then ¥ > 0, and thus by Theorem 12 ygjk > 0. By the
definition of y' in Lemma 11 this implies that 7,_; < y - Cj“).
Therefore job j is completely finished by time ya(Z# +:25)G"
Choosing @ = 1.39775 and y = 1.60225 we obtain that each job j
finishes by times 19.7864 - CjLP and thus the overall cost is at most
19.7864 ), w;Gi". O

The values of o and y are computed numerically in order
to approximately minimize the approximation factor. The exact

optimal values cannot be determined analytically since they
correspond to the solutions of higher order polynomial equations.
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