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t. S
heduling jobs on unrelated parallel ma
hines so as to minimize makespan is one ofthe basi
 problems in the area of ma
hine s
heduling. In the �rst part of the paper we prove that thepower of preemption, i. e., the worst-
ase ratio between the makespan of an optimal nonpreemptiveand that of an optimal preemptive s
hedule, is at least 4. This mat
hes the upper bound proposedby Shmoys and Tardos two de
ades ago (see Lin and Vitter [27℄). In the se
ond part of the paper, we
onsider the more general setting in whi
h orders, 
onsisting of several jobs, have to be pro
essed onunrelated parallel ma
hines so as to minimize the sum of weighted 
ompletion times of the orders.We obtain the �rst 
onstant fa
tor approximation algorithms for the preemptive and nonpreemptive
ases, improving and extending a re
ent result by Leung et al. Finally, we study this problem in aparallel ma
hine environment, obtaining a PTAS for several spe
ial 
ases.1. Introdu
tionWe 
onsider the 
lassi
al s
heduling problem of minimizing the makespan on unrelated parallelma
hines. In this problem we are given a set of jobs J = f1; : : : ; ng and a set of ma
hines M =f1; : : : ;mg to pro
ess the jobs. Ea
h job j 2 J has a pro
essing requirement of pij units of time onma
hine i 2 M . Every job has to be s
heduled without interruption on exa
tly one ma
hine, andea
h ma
hine 
an pro
ess at most one job at a time. The obje
tive is to minimize the makespanCmax := maxj2J Cj, where Cj denotes the 
ompletion time of job j. In the standard three-�elds
heduling notation (see, e. g., Lawler et al. [21℄) this problem is denoted by RjjCmax.In a seminal work, Lenstra, Shmoys, and Tardos [23℄ present a 2-approximation algorithmfor RjjCmax and show that the problem is NP-hard to approximate within a fa
tor better than3=2. On the other hand, Lawler and Labetoulle [20℄ 
onsider a linear relaxation of an integerprogramming formulation of RjjCmax, and show that it is equivalent to its preemptive version. Inthis setting, denoted RjpmtnjCmax, jobs 
an be interrupted and resumed later on the same or adi�erent ma
hine. Naturally, the 
orresponding linear program 
an be used as a lower bound fordesigning approximation algorithms for RjjCmax. Indeed, Shmoys and Tardos (
ited as personal
ommuni
ation in [27℄) present a rounding pro
edure showing that the integrality gap is at most 4.Equivalently, this result shows that the power of preemption [6, 31, 32℄, the worst-
ase ratio betweenthe makespan of an optimal preemptive and an optimal nonpreemptive s
hedule, is at most 4.Interestingly, it has been unknown whether this bound is tight. In this paper we answer thisquestion on the positive, devising a lower bound showing that the power of preemption is exa
tly 4.The proof of the lower bound relies on a re
ursive 
onstru
tion, where in ea
h iteration the gap ofthe instan
e is in
reased.In the se
ond part of the paper, we apply a variant of the Shmoys and Tardos' roundingpro
edure to a problem of s
heduling orders of jobs. In this setting, 
lients pla
e orders, 
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2 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAEof several produ
ts, to a manufa
turer owning m unrelated parallel ma
hines. Ea
h produ
t hasa ma
hine dependent pro
essing requirement. The manufa
turer has to �nd an assignment ofprodu
ts to ma
hines (and a s
hedule on ea
h ma
hine) so as to give the best possible servi
e to his
lients. More pre
isely we are given a set of ma
hines M = f1; : : : ;mg, a set of jobs J = f1; : : : ; ngand a set of orders O � 2J , su
h that SL2O L = J . Ea
h job j 2 J takes pij units of time tobe pro
essed on ma
hine i 2 M , and ea
h order L has a weight wL depending on its importan
e.Also, job j has ma
hine-dependent release dates rij, i. e., it 
an only be pro
essed on ma
hine iafter time rij. An order L 2 O is 
ompleted on
e all its jobs have been pro
essed. Therefore, if Cjdenotes the 
ompletion time of job j, CL := maxj2LCj denotes the 
ompletion time of order L.The goal of the manufa
turer is to �nd a nonpreemptive s
hedule on the m available ma
hines so asto minimize the sum of weighted 
ompletion times of orders, i. e., minPL2O wLCL. Let us remarkthat in this general framework orders might not be disjoint, and therefore one job may 
ontributeto the 
ompletion of more than one order. Adopting the standard three-�eld s
heduling notationwe 
all this problem RjrijjPwLCL, or RjjPwLCL in 
ase all release dates are zero. When weimpose the additional 
onstraint that orders are disjoint we will add the entry part to the se
ond�eld.In this paper we give a 27/2-approximation algorithm for Rjrij jPwLCL, improving upon thework of Leung, Li, Pinedo, and Zhang [25℄, and a (4+")-approximation algorithm when preemptionis allowed. This is a
hieved by 
onsidering the interval indexed linear programming relaxationsproposed by Dyer and Wolsey [12℄ and Hall, S
hulz, Shmoys, and Wein [15℄, and then applying therounding te
hnique used to upper bound the power of preemption in RjjCmax. Finally, we designa polynomial time approximation s
heme (PTAS) for P jpartjPwLCL, when either the numberof ma
hines, the number of orders, or the number of jobs per order is 
onstant. Our algorithmgeneralizes the PTASs by Ho
hbaum and Shmoys [16℄ for minimizing the makespan and by Skutellaand Woeginger [34℄ for minimizing the sum of weighted 
ompletion times on parallel ma
hines. Thisresult 
omplements the 2-approximation algorithm for P jjPwLCL of Leung, Li, and Pinedo [24℄and Yang and Posner [39℄.1.1. Relation to other s
heduling problems.Unrelated ma
hines. It is easy to see that this setting generalizes several 
lassi
al ma
hines
heduling problems. In parti
ular, our problem be
omes RjjCmax if there is only one order. Thus,it follows from [23℄ that RjjPwLCL 
annot be approximated within a fa
tor better than 3=2,unless P = NP . On the other hand, if orders are singletons, our problem be
omes RjjPwjCj. Asin the makespan 
ase, this problem is known to be APX-hard [17℄, and therefore there is no PTAS,unless P = NP . Using randomized rounding te
hniques based on a 
onvex quadrati
 relaxation,Skutella [35℄ proposes an approximation algorithm for this problem with performan
e guarantee3=2 in the 
ase without release dates, and 2 in the more general 
ase. However, for the moregeneral setting RjrijjPwLCL, there is no 
onstant fa
tor approximation algorithm known. Thebest known result is due to Leung et al. [25℄. They obtain an approximation algorithm for thespe
ial 
ase of related ma
hines without release dates, denoted QjjPwLCL, where pij = pj=si andsi > 0 is the speed of ma
hine i. The performan
e ratio of their algorithm is 1+�(m�1)=(�+m�1),where � denotes the ratio of the speed of the fastest ma
hine to that of the slowest ma
hine. Ingeneral, this guarantee is not 
onstant and 
an be as bad as m=2.Con
urrent open shop. Our problem also generalizes 
on
urrent open shop s
heduling problemsthat have re
eived attention re
ently (see, e. g., [8, 9, 26, 29, 5℄). In this setting, ea
h job has mparts, one to be pro
essed by ea
h ma
hine. Parts of jobs 
an be pro
essed simultaneously ondi�erent ma
hines. Here, pij denotes the pro
essing time of the ith part of job j that needs tobe pro
essed on ma
hine i. The 
ompletion time Cj of job j is the time by whi
h all of its partshave been 
ompleted. The goal is to minimize the sum of weighted 
ompletion times PwjCj .Thus, in our setting, orders 
orrespond to jobs, while jobs 
orrespond to parts. Besides proving



THE POWER OF PREEMPTION ON UNRELATED MACHINES 3that the problem is NP-hard, Chen and Hall [8℄ and Leung, Li, and Pinedo [26℄ independentlygive a simple 2-approximation algorithm based on a linear programming relaxation. Mastrolilli,Queyranne, Svensson, and Uhan [29℄ derive a 
ombinatorial 2-approximation algorithm, and showthat the problem is inapproximable within a fa
tor of 6=5 � ", unless P = NP . Re
ently Bansaland Khot [5℄ show the tightness of the previous 2-approximations, assuming the Unique GamesConje
ture.Parallel ma
hines. For the spe
ial 
ase of identi
al parallel ma
hines, our problem P jjPwLCLalso generalizes P jjCmax and P jjPwjCj . These two problems are well known to be NP-hard,even for the 
ase of only two ma
hines. For the makespan obje
tive, Graham [14℄ shows thata simple list s
heduling algorithm yields a 2-approximation algorithm. Furthermore, Ho
hbaumand Shmoys [16℄ present a PTAS for the problem. On the other hand, for the sum of weighted
ompletion times obje
tive, several approximation algorithms have been proposed until Skutellaand Woeginger [34℄ �nally presented a PTAS (see also [1℄).Single ma
hine. For the even more restri
ted setting of a single ma
hine, the two previouslymentioned problems 1jjCmax and 1jjPwjCj 
an be easily solved, the �rst one by any feasiblesolution with no idle time, and the se
ond one by applying Smith's rule [36℄. However, theproblem 1jjPwLCL is not only NP-hard, but also has the same inapproximability threshold as1jpre
jPwjCj. For the latter problem, a partial order � on the set of jobs is given, meaning thatjob j must be pro
essed before job k if j � k. Indeed, Woeginger [38℄ showed that the approx-imability threshold of 1jpre
jPwjCj equals that of the same problem when the pre
eden
e graphis bipartite and all jobs on the right-hand-side of the partition have zero pro
essing time while alljobs on the left have zero weight. This type of instan
es of 1jpre
jPwjCj are in an approximationpreserving one-to-one 
orresponden
e with 1jjPwLCL by simply mapping ea
h order to a job onthe right side of the partition together with its prede
essors.The s
heduling problem 1jpre
jPwjCj has attra
ted mu
h attention sin
e the sixties. Lenstraand Rinnooy Kan [22℄ show that this problem is strongly NP-hard, even for the spe
ial 
ase of unitweights. On the other hand, several 2-approximation algorithms have been proposed [15, 10, 7,28℄. Furthermore, the results in [2, 11℄ imply that 1jpre
jPwjCj is a spe
ial 
ase of the VertexCover Problem. However, hardness of approximation results were unknown until re
ently Amb�uhl,Mastrolilli, and Svensson [3℄ proved that there is no PTAS unless NP-hard problems 
an be solvedin randomized subexponential time. Furthermore, Bansal and Khot [4℄, showed that a strongerversion of the Unique Games Conje
ture [18℄ implies that 1jpre
jPwjCj is inapproximable withina fa
tor 2� ".1.2. Outline of the paper. In Se
tion 2 we brie
y present the rounding te
hnique by Shmoysand Tardos [27℄. In Se
tion 3 we exhibit our instan
e showing the tightness of this roundingpro
edure. Se
tions 4 and 5 are 
on
erned with the design of approximation algorithms forRjrij ; pmtnjPwLCL and its nonpreemptive variant RjrijjPwLCL. In Se
tion 6, we start by givingan alternative analysis of the algorithm by Leung et al. [24℄ and Yang et al. [39℄ by using a 
lassi
linear programming framework. Then we give a PTAS for the spe
ial 
ases of P jpartjPwLCLpreviously des
ribed. 2. A Simple Rounding Te
hniqueWe start by brie
y dis
ussing the rounding for RjjCmax given in [27℄. This algorithm takes anypreemptive s
hedule with makespan C, and turns it into a nonpreemptive s
hedule with makespanat most 4C.As shown by Lawler and Labetoulle [20℄, RjpmtnjCmax is equivalent to the following linearprogram, whose variables xij denote the fra
tion of job j that is being pro
essed on ma
hine i, andC denotes the makespan of the solution:



4 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAEmin Cs. t. Xi2M xij = 1 for all j 2 J;[LL℄ Xj2J pijxij � C for all i 2M; (1)Xi2M pijxij � C for all j 2 J; (2)xij � 0 for all i; j:Let (xij) and C be any feasible solution to [LL℄. To round this fra
tional solution we pro
eedin two steps: First, we eliminate fra
tional variables whose 
orresponding pro
essing time is toolarge; then, we use the rounding te
hnique developed by Shmoys and Tardos [33℄ for the generalizedassignment problem. In the generalized assignment problem, we are given m ma
hines and n jobswith ma
hine dependent pro
essing times pij. We also 
onsider a 
ost of assigning job j to ma
hinei, denoted by 
ij . Given a total budget B and makespan C, the question is to de
ide whether thereexists a s
hedule with total 
ost at most B and makespan at most C. The main result of [33℄ issubsumed in the next theorem.Theorem 1 (Shmoys and Tardos [33℄). Given a nonnegative fra
tional solution to the followingsystem of inequalities:Xj2J Xi2M 
ijxij � B; (3)Xi2M xij = 1; for all j 2 J; (4)there exists an integral solution x̂ij 2 f0; 1g satisfying (3),(4), and also,xij = 0 =) x̂ij = 0 for all i 2M; j 2 J; (5)Xj2J pijx̂ij � Xj2J pijxij +maxfpij : xij > 0g for all i 2M:Furthermore, su
h integral solution 
an be found in polynomial time.To pro
eed with our rounding, let � > 1 be a �xed parameter that we will spe
ify later. We�rst de�ne a modi�ed solution x0ij as follows:x0ij = (0 if pij > �C;xijXj else, where Xj = Xi:pij��C xij for all j 2 J:Note that, 1�Xj = Xi:pij>�C xij < Xi:pij>�C xij pij�C � 1=�;where the last inequality follows from [LL℄. Therefore, x0ij satis�es that x0ij � xij�=(� � 1) for allj 2 J and i 2M , and thusPj2J x0ijpij � C�=(��1) for all i 2M . Also, note that by 
onstru
tionPi2M x0ij = 1 for all j 2 J , and x0ij = 0 if pij > �C: Then, we 
an apply Theorem 1 to x0ij (for
ij = 0), to obtain a feasible integral solution x̂ij to [LL℄, and thus a feasible solution to RjjCmax,su
h that for all i 2M ,Xj2J x̂ijpij �Xj2J x0ijpij +maxfpij : x0ij > 0g � �� � 1C + �C = �2� � 1C:



THE POWER OF PREEMPTION ON UNRELATED MACHINES 5Therefore, by optimally 
hoosing � = 2, the makespan of the rounded solution is at most �2=(� �1) = 4 times the makespan of the fra
tional solution.3. Power of Preemption for RjjCmaxWe now give a family of instan
es showing that the integrality gap of [LL℄ is arbitrarily 
lose to4. Surprisingly, this implies that the rounding te
hnique showed in the last se
tion is best possible.Note that this is equivalent to saying that the optimal nonpreemptive s
hedule is within a fa
torof 4, and no better than 4, of the optimal preemptive s
hedule.Let us �x � 2 [2; 4), and " > 0 su
h that 1=" 2 N. We now 
onstru
t an instan
e I = I(�; ")su
h that its optimal preemptive makespan is at most (1+")C, and that any nonpreemptive solutionof I has makespan at least �C. The 
onstru
tion is done iteratively, maintaining at ea
h iterationa preemptive s
hedule of makespan (1 + ")C , and where the makespan of any nonpreemptivesolution is in
reased at ea
h step. Due to the equivalen
e between [LL℄ and RjpmtnjCmax we 
anuse assignment variables to denote preemptive s
hedules.Base 
ase. We begin by 
onstru
ting an instan
e I0, whi
h will later be our �rst iteration. Tothis end 
onsider a set of 1=" jobs J0 = fj(0; 1); j(0; 2); : : : ; j(0; 1=")g and a set of 1="+1 ma
hinesM0 = fi(1); i(0; 1); : : : ; i(0; 1=")g. Every job j(0; `) 
an only be pro
essed on ma
hine i(0; `), whereit takes �C units of time to pro
ess, and on ma
hine i(1), where it takes a very short time. Morepre
isely, for all ` = 1; : : : ; 1=" we de�ne,pi(0;`)j(0;`) := �C;pi(1)j(0;`) := "C �� � 1 ;The rest of the pro
essing times are de�ned as in�nity. A sket
h of the situation 
an be foundin Figure 1. Note that a feasible fra
tional assignment is given by setting xi(0;`)j(0;`) = 1=� andxi(1)j(0;`) = f0 := (� � 1)=� and setting to zero all other variables. The makespan of this fra
tionalsolution is exa
tly (1 + ")C. Indeed, the load of ea
h ma
hine i 2 M0 is exa
tly C, and the loadasso
iated to ea
h job in J0 equals C+"C. Furthermore, no nonpreemptive solution with makespanless than �C, 
an have a job j(0; `) pro
essed on ma
hine i(0; `), and therefore all jobs must bepro
essed on i(1). This yields a makespan of C=f0 = �C=(� � 1). Therefore, the makespan ofany nonpreemptive solution is at least minf�C;C=f0g. If � is 
hosen as 2, the makespan of anynonpreemptive solution must be at least 2C, and therefore the gap of the instan
e tends to 2 when" tend to zero.Iterative pro
edure. To in
rease the integrality gap we pro
eed iteratively as follows. Startingfrom instan
e I0, whi
h will be the base 
ase, we show how to 
onstru
t instan
e I1. As we willshow later, an analogous pro
edure 
an be used to 
onstru
t instan
e In+1 from instan
e In.Begin by making 1=" 
opies of instan
e I0, I0̀ for ` = 1; : : : ; 1=", and denote the set of jobsand ma
hines of I0̀ as J0̀ and M0̀ respe
tively. Also, denote as i(1; `) the 
opy of ma
hine i(1)belonging to M0̀ . Consider a new job j(1) for whi
h pi(1;`)j(1) = C(� � �=(� � 1)) = C(� � 1=f0)for all ` = 1; : : : ; 1=" (and 1 otherwise), and de�ne xi(1;`)j(1) = "C=pi(1;`)j(1). This way, the loadof ea
h ma
hine i(1; `) in the fra
tional solution is (1 + ")C, and the load 
orresponding to jobj(1) is exa
tly C. Nevertheless, depending on the value of �, job j(1) may not be 
ompletelyassigned. A simple 
al
ulation shows that for � = (3 + p5)=2, job j(1) is 
ompletely assignedin the fra
tional assignment. Furthermore, as justi�ed before, in any nonpreemptive s
heduleof makespan less than �C, all jobs of instan
e I0̀ must be pro
essed on ma
hine i(1; `). Sin
ealso job j(1) must be pro
essed on some ma
hine i(1; `) then the load of that ma
hine must bePj2J0̀ pi(1;`)j + pi(1;`)j(1) = C�=(� � 1) + C(� � �=(� � 1)) = �C. Then, the gap of the instan
e
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e T1 and its fra
tional assignment. The values over the arrowsxij and pij denote the fra
tional assignment and the pro
essing time respe
tively.already 
onstru
ted 
onverges to � = (3 +p5)=2 when " tends to 0, thus improving the gap of 2shown before.On the other hand, for � > (3 + p5)=2 (as we would like) there will be some fra
tion of jobj(1), f1 := 1� 1="X̀=1 xi(1;`)j(1) = (� � 1)f0 � 1�f0 � 1



THE POWER OF PREEMPTION ON UNRELATED MACHINES 7that must be pro
essed elsewhere. To over
ome this, we do as follows. Let us denote the instan
e
onsisting of jobs S1="`=1 J0̀ and ma
hines S1="`=1M0̀ as T1, and 
onstru
t 1=" 
opies of instan
e T1,T k1 for k = 1; : : : ; 1=". De�ne the pro
essing times of jobs in T1̀ to in�nity in all ma
hines of T k1 , forall k 6= `, so that jobs of T1̀ 
an only be pro
essed on ma
hines of T1̀ . Also, 
onsider 1=" 
opies ofjob j(1), and denote them by j(1; k) for k = 1; : : : ; 1=". As shown before, we 
an assign a fra
tion1� f1 of ea
h job j(1; k) to ma
hines of T k1 . To assign the remaining fra
tion f1, we add an extrama
hine i(2), with pi(2)j(1;`) := "C=f1 (and1 for all other jobs), so that the fra
tion f1 of ea
h jobj(1; `) takes exa
tly "C units of time to pro
ess on i(2). Then, de�ning xi(2)j(1;`) = f1, the totalload of ea
h job j(1; `) does not ex
eed (1 + ")C, while the load of ma
hine i(2) is exa
tly C. Letus denote the instan
e we have 
onstru
ted so far as I1.Following an analogous pro
edure to the one just des
ribed, we 
an 
onstru
t a sequen
e ofinstan
es and fra
tional assignments (see Figure 3). Ea
h instan
e In satis�es the following prop-erties:(i) The fra
tion of ea
h job j(n; 1); : : : ; j(n; 1=") assigned to ma
hine i(n + 1) is given byfn = ((� � 1)fn�1 � 1)=(�fn�1 � 1).(ii) Job j(n+1) (or any of its 
opies) has pro
essing time equal to C(��1=fn) on ea
h ma
hinei(n; `).(iii) In any nonpreemptive solution of makespan less than �C, every job j(n + 1; `) must bepro
essed on ma
hine i(n + 2). Therefore the makespan of any nonpreemptive solution isat least minf�C;C=fn+1g.(iv) The makespan of the fra
tional solution 
onstru
ted is (1 + ")C. In parti
ular the load ofma
hine i(n + 2) is C, and therefore a fra
tion of a job whi
h takes less than "C 
an stillbe pro
essed on this ma
hine without in
reasing the makespan.We now pre
ise how to iteratively 
onstru
t the sequen
e of instan
es In satisfying the propertiesjust des
ribed. The following pro
edure takes � and " as input and if it terminates yields an instan
ewith gap �=(1 + "), whi
h equals � in the limit when " goes to zero.Pro
edure I(1) Constru
t I0 and f0 as in Se
tion 3, and let n = 0.(2) While fn > 1=(� � 1), we 
onstru
t instan
e In+1 as follows(a) Constru
t an instan
e Tn+1 
onsisting of 1=" 
opies of instan
e In, that we denote asIǹ, for ` = 1; : : : ; 1=", where the 
opy of ma
hine i(n + 1) belonging to Iǹ is denotedby i(n+ 1; `).(b) Create 1=" 
opies of Tn+1, T kn+1 for k = 1; : : : ; 1=". Denote the `-th 
opy of insta
e Inbelonging to instan
e T kn+1 as I`kn , and the 
opy of ma
hine i(n + 1) that belongs toinstan
e I`kn as i(n+ 1; `; k).(
) Create 1=" new jobs, j(n+ 1; k), for k = 1; : : : ; 1=", and let pi(n+1;`;k)j(n+1;k) = C(� �1=fn) for all k; ` = 1; : : : ; 1=" (and 1 for all other ma
hines).We de�ne the assignment variables for these new jobs as:xi(n+1;`;k)j(n+1;k) := "� � 1=fn for all k; ` = 1; : : : ; 1=":This way, the unassigned fra
tion of ea
h job j(n+ 1; k) equalsfn+1 := 1� 1="X̀=1 xi(n+1;`;k)j(n+1;k) (6)= (� � 1)fn � 1�fn � 1 : (7)
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| {z } | {z }Figure 3. Constru
tion of instan
e In+1(�).(d) To assign the remaining fra
tion of jobs j(n+1; k) for k = 1; : : : ; 1=", we 
reate a newma
hine i(n + 2), and de�ne pi(n+2)j(n+1;k) = "C=fn+1 for all k = 1; : : : ; 1=" (and 1for all other jobs).With this we 
an let xi(n+2)j(n+1;k) = fn+1, so that this way the load of ea
h jobj(n+ 1; k) and ma
hine i(n+ 2) are (1 + ")C and C respe
tively.(e) Call In+1 the instan
e 
onstru
ted so far, and rede�ne n  n + 1. Observe that thede�ned assignment guarantees that the optimal preemptive makespan for In+1 is atmost (1 + ")C.(3) If fn � 1=(� � 1), that is, the �rst time the 
ondition of step (2) is not satis�ed, we do halfan iteration as follows.(a) Make 1=" 
opies of In, Iǹ for ` = 1; : : : ; 1=", and 
all i(n + 1; `) the 
opy of ma
hinei(n+ 1) belonging to Iǹ.(b) Create a new job j(n+1), and de�ne pi(n+1;`)j(n+1) := C(��1=fn) and xi(n+1;`)j(n+1) :=". Noti
e that this way job j(n+1) is 
ompletely pro
essed in the preemptive solution,and the makespan of the preemptive solution is still (1 + ")C, sin
e the load of jobj(n+ 1) equals C(� � 1=fn) � C.(
) Return In+1, the instan
e thus 
onstru
ted.Lemma 2. If Pro
edure I �nishes, then it returns an instan
e with a gap of at least �=(1 + ").Proof. It is enough to show that if the pro
edure �nishes then the makespan of any nonpreemptivesolution is at least �C. We pro
eed by 
ontradi
tion, assuming that instan
e In� returned byPro
edure I has makespan stri
tly less than �C. Note that for the latter to hold any job j inIn� has to be assigned to the last ma
hine i added by Pro
edure I for whi
h pij < 1 (this isobvious for jobs in I0, and follows indu
tively for jobs in In, n � n�). This implies that the loadof all ma
hines i(n�; `) (whi
h were the last ma
hines in
luded) due to jobs di�erent from j(n�)equals C=fn��1. Indeed, for ea
h job j that was fra
tionally assigned to any of these ma
hines hadxi(n�;`)j = fn��1, and i(n�; `) was the last ma
hine for whi
h pij was bounded. Thus, as all ma
hinesi(n�; `) had load C in the fra
tional assignment they will have load C=fn��1 in the nonpreemptivesolution.



THE POWER OF PREEMPTION ON UNRELATED MACHINES 9Furthermore, job j(n�), for whi
h pi(n�;`)j(n�) = C(� � 1=fn��1) must be pro
essed on somema
hine i(n�; `). It follows that there exists �̀2 f1; : : : ; 1="g su
h that the load of ma
hine i(n�; �̀)is C=fn��1 + C(� � 1=fn��1) = �C, whi
h is a 
ontradi
tion. �To prove that the pro
edure in fa
t �nishes, we �rst show a te
hni
al lemma.Lemma 3. For ea
h � 2 [2; 4), if fn > 1=�, then fn+1 � fn.Proof. It follows from Equation (7) that,fn+1 � fn = ��f2n + �fn � 1�fn � 1 :Note that the numerator of the last expression is always negative sin
e the square equation ��x2+�x� 1 has no real roots for 0 � � < 4. Sin
e, by hypothesis, the denominator of this expression isalways positive the result follows. �Lemma 4. Pro
edure I �nishes.Proof. We need to show that for every � 2 [2; 4), there exists n� 2 N su
h that fn� � 1=(� � 1). Ifthis does not hold, then fn > 1=(� � 1) > 1=� for all n 2 N. Then Lemma 3 implies that ffngn2Nis a de
reasing sequen
e. Therefore fn must 
onverge to some real number L � 1=(� � 1). Takingthe limit when n goes to in�nity on both sides of (7) we obtainL = (� � 1)L� 1�L� 1 ;and therefore L is a root of equation ��x2 + �x� 1 whi
h is a 
ontradi
tion sin
e � 2 [2; 4). �We have proved the following theorem.Theorem 5. For ea
h � 2 [2; 4) and " > 0, there is an instan
e I of RjjCmax, for whi
h the optimalpreemptive makespan is at most C(1+ "), and the optimal nonpreemptive makespan is at least �C.Theorem 6. The integrality gap of relaxation [LL℄ is 4.4. A (4 + ")�approximation algorithm for Rjrij ; pmtnjPwLCLIn this se
tion we adapt the rounding te
hnique dis
ussed in Se
tion 2 to derive a (4 + ")-approximation algorithm for the preemptive version of Rjrij jPwLCL. Our algorithm is based ona time-indexed linear program, whose variables 
orrespond to the fra
tion of ea
h job pro
essedat ea
h time on ea
h ma
hine. This kind of linear relaxation was originally introdu
ed by Dyerand Wolsey [12℄ for 1jrj jPwjCj , and was extended by S
hulz and Skutella [32℄, who used it toobtain a (3=2 + ")-approximation and a (2 + ")-approximation for RjjPwjCj and RjrjjPwjCjrespe
tively.Let us 
onsider a time horizon T , large enough to upper bound the greatest 
ompletion time ofany reasonable s
hedule, for instan
e T = maxi2M;k2Jfrik+Pj2J pijg. We divide the time horizoninto exponentially-growing time intervals, so that there is only polynomially many of them. Forthat, let " be a �x parameter, and let q be the smallest integer su
h as (1 + ")q�1 � T . Then, we
onsider the intervals [0; 1℄; (1; (1 + ")℄; ((1 + "); (1 + ")2℄; : : : ; ((1 + ")q�2; (1 + ")q�1℄. To simplifythe notation, let us de�ne �0 = 0, and �` = (1 + ")`�1, for ea
h ` = 1; : : : ; q. With this, the `-thinterval 
orresponds to (�`�1; �`℄.Given any preemptive s
hedule, let yij` be the fra
tion of job j that is pro
essed on ma
hinei on the `-th interval. Then, pijyij` is the amount of time that job j is pro
essed on ma
hine i onthe `-th interval. We 
onsider the following linear program:



10 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAE[DW℄ minXL2OwLCLXi2M qX̀=1 yij` = 1 for all j 2 J; (8)Xj2J pijyij` � �` � �`�1 for all ` = 1; : : : ; q and i 2M; (9)Xi2M pijyij` � �` � �`�1 for all ` = 1; : : : ; q and j 2 J; (10)Xi2M  yij1 + qX̀=2 �`�1yij`! � CL for all L 2 O; j 2 L; (11)yij` = 0 for all j; i; ` : rij > �`; (12)yij` � 0 for all i; j; `: (13)It is easy to see that this is a relaxation of our problem. Indeed, Equation (8) assures that everyjob must be 
ompletely pro
essed. Inequality (9) must hold sin
e in ea
h interval ` and ma
hinei the total amount of time available is at most �` � �`�1. Similarly, Inequality (10) holds sin
e nojob 
an be simultaneously pro
essed on two ma
hines at the same time, and therefore for a �xedinterval the total amount of time that 
an be used to pro
ess a job is at most the length of theinterval. To see that (11) is valid noti
e that pij � 1 (sin
e, without loss of generality, we assumethat pij 2 Z>0), and thus CL � 1 for all L 2 O. Also noti
e that CL � �`�1 for all L; j 2 L; i; `su
h that yij` > 0. Thus, the left-hand-side of Inequality (11) is a 
onvex 
ombination of values atmost CL. Finally, Equation (12) must hold sin
e no part of a job 
an be assigned to an intervalthat �nishes before the release date in any given ma
hine.The idea behind our approximation algorithm is rather standard. We �rst 
ompute the optimalsolution of [DW℄, and then we transform this solution into a preemptive s
hedule whose 
ost iswithin a 
onstant fa
tor of the 
ost of the optimal solution of the linear program. To 
onstru
tthe s
hedule we do as follows. First, as done in Se
tion 2, trun
ate the solution given by the linearprogram by taking to zero all variables that assign a job to an interval that is 
onsiderably largerthan the value of CL given by [DW℄. Afterwards, we use the result by Lawler and Labetoulle [20℄,to 
onstru
t a feasible s
hedule inside ea
h interval, making sure that no job is pro
essed on twoma
hines at the same time.More pre
isely, let y�ij` and C�L be the optimal solution of [DW℄. Let j 2 J , andL = argminfC�L0 j j 2 L0 2 Og:For a given parameter � > 1, we de�ne:y0ij` = (0 if �`�1 > �C�Ly�ij`Yj if �`�1 � �C�L; (14)where, Yj = Xi2M X`: �`�1���C�L y�ij`:The modi�ed solution y0 satis�es the following lemma.



THE POWER OF PREEMPTION ON UNRELATED MACHINES 11Lemma 7. The modi�ed solution y0ij`, obtained by applying Equation (14) to y�ij` satis�es,Xi2M qX̀=1 y0ij` = 1 for all j; (15)Xj2J pijy0ij` � �� � 1(�` � �`�1) for all i; `; (16)Xi2M pijy0ij` � �� � 1(�` � �`�1) for all j; `; (17)y0ij` = 0 if �`�1 > �C�L for all L 2 O; j 2 L: (18)Proof. It is 
lear that y0ij` satis�es (15) sin
e:Xi2M qX̀=1 y0ij` = Xi2M Xy0ij`>0 y�ij`Yj = 1Yj Xi2M X`:�`�1��C�L y�ij` = 1:Furthermore, to show that inequalities (16) and (17) hold, note that,1� Yj = Xi2M X`: �`�1>��C�L y�ij` < Xi2M X`: �`�1>��C�L y�ij` �`�1�C�L � C�L�C�L = 1� :The last inequality follows from Inequality (11), and by noting that ` 6= 1 whenever �`�1 > � � C�L.Then, Yj � (� � 1)=�, and thus y0ij` � ���1y�ij`. With this, inequalities (16) and (17) follow frominequalities (9) and (10). Finally, note that Equation (18) follows from the de�nition of y0. �Equation (18) in the previous lemma implies that the variables y0ij` only assign jobs to intervalsthat �nish before �C�L in 
ase j 2 L. On the other hand, as shown by inequalities (16) and (17),the amount of load assigned to ea
h interval will not �t in the available spa
e. Thus, we will haveto in
rease the size of every interval by a fa
tor �=(� � 1). With the latter observations, we areready to des
ribe the algorithm.Algorithm: Greedy Preemptive LP(1) Solve [DW℄ to optimality and 
all the solution y� and (C�L)L2O.(2) De�ne y0ij` using Equation (14).(3) Constru
t a preemptive s
hedule S as follows.(a) For ea
h ` = 1; : : : ; q, de�ne xij = y0ij` and C = (�` � �`�1)�=(� � 1). Apply the algo-rithm by Lawler and Labetoulle [20℄ to this fra
tional solution, to obtain a preemptives
hedule (i. e., no job is pro
essed in parallel by two ma
hines) of makespan C. Callthe preemptive s
hedule obtained S`.(b) For ea
h job j 2 J that is pro
essed by s
hedule S` at time t 2 [0; C℄ on ma
hinei 2M , make s
hedule S pro
ess j on ma
hine i at time t+ �`�1�=(� � 1).Lemma 8. Algorithm: Greedy Preemptive LP 
onstru
ts a feasible s
hedule where the 
om-pletion time of ea
h order L 2 O is less than C�L(1 + ")�2=(� � 1).Proof. Note that inequalities (16) and (17) imply that for ea
h ` = 1; : : : ; q, xij = y0ij` and C =(�` � �`�1)�=(� � 1) satisfy (1) and (2). Then, the makespan of ea
h s
hedule S` is less than(�` � �`�1)�=(� � 1) [20℄, and thus the s
hedule S` de�nes the s
hedule S in the disjoint ampli�edinterval [�`�1�=(� � 1); �`�=(� � 1)). Also, it follows Equation (15) that the s
hedule S 
ompletelypro
esses every job.Let us 
onsider a �xed order L 2 O and job j 2 L. Let `� be the last interval for whi
h y0ij` > 0,for some ma
hine i 2 M , i. e., `� = maxi2M maxf` 2 f1; : : : ; qg : y0ij` > 0g. Then, the 
ompletion



12 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAEtime Cj is smaller than �`��=(� � 1). To further bound Cj , we 
onsider two 
ases. If `� = 1 then,Cj � �� � 1 � C�L(1 + ") �� � 1 ;where the last inequality follows sin
e C�L � 1. On the other hand, if `� > 1, Equation (18) impliesthat, Cj � �`� �� � 1 � �`��1(1 + ") �� � 1 � C�L(1 + ") �2� � 1 :Thus, by taking the maximum over all j 2 L, the 
ompletion time of the order L is upper boundedby C�L(1 + ")�2=(� � 1): �Theorem 9. Algorithm: Greedy Preemptive LP is a (4 + ")-approximation for � = 2.Proof. Let CL be the 
ompletion time of order L given by Algorithm: Greedy PreemptiveLP. Taking � = 2 in the last lemma, whi
h is the optimal 
hoi
e, it follows that CL � C�L(1 +")�2=(� � 1) = 4(1 + ")C�L. Then, multiplying CL by its weight wL and adding over all L 2 O,we 
on
lude the the 
ost of the s
hedule 
onstru
ted is no larger than 4(1 + ") times the 
ostof the optimal solution for [DW℄, whi
h is a lower bound on the 
ost of the optimal preemptives
hedule. �
5. A 
onstant fa
tor approximation for Rjrij jPwLCLIn this se
tion we propose the �rst 
onstant fa
tor approximation algorithm for the nonpreemp-tive version of our problem, Rjrij jPwLCL, improving the results in [25℄. Our algorithm 
onsists onapplying the rounding shown in Se
tion 2 to an adaptation of the interval-index linear programmingrelaxation developed by Hall et al. [15℄.Let us 
onsider a large enough time horizon T as in last se
tion. We divide the time horizoninto exponentially-growing time intervals, so that there are only polynomially many. For that, let� > 1 be a parameter whi
h will be determined later and let q be the smallest integer su
h that�q�1 � T . With this, 
onsider the intervals [1; 1℄; (1; �℄; (�; �2 ℄; : : : ; (�q�2; �q�1℄.To simplify the notation, let us de�ne �0 = 1 and �` = �`�1 for ea
h ` = 1; : : : ; q. With this,the `-th interval 
orresponds to (�`�1; �`℄. Note that, for te
hni
al reasons, these de�nitions slightlydi�er from the ones in the previous se
tion.To model the s
heduling problem we 
onsider the variables yij`, indi
ating whether job j is�nished on ma
hine i and on interval `. We 
onsider, without loss of generality, that all pro
essingtimes pij are positive integers. Thus, the �rst interval [�0; �1℄ = [1; 1℄ is well de�ned sin
e no job�nishes before time 1. The y variables allow us to write the following linear program based onthat in [15℄, whi
h is a relaxation of the s
heduling problem even when integrality 
onstraints are



THE POWER OF PREEMPTION ON UNRELATED MACHINES 13imposed. [HSSW℄ minXL2OwLCLXi2M qX̀=1 yij` = 1 for all j 2 J; (19)X̀s=1Xj2J pijyijs � �` for all i 2M and ` = 1; : : : ; q; (20)Xi2M qX̀=1 �`�1yij` � CL for all L 2 O and j 2 L; (21)yij` = 0 for all i; `; j : pij + rij > �`; (22)yij` � 0 for all i; j; `: (23)It is 
lear that [HSSW℄ is a relaxation of our problem. Indeed, (19) guarantees that ea
h job�nishes in some time interval. The left hand side of (20) 
orresponds to the total load pro
essedon ma
hine i and interval [0; �`℄, and therefore the inequality is valid. The sum in Inequality (21)
orresponds exa
tly to �`�1, where ` is the interval where job j �nishes, so that is at most Cj , andtherefore it is upper bounded by CL if j 2 L. Also, it is 
lear that (22) must hold sin
e no job j
an �nish pro
essing on ma
hine i before pij + rij .Let (y�ij`)ij` and (C�L)L be an optimal solution to [HSSW℄. To obtain a feasible s
hedule we needto round su
h solution into an integral one. To this end, Hall et. al. [15℄ used Shmoys and Tardos'result given in Theorem 1. If in [HSSW℄ all orders are singleton (as in Hall et al's situation), (21)be
omes an equality so that one 
an use Theorem 1 to round a fra
tional solution to an integralsolution of smaller total 
ost and su
h that the righthand side of equation (20) is in
reased to�` + maxfpij : yij` > 0g � 2�`, where the last inequality follows from (22). This 
an be used toderive a 
onstant fa
tor approximation algorithm for the problem. In our setting however, it isnot possible to apply Theorem 1 dire
tly, due to the nonlinearity of the obje
tive fun
tion. Toover
ome this diÆ
ulty, 
onsider j 2 J and L = argminfC�L0 jj 2 L0 2 Og, and apply (14) to y�,thus obtaining a new fra
tional assignment y0. With this we obtain a solution in whi
h job j isnever assigned to an interval starting after �C�L. Moreover, analogously to Lemma 7, the followinglemma holds,Lemma 10. The modi�ed solution y0ijl � 0 satis�es:mXi=1 qXl=1 y0ij` = 1 for all j 2 J (24)X̀s=1Xj2J pijy0ijs � �� � 1�` for all i; ` (25)y0ij` = 0 if pij + rij > �` or �`�1 > �C�L;8i; j; `; L : j 2 L (26)Proof. Clearly y0ij` satis�es (24) sin
e:Xi2M qX̀=1 y0ij` = Xi2M X`: y0ij`>0 y�ij`Yj = Xi2M X`: �`�1��C�L y�ij`Yj = 1:



14 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAEFurthermore, to see that (25) also holds observe thatC�L �Xi2M qX̀=1 �`�1y�ij` �Xi2M X`: �`�1>�C�L �`�1y�ij` � �C�LXi2M X`: �`�1>�C�L y�ij` = �C�L(1� Yj):Thus, we have that Yj � (� � 1)=�, whi
h implies y0ij` � ���1y�ij`. Therefore inequality (25) followsfrom (20). Finally, note that (26) is immediate from (22) and the de�nition of y0ij`. �With the previous lemma on hand we are in position to apply Theorem 1. We round y0ij` to anintegral solution ŷij` 2 f0; 1g satisfying (24), (26) andXj2J ŷij`pij �Xj2J y0ij`pij +maxfpij : y0ij` > 0; j 2 Jg �Xj2J y0ij`pij + �`; (27)where the last inequality follows from (5) and (26).We are now ready to give the algorithm for RjrijjPwLCL.Algorithm: Greedy-LP(1) Solve [HSSW℄ obtaining an optimal solution (y�ij`).(2) Modify the solution a

ording to (14) to obtain (y0ij`) satisfying (24), (25), and (26).(3) Round (y0ij`) using Theorem 1 to obtain an integral solution (ŷij`) as above.(4) Let Ji` = fj 2 J : ŷij` = 1g. Greedily s
hedule in ea
h ma
hine i, all jobs in Sq̀=1 Ji`,starting from those in Ji1 until we rea
h Jiq (with an arbitrary order inside ea
h set Ji` ),respe
ting the release dates.To break down the analysis let us �rst show thatGreedy-LP is a 
onstant fa
tor approximationfor the 
ase in whi
h all release dates are zero.Theorem 11. Algorithm Greedy-LP is a (27/2)-approximation for RjjPwLCL.Proof. Let us �x a ma
hine i and take a job j 2 L su
h that ŷij` = 1, so that j 2 Ji`. Clearly, Cj ,the 
ompletion time of job j in algorithm Greedy-LP, is at most the total pro
essing time of jobsin Sk̀=1 Jik. Then, Cj � X̀s=1Xk2J pikŷiks� X̀s=1 Xk2J piky0iks + �s!� �� � 1�` + X̀s=1 �s� � ��� � 1 + �2�� 1� �`�1� ��� �� � 1 + ��� 1�C�L:The se
ond inequality follows from (27), the third from (25), and the fourth follows from thede�nition of �k. The last inequality follows sin
e, by 
ondition (5), ŷij` = 1 implies y0ij` > 0, so thatby (26) we have �`�1 � �C�L. Optimizing over the approximation fa
tor, the best possible guaranteegiven by this method is attained at � = � = 3=2, and thus we 
on
lude that Cj � 27=2 �C�L for allL 2 O and j 2 L. �Theorem 12. Algorithm Greedy-LP is a (27/2)-approximation for Rjrij jPwLCL.



THE POWER OF PREEMPTION ON UNRELATED MACHINES 15Proof. Similarly to the proof of Theorem 11, we will show that the solution given by AlgorithmGreedy-LP satis�es Cj � 27=2 � C�L, even in the presen
e of release dates. Let us de�ne � ` :=1��1 +Ps̀=1 �Pk2J piky0iks + �s�. We will see that it is possible to s
hedule every set of jobs Ji` onma
hine i between time � `�1 and time � ` (with an arbitrary order inside ea
h interval), respe
tingall release dates. Indeed, assuming that 1 < � � 2, it follows from (5) and (26) that for everyj 2 Ji`, rij � �` � 1�� 1 + �` � 1�� 1 = 1�� 1 + `�1Xk=1 �k � � `�1:Thus job j is available for pro
essing on ma
hine i at time � `�1. On the other hand, note that� ` � � `�1 =Pj2J pijy0ij` + �`, so it follows from (27) that all jobs in Ji` �t inside (� `�1; � `℄.We 
on
lude that in the s
hedule 
onstru
ted by Greedy-LP, any job j 2 Ji` is pro
essedbefore � `. Therefore, as in Theorem 11,Cj � 1�� 1 + X̀s=1 Xk2J piky0iks + �k!� � ��� � 1 + �2�� 1� �`�1� ��� �� � 1 + ��� 1�C�L:Again, 
hoosing � = � = 3=2 we obtain Cj � 27=2 � C�L. �6. Parallel ma
hinesIn what follows we study the problem of s
heduling orders in a parallel ma
hine environment.First we show an alternative analysis of a 2-approximation algorithm by Leung et al. [24℄ and Yanget al. [39℄. Afterwards we derive a PTAS for several spe
ial 
ases.6.1. A 2-approximation algorithm. We now show a 2-approximation algorithm for the parallelma
hine version of our problem P jjPwLCL. Our reasoning is based on a 
lassi
al linear programm�rst studied by Queyranne [30℄ and Dyer et al. [12℄ for 1jjPwjCj and 1jrj jPwjCj, respe
tively.Let Mj be the midpoint of job j in a given nonpreemptive s
hedule, in other words, Mj =Cj � pj=2. Eastman et al. [13℄ impli
itly show that for any subset of jobs S � J and any feasibles
hedule on m parallel ma
hines the following inequality holds:Xj2S pjMj � p(S)22m ;where p(S) :=Pj2S pj. These inequalities are 
alled the parallel inequalities. It follows that OPT,the value of an optimal s
hedule, is lower bounded by the optimum solution value of the followinglinear program [LP℄:min XL2OwLCLs. t. CL � Mj + pj2 for all L 2 O and j 2 L,Xj2S pjMj � p(S)22m for all S � N .Queyranne [30℄ shows that [LP℄ 
an be solved in polynomial time sin
e separating the parallelinequalities redu
es to submodular fun
tion minimization. Let M�1 ; : : : ;M�n be an optimal solution



16 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAEto [LP℄ and assume without loss of generality that M�1 � M�2 � � � � � M�n. Clearly, C�L =maxj2LM�j + pj=2, so the optimal solution is 
ompletely determined by the Mj-values. Considerthe algorithm that �rst solves (LP) and then s
hedules jobs greedily a

ording to the order M�1 �M�2 � � � � �M�n. Let CAj denote the 
ompletion time of job j in the s
hedule given by the algorithm,so that CAL = maxfCAj : j 2 Lg. It is easy to see that CAj equals the time at whi
h job j is startedby the algorithm, SAj , plus pj. Furthermore, at any point in time before SAj all ma
hines were busypro
essing jobs in f1; : : : ; j � 1g, thus SAj � p(f1; : : : ; j � 1g)=m. It follows thatCAL � maxj2L �p(f1; : : : ; j � 1g)m + pj� :Also, M�j p(f1; : : : ; jg) �Pl2f1;:::;jg plM�l � p(f1; : : : ; jg)2=2m. Then,C�L � maxj2L �p(f1; : : : ; jg)2m + pj2 � :We 
on
lude that CAL � 2C�L whi
h implies that the algorithm returns a solution whose value iswithin a fa
tor 2 to OPT. We have proved the following.Lemma 13 ([24, 39℄). Let M�1 ; : : : ;M�n be an optimal solution to [LP℄. List-s
heduling in non-de
reasing order of M�j yields a 2-approximation algorithm for P jjPwLCL.6.2. Polynomial time approximation s
hemes. Finally we design a PTAS for P jpartjPwLCLwhen either the number of ma
hines is 
onstant, the number of jobs is 
onstant, or the number oforders is 
onstant. First, we des
ribe the 
ase where the number of jobs of ea
h order is bounded bya 
onstant K, and then we will justify that this implies the existen
e of PTASs for the other 
ases.The results in this se
tion 
losely follow the PTAS developed by Afrati et al. [1℄ for P jrj jPwjCj .However, it is te
hni
ally more involved mainly for three reasons. Firstly, the stru
ture of optimalsolutions is mu
h more deli
ate than in [1℄, and thus we must take 
are that ea
h transformation weapply to an optimal solution does not brake this stru
ture. Also, the pre
ise lo
alization of ordersis signi�
antly more 
ompli
ated. Finally, we need to be slightly more 
areful in the �nal pla
ingof jobs.For the sake of brevity, we will fo
us on the main di�eren
es between our algorithm and theone in [1℄. For a more detail exposition of these subje
ts see [37℄.To help us give stru
ture to our problem we 
onsider the following de�nition: for every integert we will denote by It the interval [(1 + ")t; (1 + ")t+1), and jItj its length, i. e., jItj = "(1 + ")t. Toshorten notation, in what follows if the based of a logarithm is missing we assume that is takenbase (1 + ").Besides the rounding and partitioning te
hniques 
ommonly used in PTASs, a basi
 pro
edurewe will use repeatedly is that of stret
hing, whi
h 
onsists in stret
hing the time axis by a fa
tor of1 + ". Clearly, ea
h time a solution is modi�ed by su
h a pro
edure it in
reases its 
ost only by afa
tor of 1 + ". The two basi
 stret
hing pro
edures we use are:(1) Stret
h Completion Times: This pro
edure 
onsists in moving all jobs to the right, sothat the 
ompletion time of a job j be
omes C 0j = (1 + ")Cj in the new s
hedule. Clearly,the pro
edure 
reates an idle time of length at least "pj before the start of ea
h job j.(2) Stret
h Intervals: The obje
tive of this pro
edure is to 
reate idle time in every interval,ex
ept for those having a job that 
ompletely 
overs them. As before, it 
onsists in shiftingjobs to the following interval. More pre
isely, if job j �nishes in It and o

upies dj timeunits on It, we will move j to It+1 by pushing it exa
tly jItj time units, so it also usesexa
tly dj time units in It+1.Note that, if j started pro
essing in Is and was being pro
essed in Is for ej time units,after the shifting it will be pro
essed in Is+1 for at most ej time units. Sin
e Is+1 has



THE POWER OF PREEMPTION ON UNRELATED MACHINES 17"jIsj = "2(1 + ")s more time units than Is, at least that mu
h idle time will be 
reatedin Is+1. Also, by moving jobs inside ea
h interval, we 
an assume that this idle time is
onse
utive in ea
h Is.Before giving a general des
ription of the algorithm, we �rst state two basi
 lemmas 
on
erningthe stru
ture of optimal solutions. The �rst lemma 
an also be found in [8℄. We give a sket
h of theproof for 
ompleteness. The se
ond lemma shows that there exists a (1 + ")-approximate s
hedulewhere no order 
rosses more than O(log(1=")) = O(1) intervals.Lemma 14. For any instan
e of P jpartjPwLCL there exists an optimal s
hedule su
h that:(1) For any order L 2 O and for any ma
hine i 2M , all jobs in L assigned to i are pro
essed
onse
utively.(2) The sequen
e in whi
h the orders are arranged on ea
h ma
hine is independent of thema
hine.Proof. Consider an arbitrary optimal s
hedule with 
ompletion times C�L. Modify this s
hedule asfollows: On ea
h ma
hine, sequen
e the jobs in order of non-de
reasing 
ompletion times C�L of theirrespe
tive order L (break ties 
onsistently). The re-sequen
ing does not in
rease the 
ompletiontimes of orders and the resulting s
hedule is thus optimal. �Lemma 15. There exists an (1 + ")-approximate s
hedule on whi
h every order is fully pro
essedin at most s+ 1 
onse
utive intervals, where s := dlog(1 + 1=")e.Proof. Let us 
onsider an optimal s
hedule as in Lemma 14 and apply Stret
h Completion Times.Then we move all jobs to the right as mu
h as possible without further in
reasing the 
ompletiontime of any order. Note that for any order L, ea
h job j 2 L in
reased its 
ompletion time byat least "CL. Indeed, if this is not the 
ase, let L be the last order (in terms of 
ompletion time)for whi
h there exists a j 2 L that in
reased its 
ompletion time by less than "CL. Let i be thema
hine pro
essing j. Lemma 14 implies that all jobs pro
essed on i after job j belong to ordersthat �nish later than CL and thus they in
rease their 
ompletion time by at least "CL. As the
ompletion time of order L was also in
reased by "CL, we 
on
lude that job j 
ould be moved tothe right by "CL 
ontradi
ting the assumption.This implies that after moving jobs to the right, the starting point of an order L, SL, will beat least "CL, and therefore CL � SL < CL � SL=". Let Ix and Iy be the intervals where L startsand �nishes respe
tively, then (1 + ")y � (1 + ")x+1 � CL � SL < SL=" � (1=")(1 + ")x+1; whi
himplies that y � x� 1 < log(1 + 1" ), and thus y � x � s. �6.3. Algorithm overview. In the following we des
ribe the general idea of the PTAS. Let usdivide the time horizon into blo
ks of s + 1 = dlog(1 + 1=")e + 1 intervals, and denote as B` theblo
k [(1 + ")`(s+1); (1 + ")(`+1)(s+1)). Lemma 15 suggests to optimize over ea
h blo
k separately,and later join these partial s
hedules to 
onstru
t a global optimum.Sin
e there may be orders that 
ross from one blo
k to the next, it will be ne
essary to perturbthe \shape" of blo
ks. For that we introdu
e the 
on
ept of a frontier. The outgoing frontier ofblo
k B` is a ve
tor that has m entries. Its i-th 
oordinate is a guess on the 
ompletion time ofthe last job s
heduled on ma
hine i among jobs that belong to orders that began pro
essing in B`(see Figure 4). On the other hand, the in
oming frontier of a blo
k is the outgoing frontier of theprevious blo
k. For a given blo
k B` and its in
oming and outgoing frontiers, we will say that anorder is s
heduled in blo
k B` if on ea
h ma
hine all jobs in that order begin pro
essing after thein
oming frontier, and �nish pro
essing before the outgoing frontier.Assume that we know how to 
ompute a near-optimal solution for a given subset of ordersV � O inside a blo
k B`, with �xed in
oming and outgoing frontiers F 0 and F respe
tively. LetW (`; F 0; F; V ) be the 
ost (sum of weighted 
ompletion times) of this solution.
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B`�1 B`
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Figure 4. In
oming and outgoing frontiers of blo
ks. Hat
hed jobs belong to orderss
heduled in B`�1, and dotted jobs belong to orders s
heduled in B`.Let F` be the set of possible outgoing frontiers of blo
k B`. Using dynami
 programming, we
an �ll a table T (`; F; U) 
ontaining the 
ost of a near-optimal s
hedule for the subset of ordersU � O in blo
k B` or before, respe
ting the outgoing frontier F of B`. To 
ompute this quantity,we 
an use the re
ursive formula:T (`+ 1; F; U) = minF 02F`;V�UfT (`; F 0; V ) +W (`+ 1; F 0; F; U n V )g:Unfortunately, table T is not of polynomial size, or even �nite. Then, it will be ne
essary to redu
eits size as done in [1℄. Summarizing, the outline of the algorithm, whi
h we simply 
all AlgorithmPTAS, is the following.Outline of Algorithm PTAS(1) Lo
alization: In this step we bound the time-span of the intervals in whi
h ea
h order maybe pro
essed. We give extra stru
ture to the instan
e and de�ne a release date rL for ea
horder L, su
h that there exists a near-optimal solution where ea
h order begins pro
essingafter rL and ends pro
essing no later than a 
onstant number of intervals after rL. Morepre
isely, we prove that ea
h order L is s
heduled in the interval [rL; rL � (1 + ")g(";K)℄, forsome fun
tion g. This plays a 
ru
ial role in the next step.(2) Polynomial representation of subsets of orders: The goal of this step is to redu
e the numberof subsets of orders needed to 
onsider in the dynami
 program. To do this, for all `, we�nd a polynomial size 
olle
tion �` � 2O (where O is the set of orders) of possible subsetsof orders that are pro
essed in B` or before in some near-optimal s
hedule.(3) Polynomial representation of frontiers: In this step we redu
e the number of frontiers weneed to try in the dynami
 program. For all `, we �nd bF` a set of polynomial size whi
hdes
ribes all relevant frontiers in a 
ompa
t manner.(4) Dynami
 programming: For all `, frontiers F 2 bF`+1 and subset of orders U 2 �` 
ompute:T (`; F; U) = minF 02 bF`;V�U;V 2�`�1fT (`� 1; F 0; V ) +W (`; F 0; F; U n V )g:It is 
lear that it is not ne
essary to 
ompute exa
tly W (`; F 0; F; U nV ); it suÆ
es to �nd a(1 + ")-approximation of this value, that moves the frontiers by at most a 1 + " fa
tor. To
ompute this approximation, we partition orders into small and large. For large orders weuse enumeration and essentially try all possible s
hedules, while for small orders we greedilys
hedule them using Smith's rule.One of the main diÆ
ulties of this approa
h is that all the modi�
ations applied to the opti-mal solution must 
onserve the properties given by Lemma 14. This is ne
essary to des
ribe theintera
tion between one blo
k and the following by using only the frontier. In other words, if thisis not true, it 
ould happen that some jobs of an order that begins pro
essing in a blo
k B` are
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essed after a job of an order that begins pro
essing in blo
k B`+1. This would greatly in
reasethe 
omplexity of the algorithm, sin
e we would need to 
onsider this intera
tion in the dynami
program, whi
h would be
ome too large. This is also the main reason why our result does notdire
tly generalize to the 
ase when we have release dates, sin
e then Lemma 14 does not hold. Inthe sequel we will analyze ea
h of the previous steps separately.6.4. Lo
alization. Lemma 15 shows that we 
an restri
t to s
hedules where ea
h order is 
om-pletely being pro
essed within at most a 
onstant number s of 
onse
utive intervals. However, wedo not know a priori when ea
h order is s
heduled. In what follows, we re�ne this result by expli
-itly �nding a 
onstant number of 
onse
utive intervals within whi
h ea
h order is being pro
essedby a near-optimal s
hedule. This property will be helpful to guess the spe
i�
 blo
k on whi
h ea
horder is being pro
essed, and thus allow us to redu
e the number of subsets of orders we need totry in the dynami
 programming.The lo
alization will be done by introdu
ing arti�
ial release dates, i. e., for ea
h order L wewill give a point in time rL su
h that, by de
reasing the obje
tive fun
tion by at most a fa
tor of1+ ", order L starts pro
essing after rL. Naturally, it is enough to 
onsider release dates whi
h arepowers of 1 + ". The release dates are 
hosen so that the following 
ru
ial property is satis�ed.Property 16. For any t 2 Z, the total pro
essing time of orders released at (1+")t is O(m(1+")t).We �rst de�ne release dates satisfying this property. At the end of this se
tion we show thatthis is enough to 
on
lude that ea
h order L is 
ompletely pro
essed before rL � (1 + ")g, for some
onstant g.To de�ne the release dates rL, we do as follows. Begin by de�ning rj := (1 + ")blog1+"("pj)
 forevery job j. It is easy to see that these are valid release dates, sin
e applying Stret
h CompletionTimes ensures that no job starts pro
essing before "pj . Then, for every order L 2 O, we initializea release date rL := maxj2L rj(1+ ")�s. This follows sin
e for every order L at least one of its jobsbegins pro
essing after maxj2J rj , and Lemma 15 assures that every order is pro
essed in a timespan of at most s+ 1 
onse
utive intervals.Clearly, this initial de�nition of the release dates may not be enough to assure Property 16. Toamend this, we delay the release dates of orders that are not able to start before the next integerpower of 1 + ". We �rst 
lassify orders by the size of their jobs: we say that two orders are of thesame type if, for any p 2 Z, the number of jobs of size p is the same in both orders. It is not hard tosee that among two orders of the same type, jobs of the order with larger weight will always havepriority over the jobs of the other one. This is the key argument to justify the delaying of releasedates.Intuitively, if there are too many orders of the same type released at (1 + ")t, only the oneswith larger weight will be able to start pro
essing before (1 + ")t+1, and thus we 
an in
rease therelease date of the remaining orders to (1 + ")t+1. This will allow us to prove that for a given typeof order the total pro
essing time of jobs released at (1+")t is O(m(1+")t). We 
an then 
on
ludeProperty 16 if we are able to show that there are only a 
onstant number of types of orders releasedat (1 + ")t. Although this is not true in general, we 
an work around it by treating orders that aretoo small separately. For this 
onsider the following de�nition.De�nition 17.(i) A job j 2 L is small if pj � "3rL. Otherwise, we say that j is big.(ii) An order L is small if p(L) � "2rL. Otherwise, we say that L is big.Observe that for the initial de�nition of the release dates, all orders are big with respe
t totheir release dates.We redu
e the number of types of big orders in two steps. First, we show that we 
an groupsmall jobs into larger ones, and thus assure that big orders 
ontain no small job. Then we round
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essing times to powers of 1 + ", thus bounding the number of values a pro
essing time 
antake. The grouping of jobs of an order L 2 O and the rounding is done as follows:(i) Sort jobs in L by nonin
reasing size. Then greedily assign jobs to groups until the totalpro
essing time of ea
h group just surpasses "2rL. After this pro
ess, there may be at mostone group of size smaller than "2rL.(ii) If the smallest group has total pro
essing time at most "3rL, add it to the group with largesttotal pro
essing time. Otherwise, leave it untou
hed. (Note that this is possible sin
e therealways is a group | 
onsisting of only one job | whose size is larger than "2rL.)(iii) Rede�ne the jobs of L as the newly 
reated groups, and round the pro
essing times topj := (1 + ")dlog1+" pje.It is important to remark that after the grouping is done all jobs are big. Moreover, we obtain thefollowing important property.Property 18. For any order L, we havemaxj2L pjminj2L pj 2 O(1) :Proof. Note that the grouping pro
edure does not tou
h the largest job of L. Then, by the de�nitionof the release dates, maxj2L pj � (1 + ")s+1" rL :The result follows sin
e the grouping pro
edure guarantees that pj � "3rL for all j 2 L. �The 
orre
tness of the grouping pro
edure is justi�ed by the following lemma.Lemma 19. There exists a (1 + O("))�approximate s
hedule where all jobs in a group are beingpro
essed 
onse
utively on the same ma
hine.Proof Sket
h. Consider a (1+O("))-approximate s
hedule of the instan
e before grouping the jobs.Fix a group and 
onsider the ma
hines and intervals on whi
h the jobs that belong to it are beingpro
essed. Interpreting a ma
hine-interval pair as a virtual ma
hine, the group 
an be seen as avirtual job that is fra
tionally assigned to the virtual ma
hines 
ontaining its jobs. Now we 
anapply Theorem 1 to round this fra
tional solution so that ea
h virtual job is pro
essed 
ompletelyinside one virtual ma
hine. The rounding guarantees that the total pro
essing time assigned toea
h virtual ma
hine is in
reased by at most an additive fa
tor 2"2rL. By applying Stret
h Intervalstwi
e we 
reate the extra idle time needed. Note that the 
ompletion time of orders is not in
reasedby more than a 1 +O(") fa
tor.If the size of ea
h group is larger than "3rL, we are done. Otherwise, we get rid of the singlesmall group by merging it with the largest group in L. This 
an be done sin
e there always is agroup of size larger than "2rL, and thus we 
an �t the small group before it by using again Stret
hCompletion Times. �As dis
ussed before, we now delay all orders of a given type that are not able to start at their
urrent release dates. Starting from left to right, 
onsider the set of orders released at time (1+ ")tof type �, and let p� be the smallest pro
essing time of a job in su
h an order. Then, it is 
learthat at most m(jItj=p� + 1) of these orders 
an start pro
essing before time (1 + ")t+1. We thusleave untou
hed the m(jItj=p� + 1) orders with largest weight, and update rL to (1 + ")t+1 for therest of the orders. After doing this, if P� denotes the largest pro
essing time of a job in an order oftype �, the total pro
essing time of orders of type � released at time (1 + ")t is upperbounded byKP�m� jItjp� + 1� = P�p� (1 + ")tO(m) = O(m(1 + ")t) ; (28)where the last equality follows from Property 18.



THE POWER OF PREEMPTION ON UNRELATED MACHINES 21With the latter observations it is easy to prove the next theorem.Theorem 20. After delaying orders, there is at most O(m(1 + ")t) total pro
essing time 
orre-sponding to big orders released at (1 + ")t.Proof Sket
h. Thanks to (28), it is enough to show that the number of types of big orders releasedat (1 + ")t is 
onstant. To prove this, 
onsider a big order of type � released at (1 + ")t, andnote that P� 
an only take a 
onstant number of values. Indeed, sin
e L is big, P� � p(L)=K �(1 + ")t"2=K. Also, if rL is the initial release date of L, it follows from the de�nition of rL thatP� � rL(1+")�s�1=" � (1+")t(1+")�s�1=". The two latter observations plus the fa
t that P� 
anonly take values of the form (1 + ")k, imply that P� takes at most a 
onstant number of di�erentvalues. Furthermore, by Property 18, we 
an 
on
lude that the amount of di�erent pro
essing timesany job in L 
an have is 
onstant. Therefore, there are at most KO(1) di�erent types of big ordersthat 
an be released at time (1 + ")t. �With this we have 
ompletely dealt with big orders, but the delaying pro
edure 
reated severalsmall orders. To 
ope with them, we �rst noti
e that by using the grouping pro
edure on
e more,ea
h order be
omes a single larger job. With this we 
an show that pro
essing these jobs greedily bynon-de
reasing order of wL=p(L) (Smith's rule) yields a near-optimal solution. Following a similarpro
edure as explained before, we 
an delay orders released at (1 + ")t that 
annot be pro
essedwithin It. We skip the details sin
e they are analogous to the work of Afrati et al. [1℄.Having de�ned release dates that satisfy Property 16, we 
an thus 
on
lude the main obje
tiveof this se
tion.Theorem 21. Consider release dates rL satisfying Property 16. Then there exists a near-optimals
hedule where every order L 2 O is pro
essed between rL and rL(1 + ")g, for some 
onstantg = g(";K).Proof Sket
h. Let g be a 
onstant that will be 
hosen later. For a �xed t, 
onsider all orders releasedat (1 + ")t that are s
heduled 
ompletely after time (1 + ")t+g�s. We will move these orders tothe left, so that they are 
ompletely pro
essed inside interval It+g�s. The rest of the orders 
anbe left untou
hed sin
e they are pro
essed in at most s + 1 
onse
utive intervals, and then theyare 
ompletely pro
essed before (1 + ")t+g. Sin
e the amount of pro
essing time released at time(1 + ")t is O(m(1 + ")t), by 
hoosing g large enough, we 
an make this quantity smaller than theidle time 
reated in It+g�s by Stret
h Intervals, that is, "2(1 + ")t+g�sm. Furthermore, for anylarge enough g, every order released at time (1+ ")t is small with respe
t to (1+ ")t+g�s. It is thuspossible to a

ommodate all ne
essary orders released at time (1 + ")t in interval It+g�s greedily.Importantly, the stru
ture of the near-optimal solution given in Lemma 14 is preserved be
auseall jobs of orders that are moved 
an be pro
essed 
onse
utively on the same ma
hine. �6.5. Polynomial representation of subsets and frontiers. We now brie
y explain how toredu
e the number of possible subsets pro
essed in some blo
k B` or before. Equivalently, we 
ande
ide whi
h are the orders that are going to be pro
essed after B`+1 among those released beforetime (1 + ")(s+1)(`+1). Moreover, by Theorem 21, ea
h order is 
ompleted within at most g(";K)intervals after its release date. We then only 
onsider orders released between (1+")(s+1)(`+1)�g(";K)and (1+ ")(s+1)(`+1). Note that these are only a 
onstant number of intervals, and thus, for a givent 2 f(s + 1)(` + 1) � g(";K); : : : ; (s + 1)(` + 1)g, it is enough to guess whi
h orders are pro
essedafter B` among the ones released at (1 + ")t. We 
an then 
ombine these guesses among allt 2 f(s+ 1)(` + 1)� g(";K); : : : ; (s+ 1)(` + 1)g without loosing polynomiality.Among all orders of a parti
ular type, the k orders with smallest weight will be pro
essed afterB`+1, for some k 2 f0; : : : ; ng. In other words, for a parti
ular type �, there are only n di�erentsubsets of orders of that type that we need to try. Analogously, small orders 
an be pro
essed bySmith's rule, and thus we only have to 
he
k the sets of k orders with smallest wL=p(L), for some



22 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAEk 2 f0; : : : ; ng. Thus, among all orders released at time (1+")t, it suÆ
es to 
onsider sets of ordersof the form As[�A�, where As is a subset of small orders and A� is a set of orders of type �. Sin
efor As and for ea
h A� we have n di�erent 
hoi
es, and in the last se
tion we showed that there areonly a 
onstant number of types of big orders released at time (1 + ")t (see proof of Theorem 20),we 
on
lude that we have to try at most a polynomial number nO(1) of subsets of orders.To deal with frontiers, we use standard rounding te
hniques. Consider a blo
k B`, and note thatby using Stret
h Completion Times we 
an restri
t to outgoing frontiers whose entries take only a
onstant number of di�erent values. We 
an thus easily des
ribe a frontier as follows: Spe
ify, forea
h possible value a frontier 
an take, the number of ma
hines having that frontier. In parti
ular,the number of outgoing frontiers that we have to 
onsider is mO(1). We omit further details.6.6. A PTAS for a spe
i�
 blo
k. To 
on
lude our algorithm we need to give the subroutineof Algorithm PTAS that 
omputes the entry W (`; F 0; F; U). In the other words, for a givenblo
k B`, in
oming and outgoing frontiers F 0 and F , and subset of orders U , we need to �nd a(1 + ")-approximate s
hedule of jobs in U inside B`. Note that it is possible to move the frontiersby fa
tors of at most 1 + " without in
reasing the 
ost of a global solution by more than a 1 + "fa
tor.In the sequel, we 
onsider orders and jobs as big or small with respe
t to the beginning of blo
kB`. In other words, a job is small if its pro
essing time is smaller than "3(1 + ")(s+1)`, and bigotherwise. Additionally, an order is small if its total pro
essing time is smaller than "2(1+ ")(s+1)`,and big otherwise. Following the ideas of the previous se
tions, we enumerate over s
hedules of bigorders, and apply Smith's rule to greedily assign small orders.For the enumeration we �rst need to �nd a suitable 
ompa
t des
ription of s
hedules of bigorders. For this, the following de�nition will be of use: a type of a job j is a pair (p; �), wherep denotes the pro
essing time of job j and � the type of order that j belongs to. Importantly,among jobs belonging to a big order, we 
an redu
e the number of di�erent types of jobs to a
onstant. Indeed, applying the grouping te
hnique of Se
tion 6.4, we obtain that p will be largerthan "3(1+ ")(s+1)`. Also, sin
e j must be pro
essed in B`, p � (1+ ")(`+2)(s+1) = O((1 + ")`(s+1)).Thus, if (p; �) is the type of a job j belonging to a big order L, we 
on
lude that p 
an only take a
onstant number of di�erent values, and thus also �. Let T be the set of all su
h types of jobs.It is not hard to see, by Stret
h Completion Times, that we 
an restri
t ourselves to s
hedulesin whi
h big jobs only start pro
essing at times belonging to a set
` := f(1 + ")(s+1)` + kÆ : k = 0; : : : ; !g ;where Æ = "4(1 + ")`(s+1), and ! is a suitably large | but still 
onstant | integer.We de�ne a single ma
hine 
on�guration as a ve
tor S with ! entries. For k = 1; : : : ; !, thek-th entry of S denotes the type of job that is pro
essed at (1 + ")(s+1)` + kÆ. We 
onsider onlytypes of jobs in T , and thus the number of di�erent single ma
hine 
on�gurations is bounded byjT j! = O(1). Furthermore, we de�ne a parallel ma
hine 
on�guration as a ve
tor M that tells,for ea
h single ma
hine 
on�guration S, how many ma
hines follow S. It is thus 
lear that thenumber of di�erent ve
tors M is at most mO(1), and thus we 
an enumerate them in polynomialtime. Additionally, we will only 
onsider ve
tors M that 
orrespond to s
hedules whi
h 
an bepro
essed between the frontiers F and F 0.For any given parallel ma
hine 
on�guration M , it is thus enough to �nd the s
hedule oflowest 
ost following this 
on�guration. This 
an be done by a greedy approa
h using M as atemplate s
hedule. Indeed, starting from left to right, we greedily assigne jobs to ma
hines at times(1 + ")(s+1)` + kÆ, following M . We break ties among jobs of the same type by giving priority tojobs belonging to orders with larger weight. It is then 
lear that this yields the optimal s
hedule oflarge orders that followsM . For �nding the s
hedule for small orders, we 
an simply apply Smith'srule. We thus 
on
lude the main result of this se
tion.



THE POWER OF PREEMPTION ON UNRELATED MACHINES 23Theorem 22. Algorithm PTAS is a polynomial time approximation s
heme for the restri
tedversion of P jpartjPwLCL when the number of jobs per order is bounded by a 
onstant K.Note that, sin
e n > m for any nontrivial instan
e, a straightforward 
al
ulation shows thatthe running time of this algorithm is given bynKO(log(K="))="2mKO(log(1=")="6) = nKO(log(K="))mKO(log(1=")) = nKO(log(K=")="6) ;whi
h is polynomial for �xed K and ".6.7. Variations. In the last se
tion we showed a PTAS for minimizing the sum of weighted 
om-pletion times of orders on parallel ma
hines, when the number of jobs per order is 
onstant. Now weshow how to bypass the last assumption by assuming that the number of ma
hines m is a 
onstantindependent of the input. Indeed, we will show that a slight modi�
ation of the algorithm gives aPTAS for this 
ase.Theorem 23. There exists a PTAS for PmjpartjPwLCL.Proof. Consider the same algorithm, with the only modi�
ation that we apply the grouping te
h-nique of Se
tion 6.4 one more time after the delaying of release dates. Then, every small order
onsists of only one job, and every big order only 
ontains jobs larger than "3rL. Sin
e every order�nishes within s intervals, it 
annot 
ontain more thanmrL(1 + ")s"3rL = O(m) = O(1)jobs. Thus, in the modi�ed instan
e every order 
ontains a 
onstant number of jobs. �Finally, we 
onsider the 
ase when when the number of orders is 
onstant. Note that thisvariant 
ontains the minimum makespan problem as a spe
ial sub-
ase. Having a 
onstant numberof orders makes the problem 
onsiderably simpler for two reasons. First, the number of possiblesubset of orders is also 
onstant, and therefore the lo
alization and the polynomial representationof subset of orders are not needed: simply de�ne �` as the power set of O. Moreover, the numberof possible types of orders is also 
onstant, and therefore the PTAS for ea
h blo
k takes polynomialtime. Let us 
all this modi�ed version Algorithm PTAS II.Theorem 24. Algorithm PTAS II is a PTAS for the restri
ted version of P jpartjPwLCL witha 
onstant number of orders.A simple, though 
areful, 
al
ulation shows that the running time of Algorithm PTAS II isn �mCO(1="6) , where C is the number of orders.A
knowledgments. We thank Nikhil Bansal for stimulating dis
ussions on the material in Se
tion3; and David Shmoys for bringing [27℄ to our attention. We also thank the anonymous referees forhelpful 
omments and suggestions on the presentation of the paper.Referen
es[1℄ Afrati, F., Bampis, E., Chekuri, C., Karger, D., Kenyon, C., Khanna, S., Milis, I., Queyranne, M., Skutella, M.,Stein, C., Sviridenko, M.: Approximation s
hemes for minimizing average weighted 
ompletion time with releasedates. In: Pro
eedings of the 40th Annual IEEE Symposium on Foundations of Computer S
ien
e (FOCS), pp.32{43 (1999)[2℄ Amb�uhl, C., Mastrolilli, M.: Single ma
hine pre
eden
e 
onstrained s
heduling is a vertex 
over problem. In:Pro
eedings of the 14th Annual European Symposium on Algorithms (ESA), LNCS 4168, pp. 28{39 (2006)[3℄ Amb�uhl, C., Mastrolilli, M., Svensson, O.: Inapproximability results for sparsest 
ut, optimal linear arrangement,and pre
eden
e 
onstrained s
heduling. In: Pro
eedings of the 48th Annual IEEE Symposium on Foundationsof Computer S
ien
e (FOCS), pp. 329{337 (2007)



24 J. R. CORREA, M. SKUTELLA, AND J. VERSCHAE[4℄ Bansal, N., Khot, S.: Optimal long 
ode test with one free bit. In: Pro
eedings of the 50th Annual IEEESymposium on Foundations of Computer S
ien
e (FOCS), pp. 453{462 (2009)[5℄ Bansal, N., Khot, S.: Inapproximability of hypergraph vertex 
over and appli
ations to s
heduling problems.Automata, Languages and Programming, LNCS 6198, pp. 250{261 (2010)[6℄ Canetti, R., Irani, S.: Bounding the power of preemption in randomized s
heduling. SIAM J. Comput. 27, pp.993{1015 (1998)[7℄ Chekuri, C., Motwani, R.: Pre
eden
e 
onstrained s
heduling to minimize sum of weighted 
ompletion times ona single ma
hine. Dis
rete Appl. Math. 98, pp. 29{38 (1999)[8℄ Chen, Z., Hall, N.G.: Supply 
hain s
heduling: assembly systems. Te
hni
al Report, The Ohio State University(2001)[9℄ Chen, Z., Hall, N.G.: Supply 
hain s
heduling: 
on
i
t and 
ooperation in assembly systems. Oper. Res. 55, pp.1072{1089 (2007)[10℄ Chudak, F., Ho
hbaum, D.S.: A half-integral linear programming relaxation for s
heduling pre
eden
e-
onstrained jobs on a single ma
hine. Oper. Res. Let 25, pp. 199{204 (1999)[11℄ Correa, J.R., S
hulz, A.S.: Single ma
hine s
heduling with pre
eden
e 
onstraints. Math. Oper. Res. 30, pp.1005{1021 (2005)[12℄ Dyer, M.E., Wolsey, L.A.: Formulating the single ma
hine sequen
ing problem with release dates as a mixedinteger program. Dis
rete Appl. Math. 26, pp. 255{270 (1999)[13℄ Eastman, W.L., Even, S., Isaa
s, I.M.: Bounds for the optimal s
heduling of n jobs on m pro
essors. Manage.S
i. 11, pp. 268{279 (1964)[14℄ Graham, R.L.: Bounds for 
ertain multipro
essing anomalies. AT&T Te
h. J. 45, pp. 1563{1581 (1966)[15℄ Hall, L.A., S
hulz, A.S., Shmoys, D.B., Wein, J.: S
heduling to minimize average 
ompletion time: o�-line andon-line approximation algorithms. Math. Oper. Res. 22, pp. 513{544. (1997)[16℄ Ho
hbaum, D., Shmoys, D.: Using dual approximation algorithm for s
heduling problems: Theoreti
al andpra
ti
al results. J. ACM 34, pp. 144{162 (1987)[17℄ Hoogeveen, H., S
huurman, P., Woeginger, G.J.: Non-approximability results for s
heduling problems withminsum 
riteria. INFORMS J. Comput. 13, pp. 157{168 (2001)[18℄ Khot, S.: On the power of unique 2-prover 1-round games. In: Pro
eedings on 34th Annual ACM Symposiumon Theory of Computing (STOC), pp. 767{775 (2002)[19℄ Khot, S., Regev, O.: Vertex 
over might be hard to approximate to within 2-". J. Comput. Syst. S
i. 74, pp.335{349 (2008)[20℄ Lawler, E.L., Labetoulle, J.: On preemptive s
heduling of unrelated parallel pro
essors by linear programming.J. ACM 25, pp. 612{619 (1978)[21℄ Lawler, E.L., Lenstra, J.K., Rinnooy Kan, A.H.G., Shmoys, D.B.: Sequen
ing and s
heduling: Algorithmsand 
omplexity. In: Graves, S.C., Rinnooy Kan, A.H.G. and Zipkin, P.H. (eds). Handbooks in Oper. Res. andManage. S
i. 4, Logisti
s of Produ
tion and Inventory, pp. 445{522. North-Holland, Amsterdam (1993)[22℄ Lenstra, J.K., Rinnooy Kan, A.H.G.: Complexity of s
heduling under pre
eden
e 
onstrains. Oper. Res. 26, pp.22{35 (1978)[23℄ Lenstra, J.K., Shmoys, D.B, Tardos, E.: Approximation algorithms for s
heduling unrelated parallel ma
hines.Math. Prog. 46, pp. 259{271 (1990)[24℄ Leung, J., Li, H., Pinedo, M.: Approximation algorithm for minimizing total weighted 
ompletion time of orderson identi
al parallel ma
hines. Nav. Res. Log. 53, pp. 243{260 (2006)[25℄ Leung, J., Li, H., Pinedo, M., Zhang, J.: Minimizing total weighted 
ompletion time when s
heduling orders ina 
exible environment with uniform ma
hines. Inform. Pro
ess. Lett. 103, pp. 119{129 (2007)[26℄ Leung, J., Li, H., Pinedo, M.: S
heduling orders for multiple produ
t types to minimize total weighted 
ompletiontime. Dis
rete Appl. Math. 155, pp. 945{970 (2007)[27℄ Lin, J.-H., Vitter, J.S.: "-Approximations with minimum pa
king 
onstraint violation. In: Pro
eedings of the24th Annual ACM Symposium on Theory of Computing (STOC), pp. 771{782 (1992)[28℄ Margot, F., Queyranne, M., Wang, Y.: De
ompositions, network 
ows, and a pre
eden
e 
onstrained singlema
hine s
heduling problem. Oper. Res. 51, pp. 981{992 (2003)[29℄ Mastrolilli, M. , Queyranne, M. , S
hulz, A.S., Svensson, O., Uhan, N.A.: Minimizing the weighted sum of
ompletion times in 
on
urrent open shops. Oper. Res. Lett. 38, pp. 390{395 (2010)[30℄ Queyranne, M.: Stru
ture of a simple s
heduling polyhedron. Math. Prog. 58, pp. 263{285 (1993)[31℄ Sha
hnai, H., Tamir, T.: Multipro
essor s
heduling with ma
hine allotment and parallelism 
onstraints. Algo-rithmi
a 32, pp. 651{678 (2002)[32℄ S
hulz, A.S., Skutella, M.: S
heduling unrelated ma
hines by randomized rounding. SIAM J. Dis
rete Math. 15,pp. 450{469 (2002)[33℄ Shmoys, D.B., Tardos, E.: An approximation algorithm for the generalized assignment problem. Math. Prog.62, pp. 561{474 (1993)



THE POWER OF PREEMPTION ON UNRELATED MACHINES 25[34℄ Skutella, M., Woeginger, G.J.: Minimizing the total weighted 
ompletion time on identi
al parallel ma
hines.Math. Oper. Res. 25, pp. 63{75 (2000)[35℄ Skutella, M.: Convex quadrati
 and semide�nite programming relaxations in s
heduling. J. ACM 48, pp. 206{242(2001)[36℄ Smith, W.E.: Various optimizers for single-stage produ
tion. Nav. Res. Logist. Q. 3, pp. 59-66 (1956)[37℄ Vers
hae, J.: Approximation algorithms for s
heduling orders on parallel ma
hines. Mathemati
al engineeringthesis. Universidad de Chile, Santiago, Chile (2008)[38℄ Woeginger, G.J.: On the approximability of average 
ompletion time s
heduling under pre
eden
e 
onstraints.Dis
rete Appl. Math. 131, pp. 237{252 (2003)[39℄ Yang, J., Posner, M.E.: S
heduling parallel ma
hines for the 
ustomer order problem. J. S
hed. 8, pp. 49{74(2005)


