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1. Introduction

We consider the problem of partitioning a graph into cliques of bounded cardi-
nality. The goal is to find a partition that minimizes the sum of clique costs where
the cost of a clique is given by a set function on the nodes. We present a general
algorithmic solution based on solving the problem variant without the cardinality
constraint. We yield constant factor approximations depending on the solvability
of this relaxation for a large class of submodular cost functions. We give optimal
algorithms for special graph classes.

More formally, we are given a simple graph G = (V, E), a set func-
tion f : 2V → R+, and a bound B ∈ Z+. The problem is to find a partition
of the graph G into cliques K1, . . . , K� (the value of � is not part of the input)
of size at most B, that is, |Ki| ≤ B, i = 1, . . . , �, such that the objective func-
tion

∑�
i=1 f(Ki) is minimized. We denote our problem as partition into cliques of

bounded size PCliq(G, f, B).

Let V be a finite set. The function f : 2V → R is called submodular if for
all subsets A, B ⊆ V holds f(A) + f(B) ≥ f(A ∪ B) + f(A ∩ B). We consider
non-negative submodular functions that satisfy the following exchange properties.
For all subsets A, B ⊆ V with f(A) ≥ f(B) and elements u, v ∈ V \ (A ∪ B)
with f(u) ≥ f(v) holds

f(A + u) + f(B + v) ≤ f(A + v) + f(B + u) . (E1)
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Moreover, for all sets A, B ⊆ V such f(A) ≥ f(B) and all elements u ∈ V \ (A∪
B), holds that

f(A + u) ≥ f(B + u). (E2)
This class of set functions contains well-known cost functions such as maximum
function [7], chromatic entropy [2], probabilistic coloring [3], etc.

The problem PCliq(G, f, B) is generallyNP-hard because it contains the clas-
sic NP-hard problems partition into cliques (or clique cover) and graph color-
ing [5]. If the bound on the clique size B equals 2 then the problem corresponds
to a maximum cardinality matching problem in G and can be solved optimally in
polynomial time.

Graph partitioning and coloring problems (without cardinality constraints) are
among the fundamental problems in combinatorial optimization. Various results are
known for particular cost functions and graph classes. Recently, also generalized set
functions have been considered in this context. Gijswijt, Jost, and Queyranne [6]
introduce value-polymatroidal set functions which are polymatroid rank functions
(i.e. nondecreasing, submodular, and f(∅) = 0) that satisfy a slightly weaker ex-
change property than we require above. For every A, B ⊆ V such that f(A) ≥
f(B) and every u ∈ V \ (A∪B), holds that f(A+u)+f(B) ≤ f(A)+f(B +u).
They consider the problem PCliq(G, f,∞) and derive polynomial time algorithms
for interval graphs and circular arc graphs. Fukunaga, Halldorsson, and Nag-
amochi [4] consider monotone concave cost functions and provide a general al-
gorithmic scheme which yields a factor 4 approximation for perfect graphs. They
also give a result for general graphs depending on the solvability of the maximum
independent set problem on the complement of the graph.

Graph partitioning (or coloring) with a constraint on the clique size has been
addresses rarely so far. Bodlaender and Jansen [1] investigated a special case
of PCliq(G, f, B) with the objective to minimize the number of cliques, that is,
f(S) = 1 for all S ⊆ 2V . They show that the decision variant of the problem on
co-graphs is NP-complete whereas it is polynomial time solvable on split graphs,
bipartite graphs and interval graphs.

2. Our Results

2.1 Optimal algorithm for complete graphs and proper interval graphs

Consider the problem PCliq(K, f, B) on a complete graph K. The following
simple algorithm solves the problem optimally.

Algorithm PARTK
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Order elements u ∈ K in non-increasing order of f(u) and group them greedily
into sub-cliques of size B beginning with the elements of largest value.

Theorem 2.1. PARTK solves the problem PCliq(K, f, B) on a clique K for sub-
modular functions with exchange property optimally in polynomial time.

The exchange properties are indeed substantial to the result above. The prob-
lem of partitioning a complete graph is generally NP-hard for submodular func-
tions, and even for polymatroid rank functions.

Theorem 2.2. The problem PCliq(K, f, B) on a clique K is NP-hard even if we
restrict f to polymatroid rank functions, that is, non-decreasing, submodular func-
tions with f(∅) = 0.

Proof 1. Reduction from graph partitioning with unit node weights [5].

Additionally, we devise a dynamic program that solves the problem optimal
for another special graph class.

Theorem 2.3. The problem PCliq(G, f, B) on a proper interval graph G can be
solved optimally in pseudopolynomial time for submodular functions with ex-
change property. If the number of distinct values for single elements f(u) for
all u ∈ V is bounded, then this algorithm runs in polynomial time.

2.2 An (c + 1)−approximation for general graphs

Our algorithmic framework is based on solving two relaxation of the given
problem PCliq(G, f, B). One relaxation concerns ignoring the graph structure, i.e.,
PCliq(K, f, B) for K being a complete graph as considered above. In the other re-
laxation we assume that the cardinality of the cliques is not bounded, or B ≥ |V |.
We denote it as PCliq(G, f,∞). Optimal values for both relaxations considered in-
dividually may give arbitrarily bad lower bounds on an optimum solution. Still, we
derive constant factor approximation guarantees when combining them. Consider
the following polynomial time algorithm.

Algorithm PART

(i) Solve the relaxation PCliq(G, f,∞) without cardinality restrictions.
(ii) For all cliquesKi: Solve the problem PCliq(Ki, f, B).

Theorem 2.4. Let f be a submodular function with exchange property. If there
exists a c-approximation algorithm for the problem PCliq(G, f,∞) without cardi-
nality constraint, then PART is a (c + 1)−approximation for PCliq(G, f, B).

Sketch of Proof: Let K1, . . . , K� be the solution of the relaxed problem
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PCliq(G, f,∞). For each of the cliquesKi letK1
i , . . . , K�i

i denote the partition into
subcliques (Step 2). Assume that all sets are indexed such that f(Kj

i ) ≥ f(Kj+1
i )

for j = 1, . . . , �i − 1. Then the value of the algorithms solution is
PART =

�∑

i=1

�i∑

j=1

f(Kj
i ) =

�∑

i=1

f(K1
i ) +

�∑

i=1

�i∑

j=2

f(Kj
i )

≤ cOPT(G, f,∞) +
�∑

i=1

�i∑

j=2

f(Kj
i ) .

The main effort lies in proving
∑�

i=1

∑�i
j=2 f(Kj

i ) ≤ OPT(K, f, B). We first
observe: For two sets A, B ⊆ V with |A| ≥ |B| holds that if each element v ∈ B
can be mapped to a distinctive element in u ∈ A such that f(v) ≤ f(u),
then f(A) ≥ f(B). This fact combined with Algorithm PARTK and Theorem 2.1
allows us to apply a charging scheme where we map the elements of the cliquesKj

i

with i > 1 to the optimal solution.

Since the set functions we consider are value-polymatroidal, can employ the
optimal algorithm in [6] and yield a quite general result for interval graphs which
are of particular interest in applications.

Corollary 2. There is a factor 2 approximation algorithm for PCliq(G, f, B) on
interval graphs and circular arc graphs.
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