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Abstract

Motivated by data-driven approaches to sequential decision-making under uncertainty, we
study maximum likelihood estimation of a distribution over a general measurable space when,
unlike traditional setups, realizations of the underlying uncertainty are not directly observable
but instead are known to lie within observable sets. While extant work studied the special
cases when the observed sets corresponded to intervals in R™ for n = 1, 2, our work provides, to
the best of our knowledge, a first rigorous treatment of the more general estimation problem.
Our results show that maximum likelihood estimates concentrate on a collection of maximal
intersections (CMI) sets, and can be found by solving a convex optimization problem whose size
is linear in the size of the CMI. After studying the efficient computation of the CMI and the
maximum likelihood estimate, we characterize convergence properties of the maximum likelihood
estimate and apply our results to construct ambiguity sets and develop compact formulations
for Distributionally Robust and Greedy and Optimistic Optimization. Our results show how
non-parametric maximum likelihood estimation can be incorporated effectively into data-driven

optimization problems, resulting in tractable formulations that are tested numerically.

1 Introduction

Motivation. We are motivated by settings of sequential decision-making under uncertainty, which
typically model uncertainty as arising from the realization of a sequence of independent and identi-
cally distributed (iid) random elements {c® : s € Z }, where ¢® represents the uncertainty affecting
state dynamics during period s € Z,.. Traditionally, the literature has assumed that the underlying
(common) distribution p° of ¢* is known to the decision-maker (DM). However, in the last decades,
settings where such a distribution is initially unknown have attracted considerable attention Ara-
man and Caldentey| (2009), Besbes and Zeevi (2009)), Modaresi et al.| (2020), |Rusmevichientong
and Topaloglu (2012). In such work, the DM typically receives some periodic feedback on ¢® which



allows her to refine her knowledge of u° and thus improve the decision-making process. In partic-
ular, in settings where ¢ is observed upon its realization, maximum likelihood estimation (MLE)
Doob| (1934), |[Fisher| (1922)), Wald, (1949) arises as a possible method for parametric/non-parametric

inference of ;Y.

Departing from the models above, in this work we study the estimation of ;¥ when ¢ is not
observed directly but is known to lie within a set C'®. Consider, for example, settings of sequential
interdiction where at each period s € Z the DM implements an action z* aimed at maximizing (in
expectation) some function that depends, among other things, on an adversarial (random) response

y®, which in turn aims at minimizing some function g(-), so that

y°’(w) € argmin {g(y,z,c’(w)) : y € Y(x)}.

Depending on the application of interest, the feedback observed in period s might consist, for ex-
ample, only on the response y®, which informs rather indirectly on the realization of ¢®. In such a
case, upon observing y° the DM infers that ¢®* € C*¢ := {c: y* € argmin {g(y,z°,¢)} : y € Y (z*)},
and thus any estimate of the distribution x° must be constructed solely based on the information
contained in the sequence {C* : s € Z,}. Settings of sequential interdiction under epistemic un-
certainty have been studied recently Borrero et al. (2016} 2019, 2022), Yang et al|(2021), however,

they consider deterministic feedback, ignoring the relevant stochastic alternative.

A case related to the setting above comes from the inverse optimization literature |Ahuja and
Orlin| (2001)). Consider a DM that observes a directed network G = (NN, A) and seeks to estimate
the distribution u° of the cost vector during period s, ¢® := (ci: a € A), where ¢ is the unitary
cost of moving flow in arc a € A during period s € Z,. We assume it is known that the vectors
{c®: s € Z;} are iid. On each period s, a user (different from the DM) observes ¢® and selects the
shortest path between some fixed pair of nodes assuming that the costs are given by ¢°. Supposing
that the DM only observes some subset of the shortest path y® traversed by the user, then the
feedback obtained by the DM in period s € Z, informs that ¢* € C* := {c € R‘f‘: there exist a
shortest path of G that contains y*}. (If more information is available, for instance, the cost of the
shortest path, the sets C® can be modified accordingly.) In this setting, the DM must estimate yu°

using only the information contained in the sequence {C* : s € Z, }.

Beyond the estimation problem, decision-making under uncertainty when the underlying dis-
tribution is not known is often tackled using the robust optimization Ben-Tal et al. (2009} 2004},
Ben-Tal and Nemirovski| (1999), Bertsimas and Sim| (2004), Delage and Ye| (2010), Esfahani and
Kuhn| (2018]), Wiesemann et al| (2014) or optimism in the face of uncertainty |Auer| (2002), |Auer
et al. (2002), |[Borrero et al.| (2016), [Bubeck and Cesa-Bianchi| (2012) paradigms. A common input
to these models is an uncertainty or ambiguity set upon which the DM looks for either a worst-case
or best-case realization, for any given decision. In this regard, important questions that arise in
these models are how to compute such ambiguity sets in a manner that is consistent with MLE,

and how to solve the resulting formulations.



Objective and assumptions. Departing from the traditional setups, we study settings where
the DM looks for a non-parametric estimator of x° when the sequence {c® : s € Z, } is not observed
but instead a sequence {C®,s € Zy} is, where it is known that ¢* € C®, s € Z,. When the ¢°s
are not observed directly, as in our motivating examples, the standard MLE method cannot be
(directly) employed to estimate u°. However, the techniques behind MLE can be extended in order
to handle this case. The overall goals of this paper are thus to (i) formally extend the method
in order to estimate an underlying distribution where only sets containing uncertainty realizations
are observed on each period; (ii) analyze the convergence properties of the resulting estimate; and
(ii1) study how to incorporate the resulting estimates into data-driven optimization approaches.
We make no specific assumptions about 1, nor the space where the elements ¢, s € Z, take their
values, nor the forms of the sets C* (beyond their measurability), s € Z,, and use a non-parametric
approach. The problem discussed in this paper is not entirely new: parametric MLE with censored
data is commonplace in economics, and specific settings of non-parametric MLE with censored data
give rise to specific uncertainty sets in R and R? |Gentleman and Geyer (1994)), Hanley and Parnes
(1983)), [Peto| (1973), Turnbull (1976). However, to the best of our knowledge, there is no general
and rigorous treatment of this non-parametric estimation problem in general probability spaces nor

of its use in the context of data-driven optimization.

Results and Contribution. Our first contribution amounts to showing that there is a maximum
likelihood probability measure (MLPM) over the o-algebra generated by the class of sets C! =
{C?®: s € [t]}, where [t] == {1,2,...,t} for each t € Z,, and that this measure is concentrated in the
collection of mazimal intersections (CMI) generated by the class Ct. While said collection might be
of exponential size in the worst-case, we illustrate its efficient computation in practical instances.
Related to this, we show that the MLPM can be computed by solving a convex optimization
problem whose size is linear in the size of the CMI, and use the local optimality guarantees of
such problem to propose a column generation procedure that avoids computing all elements of the
CMI, whose efficiency we test numerically. We also show how MLPMs can be extended to larger

o-algebras that contain C!, using a reference measure.

A second contribution pertains to the analysis of the convergence of the MLPM. In this regard,
we first show that in general the convergence of MLPMs to u® cannot be guaranteed under various
standard convergence modes. We then introduce a convergence notion in terms of the Wasserstein
distance (Kantorovich| 1960) between distributions, and extend existing measure concentration

results for this case, under additional assumptions.

Finally, on a more practical side, a third contribution amounts to showing how the theoretical
results for MLPMs can be used to construct ambiguity sets for data-driven optimization problems,
where the DM looks for distributions that maximize the likelihood of the observed sequence of
sets. Leveraging recent results for the case with complete information [Esfahani and Kuhn| (2018)),
Fournier and Guillin| (2015), we design particular Wasserstein ‘balls’, formulate a Distributionally

Robust Optimization (DRO) problem that provides out-of-sample guarantees (and obtain a convex



reformulation of the DRO problem that extends similar formulations in the literature) and a Greedy
and Optimistic Optimization (GOO) problem used in learning approaches to bilevel optimization
Borrero et al.| (2019). We test the practical performance of the resulting formulations, as well as

the complexity of computing the CMI and MLPM in a series of numerical experiments.

Organization of the paper. The rest of the paper is organized as follows. In Section [2] we review
the literature and articulate the novelty of our work. In Section [3|and [4 we study the theoretical and
computational aspects of the estimation problem, respectively. In Section [5| we study convergence
issues, and in Section [6] we review applications of our results to data-driven optimization. In
Section [7] we measure the performance of the proposed algorithms through numerical experiments.
Finally, Section [§| presents our conclusions. The proofs that are not in the main body of the paper

are relegated to Appendix [A]

Notation and Assumptions. Throughout the manuscript, we consider an underlying probability
space (9, F,P) and assume that the C®s belong to some measurable space (¥,G), i.e. C° € G,
s € Zy. Typically, (U,G) = (R",B") where B" denotes the Borel o-algebra of R", i.e., the o-
algebra generated by the usual open sets in R™ (in which case, ¢ is a random vector, s € Z,).
We define the support of a vector x € R™ as supp(z) := {j <n:z; # 0}. Given a measurable
space (¥,G) we write u € (¥, G) to indicate that (¥, G, i) is proper probability space. We say a
probability measure p* maximizes the likelihood of (observing) the class C! if and only if u* is a

solution of the optimization problem

t
sup {L(u,t): p€ (¥,G)},  where L(,t) = [[ u(C®),  ne (¥,6). (1)

s=1
When it is well-defined, we say that the measure p* is an MLPM over (\IJ, g). For a given probability
measure i, E* denotes the expectation operation with respect to such a measure. In addition, if
(V,G) and (¥',G’) are such that ¥ C ¥’ and G C G’, then for any measure € (¥/,G’), we let pg

denote the restriction of y to G.

For a given pair of collections of sets B and D, we let B\ D denote the collection of sets of the
form B\ D where B € B and D € D. Also, we let o(B) denote the o-algebra generated by B, and
A(B) denote the class of atoms of B, which are sets with the property that they cannot be ‘divided’
further in terms of other sets of the class (see |[Resnick| (2019) p. 24), i.e.

A(B)={B € B: B#( and if B' C B, with B’ € B, then B’ = B}.

2 Literature review

MLE is a standard estimation method in statistics Fisher| (1922)). The basic setup involves a

sequence of iid observations from an unknown probability distribution. A parametric approach to



MLE assumes that the functional form of the underlying distribution is known but its parameters are
not. In this case, MLE uses the observations to estimate parameters across a family of parametric
probability distributions; under mild assumptions, MLE is known to recover the underlying true
parameters asymptotically, i.e., the maximum likelihood (ML) estimate is consistent [Doob (1934),
Wald| (1949). During the last decades, these known properties of MLE have been extended to
progressively more general settings, see Kiefer and Wolfowitz| (1956]), Perlman| (1969), [Sagaral (2005)),
Wang (1985) and the references therein.

A non-parametric approach to MLE involves explicitly estimating the probability density func-
tion of the underlying distribution, instead of just parameters. In this regard, while there exists
fairly general approaches, such as |Wang (1985), there are also other computationally-driven meth-
ods such as kernels [Parzen| (1962), Rosenblatt| (1956), MLE with penalties de Montricher et al.
(1975), the method of sieves Geman and Hwang| (1982), stochastic programming |Dong and Wets
(2000), among others, see |Agarwal et al.| (2016|) and references therein. Notably, in this setting,
convergence to the true distribution, i.e., consistency, is not always attained across all methods. In
this more general non-parametric setting, when specific parameters or densities are not of interest,
the ML estimate of the underlying distribution is the empirical distribution associated with the
sample. In this case, the Glivenko-Cantelli Theorem and its generalizations (see e.g., Loeve, (1960)
p. 20, |[Vapnik and Chervonenkis| (1971), and Shorack and Wellner| (1986|) p. 828) show that the
cumulative distribution function (cdf) induced by the empirical distribution converges uniformly

and almost surely (a.s.) to the true cdf.

The work above assumes that the realizations of the random elements are observed with preci-
sion. In cases where there is incomplete information about the observations, non-parametric MLE
can still be carried out. In Dempster et al.| (1977), Laird (1978) the authors propose a model for
incomplete information that can be seen as assuming ‘two-layers’ of variability: one due to the ran-
dom vectors c®, s € Z4, and a second one due to another sequence of random vectors that depend on
the respective realization of each ¢®, whose output provides the data that is observed. In this model
it is assumed that the conditional information of the observed data given the unobserved data is
known. This model is fairly general and captures many situations arising in practice. For paramet-
ric cases, the Expectation-Maximization (EM) algorithm |Dempster et al.| (1977) can be employed
to get the ML estimate of the parameters. The non-parametric case is studied in [Laird (1978,
which derives several properties of the non-parametric ML estimator, particularly self-consistency;
it also derives an algorithm, based on the EM algorithm, in order to compute the estimate. The
model studied in [Dempster et al. (1977)), Laird| (1978), however, cannot capture settings where the
observed data are sets rather than vectors, as assumed in our work. Moreover, even if the sets
can be reconstructed from observed vectors, the generality of the model obscures many interesting

specific properties that can be derived for our setting and becomes cumbersome to use.

An alternative model for incomplete information, which we adopt here, assumes that the vectors

are not observed directly. Rather, a non-empty set C'* containing the realization of ¢*, s € Z+,



is observed. This model was, to the best of our knowledge, studied first in Peto| (1973)), where
c® € R and the C?®s are intervals. There, the authors argue that the non-parametric estimate of
the cdf should be concentrated in certain intersecting points of the intervals. In Turnbull (1976))
these findings are expanded and the authors derive an iterative algorithm to compute the ML
estimate. Multivariate extensions centered in specific applications with censored data are discussed
in Hanley and Parnes| (1983)), which explicitly discusses the idea of maximal intersections in multiple
dimensions and derives an explicit formula for the ML estimate under certain specific assumptions
when ¢ € R?. In Gentleman and Geyer| (1994) the authors study again the interval model, use
the Karush-Kuhn-Tucker (KKT) conditions of a nonlinear optimization problem to compute the
ML estimate, and prove the consistency of the estimator under certain assumptions. Consistency
results for another specific model in R? are also studied in Wong and Yu (1999), while Betensky
and Finkelstein (1999) uses the KKT conditions to compute ML estimate in specific applications.
In Hudgens| (2005|) the authors study the interval setting and show that the maximal intersections
can be computed by finding the maximal cliques in the intersection graph generated by the intervals.
More specific models in R? involving ML estimation for censored failure data are studied in Prentice
(2014)), Prentice and Zhao, (2018)) and references therein.

Although the work discussed above studies specific instances of the problem under considera-
tion, to the best of our knowledge there is no existing literature studying this problem in general
measurable (or Euclidian) spaces, which is the objective of our work. Moreover, we are not aware
of studies of these ideas beyond purely estimation problems; our work goes further and explores

their use in data-driven optimization approaches.
3 Properties and construction of MLPM

Throughout this section, we consider t € Z fixed. After introducing background material, we
define the collection of maximal intersections associated with C, and show that MLPMs must neces-

sarily concentrate on such a collection. These results are then leveraged then to compute an MLPM.

Preliminaries. Let (U, G) be a measurable space and consider a sequence of iid random elements
c’: Q) — VU, s € Z,, following an unknown probability distribution pu°, (by distribution we mean
that 10 is defined by u°(G) = P[c® € G] for any s € Z, and G € G, see Resnickl (2019) p. 137).
Recall that C* = {C®: s € [t]} corresponds to the sets observed by the DM until ¢; we define the

measurable space (\Ilt, gt), as follows

U= U c® and G' = o(Ch.

s€E[t]

Note that {(\Iit,gt),t € Z.} is an increasing sequence of measurable spaces (i.e., ¥¥ C W' and
G* C G for any s < t) and that all of them are contained in the original one, i.e., Ut C ¥ and
Gt C G foranyt € Zy.



We consider a DM who is interested in estimating the distribution ;% at time ¢ based solely on
the observation of the collection Ct, and the knowledge that ¢* € C¢ for any s € Z. (Note that the
DM does not observe the ¢°s directly.) In particular, we assume that the DM seeks to estimate u"
by finding a distribution that maximizes the likelihood of observing C* over (¥*,G"). An example

of this setting in the context of network interdiction is presented next.

Example 1. Consider an interdictor that observes a smuggler who, at each period s € Z, traverses
a path between nodes 1 and n of a network G = (NN, A), where N denotes the set of nodes, and A
the set of arcs. Let ¢® € R'f‘ denote the cost vector of the network at time s € Z,, and assume
that the sequence {c®: s € Z, } is iid and follows a (absolutely continuous) distribution u°. At time
s € Z, the interdictor blocks travel through a set of arcs B®* C A, and then the smuggler observes
the vector ¢® and moves through a shortest path P*® between nodes 1 and n in the interdicted
network G* = (A, N \ B®). The interdictor does not observe ¢*® directly, but rather observes the
path P* used by the smuggler, for s € [t], and uses this information to estimate the distribution

1. In this case, one has that

Cs = {c € R‘f' : PP e argmin{an : Pisal—n pathin GS}}, SEZL,. n
a€P

Remark |1 shows that finding an MLPM is straightforward when the sets in C! are disjoint, or

when their (overall) intersection is non-empty.

Remark 1. If the C*®s are mutually disjoint, then any MLPM u* is such that pu*(C*) = 1/t for all
s € [t], so that L(u*,t) = (1/t). In particular, the empirical distribution is an MLPM. At the other
extreme, if ﬂse[t} C® =: C # 0 then any MLPM p* is such that p*(C) =1, so that L(p*,t) = 1.

In general, finding MLPM is not as direct as in Remark|[I} In order to characterize their support,

next we introduce the concept of mazximal intersections.
3.1 Measures over the collection of maximal intersections (CMI)

For S C [t], define I(S) := ,cg C°. Hereafter we refer to these sets as C-intersections. Let m!

be the size of the largest set associated with a non-empty C-intersection, i.e.
m' :=max {|S|: S C [t], I(S) # 0} .
Note that, by definition, I(S) = () for any S such that |S| > m!. For k < m!, define (recursively)
T, ={SCt]:|S|=k I(S)#0,S¢ S, & eI, Il >k}, I, =0

The collection I,f; consists of all subsets of periods of size k whose corresponding C-intersections are

non-empty and that are not contained in any other subset of time periods that give a non-empty



C-intersection. We define the collection of mazimal intersections (CMI) as follows
M ={I(S): SeI}, k<m'} (2)

The ‘maximal’ denomination refers to the fact that if I(S) € M, then there is no larger set S’ (i.e.
such that S C ') such that I(S’) € M!. Note that M! can be exponential in ¢ in the worst case
(we study the computation of M! in Section ) However, we show later that in practice not all

elements in M" may need to be computed to find an MLPM.

The significance of the CMI for MLPMs is, to a large extent, due to the following property:

Lemma 1. If I(S) € M? for S C [t], then I(S) is an atom of G.

Specifically, Lemmaallows us to construct well-defined measures over (\I/t, gt) using as ingre-
dients a vector of non-negative weights w and the CMI, as shown next in Lemma [2l Moreover, in
the next section, we use Lemmas [1| and [2| to prove that the MLPMs are concentrated on the CMI,

and thus are equivalent up to the measure assigned to the CMI.

Lemma 2. Let w = (wyr: M € M) be such that Yomenmtwn =1 and wy >0, M € M. Then,

P*G)= Y  wy, Geg (3)

MCG, MeMt

is a well-defined probability measure on (¥t G?).

We close this section by noting that that the measures constructed in Lemma [2] are concentrated
on M! because P¥(M!) := P¥ <UM€Mt M) =1

3.2 MLPMs are concentrated on the CMI.

For S C [t] define X (S) as the set of elements in I(S) that do not belong to any other element
of Ct, i.e.
X(S) =1\ [JI(su{) sc,
ozs
where null unions are defined as the empty set. We prove the concentration result by showing that
if there is a measure p(-) that is not concentrated on M, then it necessarily assigns a positive
measure to some non-empty set X (5) ¢ M. In such a case, one can construct an alternative

measure with a higher likelihood by simply reassigning such a measure to I(.5) \ X (5).

Theorem 1. Let i be a probability measure over (‘I’t,gt) such that p(UprepmeM) < 1, then there
exist another probability measure i over (', G") such that L(ji,t) > L(u,t).

Proof. We assume without loss of generality that L(u,t) > 0 (because, by Lemma , one can

always construct a measure pu with L(u,t) > 0 by assigning equal probability to all elements in



M?). Note that X(S) = I(S) for all S C [t] such that I(S) € M?, thus if u(Uprepe M) < 1, then
it is necessarily the case that p(X(S’)) > 0 for some S” C [t] for which I(S") ¢ M! and X (S’) # 0.

We consider two distinct cases

Case 1: pu(X(S")) < pu(I(S")). Define the (measurable) function f as

1, if o & 1(S')
f(z) =40, if z € X(5)
1(8")) .
ATtk 1T € I(S)\ X(S),

and define [i(G) = [, f du for each G € G'. In other words, /i is given by

n(I(S") u
(1(5") — n(X(5")

Note that fi(-) reassigns the measure assigned to X (S’) uniformly to I(S")\ X(S’). Observe that
1/ (-) is well-defined because f is measurable and [y, f du = 1. A key observation about fi(-) is

G) = p(G\I(S) + . GN(I(S)H\X(5), Geg".

a(C%) = u(C®), seft]st. C°NIS) =0, and [(C?) > u(C®), se[t]st. C°NI(S") #0,

with strict inequality for at least one s € [t]. This last statement follows because u(I(S’)) >
w(X(S") implies that p(I(S" U {s'})) > 0 for some s’ ¢ S’ such that C* N X(S') = 0, thus
w(C* N (I(S")\ X(S"))) > 0 and therefore

~ s o s’ / 'U(I S,))
™) = OIS + e = (X5

> w(C¥\I(S") + u(C¥ N (I(S)\ X(9)))
= u(C\I(S)) +u(C NIS))

u(C* N (I(S)\ X(5")

Using the above, we have that

t t

L(n.t) = [ wl€®) < [ 4(C*) = L)

s=1 s=1
where in the above we have used the fact that L(u,t) > 0 implies that pu(C®) > 0 for s € [t].

Case 2: u(X(S") = u(I(S")). In this case, we have that p(/(S’) \ X(S")) = 0, and thus there
exists M € M! such that M C I(S")\ X(S’) and u(M) = 0. Consider an alternative measure fi(-)

that reassigns the measure assigned to X (5’) to M, i.e.
AUG) = p(G\I(S) + (X (S)I{M S G}, Gegh

It is readily verified that i satisfies the axioms of being a probability measure on (¥ G'). In



addition 1(C?®) = u(C?®) for s € [t] such that C*NI(S") = 0. If C° N I(S’) # 0, then it must be
the case that M C C% and thus 4(C*®) > u(C*). Particularly, let M = I(S) and note that S C S.
Thus, there exist at least one s’ € S\ S, such that C*' N X(S") = @ and thus u(C* NI(S")) = 0.
This implies that (C*") > u(C*), and the result follows. O

Theorem |1| provides a necessary condition for a measure to be an MLPM over (\I’t,gt): it
needs to be concentrated on the CMI. Although this condition is not sufficient to guarantee that a

measure is an MLPM, it can be exploited to streamline the search for an MLPM, as we show next.
3.3 Finding the weights of the MLPM

We begin reviewing an auxiliary result, which provides a simple formula to compute L(u,t) for
any measure p that is concentrated in the CMI. The formula is valid for any measurable space
containing (\I/t,gt).

Lemma 3. Let (V' G’ 1) be a measure space such that ¥* C W' and G* C G'. If p(Uprepst M) = 1
then

pC= Y w0, seld

MEeMt MCCs

From the previous section, Theorem [I] implies that in order to find an MLPM, it is sufficient
to search across those measures that concentrate on the CMI. Based on and Lemma (3| the
following result formulates the problem of finding an MLPM.

Theorem 2. Consider the following optimization problem over the variables (wpr: M € M?),

max Z ln( Z wM) (4a)

s€(t] MCCs, MeMt

s.t Z wy =1 (4b)
wy >0, VM € M- (4c)

Then, an optimal solution of exists. Let w' = (w';: M € M") denote one such an optimal
solution, define it = P%" g5 in @B). Then it is an MLPM over (\Ilt, gt).

Proof. The first part follows because the objective function in is concave with respect to w =
(wpr: M € MY), w > 0, therefore Problem is a concave maximization problem over a compact
convex set, which is (polynomially) solvable (up to a precision factor) in the number of elements
of M (for example, by using gradient descent). The remaining proof follows from Theorem 1| and
Lemma |3 and from the fact that Problem is equivalent to

max H ( wM>

s€Et] MCCs,MeMt

10



This observation concludes the proof. ]

Formulation considers the maximization of a concave function over the simplex in M.
Thus, while a closed-form solution is not available in general, the KKT conditions can be used
to characterize its optimal solution. In particular, the optimal solution of formulation can be
found by finding a feasible solution to the following equations:

1 s
{MeCy +Au +A=0, Me M (52)

- WAsr
sl ZM'eMt,M'goé M

Memt
Ay wyy =0, M e M (5¢)
war, Ay > 0, M e M. (5d)

Remark 2. Theorem @ implies that a measure that solves problem always exist for (¥,G) =
(Wt GY). Thus, in this case, we can replace sup by max in .

In Section [4, we propose a column generation scheme that attempts to solve for an MLPM
without having to generate all components in the CMI: the potential efficiency of the procedure

rests in the following result; here, we define supp(w) = {M € M: wy > 0}.

Proposition 1. There always exists a solution w to such that |supp(w)| < ¢+ 1.

3.4 Extension of MLPMs to larger o-algebras.

Next, we show that the results shown so far for G! remain valid over any o-algebra G’ that
contains G!, as long as one can construct measures on G’ such that an MLPM over (¥ G!) is
absolutely continuous with respect to the restriction of the measure on G' (recall that given two
probability measures p and A over a measurable space (¥, G), \ is absolutely continuous with respect
to u, written A << p, if and only if p(A) = 0 implies A\(A) = 0, A € G, see Resnick (2019) pg.
333). This result shows, for instance, that an MLPM can be computed when the random vectors
c’, s € [t], are Borel-measurable (which is a common underlying assumption in many probabilistic
models in practice). Hereafter (¥’ G’) denotes a measurable space such that ¥* C ¥’ and G* C G’
(in particular, U' and G’ can be the original ¥ and G, respectively); w' = (@}, : M € M") denotes
an optimal solution of (4)); and 4! = P%" is defined over (¥, 6.
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Lemma 4. Suppose that € (¥',G') is such that i* << pg:. Define p/ € (¥',G') as

W@ = S b uGnM), Geg. (6)

MeM?, vt ,>0 H(M)
Then ' is a probability measure over (¥',G"). Moreover, /(M) = (M) for all M € M.

The Lemma above implies that a MLPM can be extended to any o-algebra G’ containing G' as
long as one can find a measure p such that /i’ is absolutely continuous with respect to pg:. For sim-
plicity, hereafter we assume (G’, u) satisfies this condition. Whereas Lemmashows that the MLPM
can be extended to G’, it does not necessarily imply that the extension in @ is an MLPM over
(U, G"). Next, Theorem [3| gives necessary conditions for a measure to be an MLPM over (\Il’, g’).
This result together with Lemma 4| imply that u’ constructed in @ is a MLPM over (\I/’ el )

Theorem 3. Let ji* be a MLPM over (¥',G"). If pn € (V',G') is a MLPM over (V',G), then
(Upreae M) =1, L(p,t) = L(,t), and {u(M): M € M'} is an optimal solution of (H).

Proof. Consider pg: € (¥*,G"); because C° € G' we have that g (C*) = pu(C*®), for all s € [t],
thus L(u,t) = L(pgt,t); from the optimality of 4 we conclude that L(u,t) < L(4f,t) . On the
other hand, because y maximizes L(-,t) across measures in (\Il’, Q'), and ' € (¥/,G’) it must be
that L(u,t) > L(j't), and we conclude that L(u,t) = L(f!,t). This also implies that p is an
MLPM over G and thus, per Theorem |1 it must be that u(UpepseM) = pygt(Upnrepme M) = 1.
Finally, Theorem [2| implies that x is an optimal solution of . O

Remark 3. Note that in contrast to (\I't, Qt), there might be multiple MLPMs over (\Il/, g’) even if
problem has a unique solution. However, note that such multiple solutions are equivalent when
restricted to Gt, in which case they coincide with the solution to .

4 Computation of the CMI and MLPMs

From previous sections, we know that finding a MLPM amounts to solving a convex optimization
problem that receives the CMI as input. Thus, we first focus on the problem of finding the CMI.
Because the size of the CMI can be exponential in ¢, later in this section we develop a column
generation procedure for computing the MLPM that attempts to bypass computing all the sets in
the CMI.

4.1 Exhaustive search for the CMI

We find the elements in the CMI recursively, starting with the elements with the highest car-
dinality, and then using those to find the ones with lower cardinality. For a collection of indices
S C 2l define

V(S) :=argmax {|S|: S C[t],I(S) #0,SZ S, 5 eS}. (7)

12



Algorithm (1] below provides pseudo-code for iteratively finding the CMI. Starting from S = (),
at each iteration, the algorithm finds the largest set S C [¢] that is not contained in any element
of S, and such that I(S) # 0; this set is then added into S. The algorithm stops when one can no
longer find such a set. Note that the resulting S is the collection of time indices associated with
the CMI. This is,

M ={I(9):5¢cS}.

Indeed, by construction, S € S is such that it is not a proper subset of any other element of S, I(.5)
is non-empty, and .S can not be augmented without resulting in an empty intersection. Conversely,
if S ¢ S, then it must be the case that either I(S) = () or that S C S’ for some S’ € S.

Algorithm 1: Computing the CMI

Input: The collection C*
Output: The CMI M?

1: Set S=10
2: while V(S) is feasible do
3: Set S=SUV(S)
4
5

. end while

: return M' = {I(9): S € S}

The ability to find the CMI using Algorithm (1| depends on (i) the number of elements in
M?" and (ii) the efficiency of solving (7)), which are both problem dependent. Regarding (i), the
‘maximal’ condition of the elements in S implies that not all subsets of [t] can be simultaneously in
S. Indeed, suppose that t is even; Sperner’s Theorem |Anderson (1989) implies that ‘./\/lt} < (t;2)'
Unfortunately, such a bound is tight (consider, for example, all subsets of size ¢/2), thus in the
worst case there can be O(2!/t) elements in M!. In practice, M! might be significantly smaller, as
shown in Section 7} Regarding (i7), the complexity of problem depends on the application at
hand, and most importantly, on the nature of the sets in C!. In order to illustrate this point, we

consider two examples.

Example 2 (Rectangle Feedback). Suppose C* are rectangles in R?, ie. C°* =C}] x ... x C},

where C7 = [lj,uj] with uf > 15 >0, <n, s € [t]. Then, one has that

V(S) := argmax Z 2°

s€(t]
s.t. ui +K(1-2") > 152°, j€n]s, s et
o=, SesS
set]\S

zs €{0,1}, s € [t].

Here, z° = 1 represents that s belongs to V(S), and 2® = 0 otherwise, and K is a ‘big-M’ constant

(which can be readily computed from the u} and [3). The first set of constraints checks that the

13



intersection of the rectangles is not empty by checking that, in each dimension, the largest lower
endpoint of the selected intervals is smaller than the smaller upper endpoint of the same intervals;
the second set of constraints imposes that a new index is chosen outside the set S, so as to avoid

choosing a proper set of S, for each set S € S. u

Example 3 (Computing the CMI in the shortest-path interdiction example). Consider
the shortest-path interdiction of Example [1, and recall that for a given s € [¢], B® and P* denote
the set of blocked arcs and the path traversed by the evader, respectively, at time s. We formulate
by maximizing the number of periods on which one can find a common cost vector ¢ which
explains the feedback observed on such periods (i.e. I(S) # (). Because it is assumed that u°
is absolutely continuous, we impose that for each pair of periods s,s’ € S, the costs associated
with paths P and P* (under cost vector ¢) are not equal, unless said paths coincide: this avoids
situations where I(S) # () but 1(S) has null Lebesgue measure. With this, we have that

V(S) := max Z 2° (8a)

s€lt]
5.t p—p = ¢y, s € [t] (8b)
pi—p; < cigtl=2"  (i,j) € A\ B’ self] (8¢)
‘cTyS 'y > et 42 =2 s,s eft]:y° # v (8d)
Z 25 > 1, Ses (8e)

set]\S
e =1 (8f)

acA
(8g)

Here, y*® stands for a vectored representation of path P*, for all s € [t|, and € > 0 stands for a
minimum gap. The formulation above checks that I(S) # 0 by finding a cost vector ¢ that explains
the path taken by the evader in the periods included in S via linear programming (LP) duality
(constraints —), using p® to denote the variables in the dual of the shortest path formulation
in period s € [t]. In addition, constraint imposes a minimum gap in costs (according to ¢)
among different paths selected by the evader in the periods in S; while non-linear in principle (as it
imposes a lower bound on an absolute value), it can be linearized by introducing auxiliary binary
variables. Like in the case of rectangular feedback, constraints ensure the set S is not a proper
set of other set in S. Note that, due to the fact that the evader’s path choice is invariant to scaling

of the cost vector, we impose (w.l.0.g.) that the vector ¢ belongs to the simplex (constraint )
|

Note that the formulations presented above are (Mixed) Integer Programs, and as such can
be tackled using state-of-the-art solvers. We close this section by noting that in the special case
of rectangular feedback and n = 1, the CMI can be computed by finding maximal cliques on the

intersection graph induced by C!, see Hudgens| (2005). This approach can be generalized to other
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types of sets as long as C! satisfies the Helly property. In general, however, C! might not satisfy
this property, which means that in general the CMI cannot be found by means of cliques in the

intersection graph, see Remark [

Remark 4. The collection of sets C! is said to satisfy the Helly property if and only if any
subcollection of C* with non-empty pairwise intersections has a non-empty intersection (see |Bollobds
and Bélal (1986) p. 82). For example, intervals in R and balls in either the £*-norm or £>°-norm in
R? satisfy the Helly property. If Ct satisfies the Helly property, then the subsets in {Zz, k< m} are
the mazimal cliques over the intersection graph induced by Ct (the set of vertices of the intersection
graph is [t] and there is an edge between s and u, s,u € [t], if and only if C°NC* # (). We
note that if Ct does not satisfy the Helly property then the CMI cannot be computed with mazimal
cliques, see Figure[]]

CZ

Cl

c3

Figure 1: Consider the sequence of three sets of R? in the left. The intersection graph is in the
right. Clearly the maximal clique is the graph itself, but I({1,2,3}) = 0.

4.2 Computation of a MLPM via column generation

In order to find an MLPM one might find the CMI using Algorithm [I] and then solve formula-
tion , which has as many variables as there are elements in the CMI. Thus, one would expect
the practical complexity of finding an MLPM to be strongly correlated with the size of the CMI.
Considering this, here we explore the possibility of finding an MLPM without knowing all the ele-
ments of the CMI. A key observation in this regard is that provides a check for local optimality,

and thus can be used to design a column generation scheme, which we do next.

Suppose that we have access to a collection S C 2[) such that (i) for each s € [t] there exists a
set S € S such that s € S; and (i) such that I(S) € M! for all S € S. Note that one can construct
such a set so that |S| <t (see, for example, Algorithm [3| below). Consider the formulation

malen( Z ws) (92)

s€lt] SeS, ses



let w = {wg; S € S} denote its optimal solution (condition (i) above ensures such a solution exists),
and define

gs:=( > g, selt.
SES,seS
Note that g, > 0 for all s € [t]. Using this definition, select (arbitrarily) S € S such that wg > 0,
and define X as follows
A= qu 1{s e S}.
s€(t]
From , note that A does not depend on the choice of S. We use this definition to check the

optimality of @ (modulo proper augmentation) for formulation . Define

M(S) = maX{qu :SC, I(S)#0, S¢S, 5 € S}, (10)

seSs

and let V(S) denote an optimal solution. We consider two cases, depending on the value of A*(S)

relative to \.

Case 1: \ > 5\*(8) In this case, we can augment w and construct a solution , thus checking

the optimality of the augmented solution. Specifically, for each M € M define

wg ifS€Sand I(S) =M ~
Wpr = y )\M =\— Z gs- (11)
0 ~ SER]:MNC#£D

Because A > \*(S) we have that Ay > 0 for all M € M? and thus (X, {\y}, {wn}) satisfy (5}
which in turn implies that 4 = P*(-) is an MLPM.

Case 2: A < M\ (S). Note that M* = I(V(S)) € M? (this follows from the definition of (11),
because g5 > 0 for all s € [t]). However, because A < X\*(S), the construction above is such that
A < 0, thus does not hold.

The above suggests the following column generation procedure: starting from an initial set S,
we solve (I0) and add V(S) to S until we have that A > A*(S), at which point we have found an
MLPM. This procedure is depicted in an algorithmic form in Algorithm

Note that the complexity of Algorithm |2 stems from solving formulations @ and . In this
regard, the later formulation is solved quite efficiently in practice (see the results in Section ,
and the former formulation is equivalent to (7)) - except for a modification in the coefficients in
the objective function which prioritizes finding sets that ‘cover’ periods that have been assigned
with a lower likelihood, according to w. Note that, in the worst case, all elements in the CMI are
generated, in which case it is necessarily the case that A = 5\*(5), and correctness of the algorithm
follows. In practice, as in most column-generation procedures, one would expect that an optimal

solution is found after a relatively small number of iterations; this is supported in part by the
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Algorithm 2: Column Generation for MLPM
Input: The collection C?, a collection S such UgesS = [t]
Output: An MLPM p
1: Set EXIT = false
2: while EXIT do
3. Solve (9), find w, compute {g; : s € [t]} and A
4: Solve and find V(S) and X\*(S)
5. if A > A\*(S) then
6
7
8

Compute w as in and set EXIT=true
else
Set S=SUV(S)
9: end if
10: end while
11: return p= PY

evidence generated in our numerical experiments, where we observe that MLPM concentrates on a

small number of elements in the CMI.

Finding an initial set S. Note that Algorithm [I| can be modified to find an initial feasible set
within at most ¢ iterations: for example, one possibility is to restrict the search for new elements
of the CMI that ‘cover’ time periods not included by the incumbent collection. Note that this is
possible because all s € [t] must be included in at least one M € M?! (otherwise p(C®) = 0 for all
MLPM g and L(p,t) = 0, which contradicts the fact that p is an MLPM). Algorithm 3| describes

such a procedure.

Algorithm 3: Finding an initial solution S.

Input: The collection C?
Output: The initial set S
1: Set S=0
2: while UgesS C [t] do
3. Set V:=argmax{|S|: S C[t],I(S)#0, S\ UgesS #0}
4: end while
5: return S

5 Convergence properties of MLPMs

In this section, we consider the case (\If,g) = (R™,B"), equipped with the usual topology
induced by the Euclidean distance. We are interested in analyzing the behavior of MLPMs over
(R”, B™) as t grows to infinity. It is known that when C* = {¢*} for all s € Z,, the MLPM is given
by the empirical distribution. In this case, the cumulative distribution function (cdf) induced by
the empirical distribution converges uniformly and a.s. to the cdf induced by the original measure
u° (this is a consequence of Glivenko-Cantelli Theorem and its generalizations, see Theorem 1 on
Chapter 26 of |[Shorack and Wellner| (1986)). Other results can be derived under other convergence
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notions. For instance, the empirical distribution converges to the true distribution in total variation
a.s. [Sagaral (2005) and the Wasserstein distance between p° and the empirical distribution is also

shown to go to zero in probability, under some conditions, as t grows Fournier and Guillin (2015).

For the setting of our study, under certain specific assumptions and convergence modes, it has
been shown that MLPMs converge to u’. For instance, Gentleman and Geyer| (1994) shows that
the MLPM converges to x° in the topology of weak convergence assuming that n = 1 and that the
C*®, s € Z., are specific types of intervals. A similar result for n = 2 is discussed in [Wong and Yu
(1999). In Section we show that, in general, convergence results such as the ones listed above
do not hold, even in the case when there is a unique solution to . In fact, proving statistical
guarantees that hold for general classes of problems is a complex task as there are many factors
that might play a role in proving convergence. For instance, convergence in settings with sets that
have the same geometry might depend on subtle differences in their arrangement in the space, see
Example These observations emphasize that convergence analyses should be carried out on a

case-by-case basis.

Whereas statistical guarantees might not be available for arbitrary cases, in Section [5.2] we
leverage recent results on Wasserstein distances to provide a framework that can serve to derive
guarantees for particular cases. More precisely, we define a notion of convergence in terms of the
Wasserstein distance between x° and the set of MLPMs and show that a sufficient condition for
this distance to go to zero is that the Wasserstein distance between the empirical distribution and
the set of MLPMs goes to zero. We then discuss three approaches that can be used to bound such
distance. In Section one of such approaches is used to provide statistical guarantees in a setting

where ;¥ is a discrete distribution.
5.1 General statistical guarantees: counterexamples

Next, consider the following two examples that show some of the issues with providing general
convergence guarantees. The first one presents a setting based on the interdiction problem in
Example [1| where standard notions of convergence do not hold but where there is convergence
under the notion we introduce in this section. The second example shows that having convergence
goes beyond the geometry of the sets in C’; that is, even with the same sets there might be changes

in convergence depending on how the sets are arranged in the space.

Example 4. Consider a network whose arc cost vector at each period s € [t] is drawn at random
from a measure p°. Assume that on each period a DM only observes the cost of a shortest-path
between a fixed pair of nodes on the network, and tries to infer the probability u° from these
observations. Specifically, consider the network depicted in Figure [2| the source-sink node pair
(1,4), and assume that the DM knows that the cost of each arc belongs to [0,100]. In addition,
suppose that the measure p° is degenerate and assigns the value 25 to the cost of each arc with

probability 1. Then, the length of the shortest path between 1 and 4 is 50 for each period. Moreover,

18



Figure 2: Network used in Example 4| The interval [0,100] above each arc means that it is known
that the cost of the arc is a number between 0 and 100.

in each period we have that
cP=C ::{C: min{012+624,613—|—034} :50}, SE€Ly.

For each t, consider the measure fi' that assigns probability 1 to the point é = (25,25, 100, 100).
One can show that fi' maximizes the likelihood (note that M! = {C}, é € C, and L(it,t) = 1).
However, the cdf induced by fi* is not that induced by u®. Moreover, the total variation between
10 and At is one, which implies that 4! %4 u° almost surely for the total variation metric, the
Wasserstein metric, or the KL divergence (the last two follow from the dual representations of the
Wasserstein metric Villani (2003) and by Pinsker’s inequality [Pinsker| (1964)). Similarly, 4! does
not converge weakly to p° for any given w € Q as it would require the integrals of any bounded
continuous function to eventually coincide (see, e.g., the Portmanteau theorem Resnick| (2019) p.
264).

Whereas in this setting we do not have convergence based on standard notions, it is readily
seen from results to be introduced later in this section that the Wasserstein distance between p°
and the set of MLPMs is zero. -

Example 5. Consider n = 1, assume that u" is a discrete distribution in {1,2,...,.J} for some
J > 2; and that the sets C* are closed intervals of length 2/3. Consider two settings: in the first,
each ¢® is the leftmost endpoint of C?®, whereas, in the second, ¢® is the leftmost endpoint if s
is odd and is the rightmost endpoint if s is even. In the first setting, it can be shown that the
Wasserstein distance between p° and the set of MLPMs is zero, whereas in the second there is no
such convergence as it can be shown that, eventually, the elements of the CMI do not contain the

support of z°. ]

5.2 Convergence using Wasserstein distances

Fix t and let w! be a solution of . Consider the set of MLPMs

D i= {5 e (R",B"): u(M) = iy, M € M},
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and the (possibly unobservable) empirical distribution

Z lieswyeny B EB"we.

se[t

(In what follows we remove the w dependency of fi'; any statement or equation where w does not
appear is implicitly assumed to hold a.s. in w € Q.) For any u,pu’ € (R",IB%") let d(u, ') denote
the 1-th Wasserstein distance between p and p’ (Kantorovich|[1960) and, abusing some notation,
let denote by d(D', ;1) the Wasserstein distance between p € (R",B") and the set of MLPMs, i.e.
d(D, ) := inf{d(¢/, u): ¢/ € D'}. Define 6¢ = d(D?, it): for a given € > 0 consider the following

ambiguity set, which represents a ‘ball’ of radius € + ' around D!
U = {pe (R",B"): d(D', p) < e+6'}.

We have the following measure concentration result, which bounds the probability that u° is far

away from U_.

Proposition 2. Assume that there exist a > 1 such that E* [exp(||c||)] < oo and let € > 0 be
given. Then,
K1 exp{ —kotemax{n.2} , ife<l1
PlA(D!, 1) > ¢ + 0] < 1exp{—ra },oife<

k1 exp{—kate}, ife>1

foranyt > 1, n # Y|, where ky and ko are positive constants that depend on n, a, and E* [exp(||c||*)].

From Proposition 2, we conclude that the Wasserstein distance between D! and u® converges to
zero in probability as long as 6' converges to zero. Motivated by this, hereafter we say that there is
convergence (from D! to u°) if 6* — 0 as t — co. Whereas in general such convergence cannot be
assured (see the second setting in Example , next we discuss three approaches that can be used

in general settings to upper-bound 6° and potentially prove convergence.

Bounds using the definition of Wasserstein distance. Consider the following Lemma whose
proof follows directly from the definition of ¢’ and from the fact that a distribution that assigns
weight uﬁw to éyr, M € Mt is an element of D!. This result shows, for instance, that there is

convergence in Example [f] and in the first setting of Example

Lemma 5. Let N(c) be the (random) number of times that vector ¢ has been observed up until

period t. Then

5t<1nf{z S oxlle —anlls Yo ay =t Y A :N(tcs),

seft] MeMt? s€t] MeMmt

X3, >0, 6MGM,M€Mt,s€[t]}. (12)

While the case of n = 2 admits a similar bound, we omit it here so as to avoid introducing additional notation:
see [Fournier and Guillin| (2015) for details
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Besides providing a theoretical upper bound for §?, Equation also provides a fast method
to compute such bounds. This method first finds elements ¢); € M for each M € M?; then
fixes €y = epr for all M € M?!; and then solves the resulting LP problem over the \s. This
method is employed in the numerical experiments of Section [7| to quickly compute upper bounds
of §t. (Clearly, the best possible such bound is found by determining the best possible ¢j; for each
M € M¢; that is, by solving over A\ and all ¢jss. however, the resulting optimization problem

is non-convex and therefore does not scale.)

Bounds in terms of frequencies. The next result upper-bounds the probabilities that MLPMs
assign to the CMI in terms of the number of sets that define each element of M" (see equation (2)).

Proposition 3. Let y € D' be an MLPM. Then,

u(M)g% Hsel]: MNC*£0}, Me M.

The bound in Proposition implies that the sets in M? that do not happen infinitely often, have
probability zero under an MLPM as t — oco. This result might explain the convergent behavior

observed in some of our numerical experiments in Section

Convergence using KKT conditions. A final approach to proving convergence is to show that
there exist MLPMs that can be made arbitrarily close, as t grows, to a solution of the KKT condi-
tions in . We illustrate this approach next under the assumption that x° is a discrete distribution.

5.3 Convergence for discrete distributions

Throughout this section we assume that p” has a finite support, i.e. P{c® € {d1,...,d;}} =1,
where d;j € R" for all j € [J] and J < oco. We also assume, w.l.o.g., that u°({d;}) > 0 for all
j € [J]. (Note we do not make any assumption about whether the DM knows the values of d;,
j € [J], or not). For j € [J] define

U= () ¢, (13)
se(t],d;eCs
thus Uj is the intersection of all sets in the sequence that contain d;. The next proposition gives

sufficient conditions on the collection C? for the empirical distribution to be an MLPM.
Proposition 4. Suppose that {U; : j € [J|} € M" and that each C* contains exactly one d;, s € [t],
j € [J]. Then it € D! and thus 6* = 0.

In general, the conditions of Proposition [4] are too strict. However, if we assume that the size
of the elements in C! decrease over time, we can obtain a similar result without imposing these

conditions to hold, as shown next.

Proposition 5. Suppose that lim;_,« ||Ct|| = 0 a.s., where ||CY|| = sup{||c — €/||: ¢, € C'}.

Then, lim;_,oo 6 =0 a.s.
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We remark that the proof of Proposition [5] does not necessarily need that the size of the elements
in C! go to zero as t grows. Even if the sizes of the sets do not go to zero, the proof holds true as
the sets in C' remain sufficiently small to guarantee that there exists a to > 0 such that U; € M?
for all t > t9 and j € [J], and for which each C*, s > to, only contains one d;, j € [J].

6 Data-driven stochastic optimization and MLPMs

In this section, we consider two opposite applications of MLPM to data-driven optimization,
where MLPMs are used to define uncertainty sets, first in the context of robust optimization
(where a DM edges against worst-case realizations of uncertainty), and second in the context of
sequential decision-making under uncertainty (where a DM follows a principle of optimism in the
face of uncertainty). In both settings, we assume that the DM seeks to optimize a function f(z,¢),
which is measurable and lower semi-continuous for each z € X, where X C R is known and
denotes the set of possible values of the decision variables. The function depends of the random
vector ¢, thus (¥,G) = (R",B"), and the DM does not know the distribution u° and considers all
distributions in an uncertainty set simultaneously, finding worst/best-case realizations, depending

on the application.

There are several methods to construct ambiguity sets; see for example Delage and Ye (2010),
Rahimian and Mehrotra (2019), [Wiesemann et al.| (2014). Following existing approaches [Esfahani
and Kuhn| (2018), we assume that the ambiguity set is given by a Wasserstein ‘ball” around the set
of MLPMs. This is, we consider the ambiguity set

U = {pe (R"B"): d(D", p) < e+6'},

for some € > 0 givenﬂ The choice of this ambiguity set is justified by the following out-of-sample
guarantee, which is a direct consequence of Proposition and an adaptation of Theorem 3.5
of |[Esfahani and Kuhn| (2018) to this setting (and thus is stated without proof).

Proposition 6. Suppose that the assumptions of Proposition@ hold, and let f: R! x R® — R be
measurable and x: Q — R be a random vector (n # 2). Then, for any B € (0,1)

P[{w €N: E“O[f(x(w),c)] < Sup{E“[f(x(w),c)]: TS U;(ﬂ)(w)}H >1-5, (14)

where €,(B) is given by

_ 1/ max{n,2
(%) / max{n,2} if t > log(k1B871) /K2
6t(6) - (M)l/a ~

Kot )

2Implicitly, we consider the space (R”,]B%”) equipped with the topology induced by the Wasserstein metric. In
the resulting space, referred to as the Wasserstein space [Panaretos and Zemel (2020), we can define continuity and
compactness notions in terms of the Wasserstein distance.
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where k1 and ko are the same constants as in Proposition [3

The out-of-sample guarantee in Proposition [6] states that for any decision z that depends on
the observed data up the time ¢, the unknown expectation EX° [f(z,¢)] can be upper-bounded with
high probability by the best/worst-case expectation of f(x,¢) over all the distributions in Z/{; ()
Observe that the sup in is interpreted as a worst-case whenever f is a loss function (i.e.,
the distribution in Ll:t (8) that gives the largest expected loss); whereas the sup is interpreted as a
best-case whenever f is a revenue function (i.e., the distribution in L{Ett 8) that gives the highest

expected revenue).
6.1 Distributionally Robust Optimization

Following the distributionally robust optimization (DRO) paradigm, we assume that f(x,c) is
a loss function £(x, ¢) and that the DM optimizes under the assumption that u° takes a worst-case

realization within the ambiguity set U? for some € > 0. That is, the DM solves the DRO problem

DRO: 2! := inf{sup{E”[ﬂ(x,c)]: p e Z/lf}: x € X}. (15)

From Proposition [6] we have that, with high probability, the value of the DRO problem upper-
bounds the value of the original (unknown) optimization problem inf.cx E#’[¢(z,c)]. Within the
context of DRO, the bound in Proposition [f] is more conservative than the bound in Theorem
3.5 of |[Esfahani and Kuhn| (2018) because the radius of the Wasserstein ball is larger by &* and
because the Wasserstein ball is constructed around a set rather than a single distribution. Such
over-conservativeness can be interpreted as the ‘price’ to pay (in this approach) for not having
complete information about the realizations of the random vectors ¢®, s € Z. Note, however, that
Proposition [6] generalizes Theorem 3.5 of [Esfahani and Kuhn| (2018) in the sense that if C* = {c*}
and thus D® = {§°} for all s € Z,, then both upper-bounds coincide.

While DRO is in principle a bilevel problem, we show that, under certain conditions, it can be
formulated as a single-level convex optimization problem. For a given z € X, A >0, u € (R", B"),
and ¢ € R™, define

Ua.he) = sup {f(z,y) — Nl —yl|} and  E(z,\ p) = B [f(z, ) )],
yeR”

where in the definition of E(z, A\, 1) the expectation is taken with respect to the random vector
¢, which is distributed according to . We note that @(a:, A, ) is measurable from any z and A,
see |Blanchet and Murthy| (2019).

Theorem 4. Suppose that each M € M! is a compact set of R™, that {(z,-) is lsc for each x € X,
and let € > 0 be given. Then for each x € X we have that

sup{EF[{(z,c)]: peUl} = inf{)\(e + 64 + Z why sup{l(z,\,c): e € M}: A > 0}. (16)
MeMmt
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Proof. For a given p/ € DY, let H,, denote the worst-case expectation of £(z, ¢) across all probability

measures that are at a Wasserstein distance of at most € + §* of i/, i.e.
H, = sup{EF[{(z,c)]: p € (R",B"), d(p,pt) < e+ 6"}
Then, by Theorem 1 of Blanchet and Murthy| (2019),
Hy = inf{)\(e 6+ Bz A\ ) A > o}.
On the other hand, note that

sup{E"[¢(z, c)]: p e U} = sup{H, : ' € D'}
= sup{inf{)\(e + 6+ E(z, A\, 1)) A > 0}: IS Dt}.
Now, for any A > 0 and i/ € (R",B"), define H(\ 1) := Me+6%) + E(z, \, i/). Lemmas |§| and
which can be found in the appendix, imply that H is Isc and convex with respect to A (for each p)
and upper-semicontinuous and concave with respect to u’ (for each \). Moreover, D! is a compact

set from Lemma (the fact that each M, M € M" is compact, implies that (J,,c ¢ M is compact).
Therefore, the minimax Theorem (Corollary 3.3 of [Sion| (1958))) implies that

sup{E'[l(z,c)]: peUl} = inf{sup{)\(e + 6+ E(x,\ () p € Dt}: A> 0}.

The desired result then follows from Proposition [§] (see appendix) as £ is Isc over ¢ for each z € X
and A > 0 and each M € M! is compact. O

Theorem (4] implies that the DRO problem can be formulated as

inf A(e + &%) + Z Why Yy (17a)
MeMmt?

sty > U(z,¢) — Ainf{||e — ||: ' € M}, ccR" M ec M (17b)

A>0,z€ X,y €R, M e M. (17¢)

Problem ((17) is a semi-infinite convex optimization problem as long as ¢(x,c) is convex in x,
which can be further reformulated as a finite convex optimization problem by following a similar
procedure to the one in [Esfahani and Kuhn (2018). Alternatively, formulation can be solved
by a decomposition delayed constraint generation algorithm Blankenship and Falk| (1976). These
types of approaches are typically faster in practice than solving the finite reformulation directly
(see for example [Bertsimas et al.| (2016]), Mutapcic and Boyd| (2009)) in the context of convex robust
optimization) and are suitable in more general settings where the X and/or the CMI are non-convex
(e.g., mixed-integer), see Borrero and Lozano| (2021). Finally, note that if C* = {¢*}, and thus
D* = {i°} for all s € [t], then formulation becomes Formulation (11) of |[Esfahani and Kuhn
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(2013).

A compact reformulation of DRO for certain piece-wise linear loss functions. Here, we

consider the special case when
{(z,c) =min{c'y: y € Y(2)}, (18)

with Y(z) € R"™ compact and non-empty for any € X. That is, ¢(x,¢) is the value of an
optimization problem with a linear objective function, where the cost vector of the objective is ¢
and the variables in z potentially modify the feasible region of the problem. (Note that the form

T

in generalizes linear functions because if Y (z) = x for all « then ¢(z,¢c) = ¢ ' z.)

We assume that the elements of M? and X consist of non-negative vectors, and that || - || stands
for the £2-norm in R™. Under these assumptions, we derive a simpler reformulation of problem
that is more amenable to standard optimization solvers. First, consider the following auxiliary
result, for which we define C'(z) = {¢’ € R™: {(z,c) > 0, |||| = 1}.

Proposition 7. Let x € X C R’} and c € R} be given. Suppose that {(x,c) is defined by ,
that the elements of Y (x) and M are non-negative for all x € X and M € M, and that distances
are measured using the metric induced by the (*>-norm. If X > sup{l(z,c'): ¢ € C(x)}, then

Uz, N\ c) =L(z,c).

We use the result above to reformulate the DRO.

Theorem 5. Suppose that {(z,c) is defined by , that the elements of Y (x) and M are non-
negative for all x € X and M € M?, and that distances are measured using the metric induced by
the (2-norm. Then,

sup{EF[{(z,c)]: p e UL} =sup{l(z,c): ||| < 1} (e +6") + Z wh sup{l(z,c): c € M}.
Memt

Proof. From Lemma |8 (in the appendix) and Proposition [7| we see that the optimization problem
in is unbounded if A < sup{l(z,c’): ¢’ € C(x)}, while it is bounded if A > sup{l(z,c'): ¢’ €
C(x)} and in this case sup{l(z,\,c): ¢ € M} = sup{l(z,c): ¢ € M} for each M € M". Con-
sequently, Theorem [5| follows after noting that sup{l(x,c): ¢’ € C(z)} = sup{l(z,c): ||]| < 1}
because of the non-negativity assumptions on Y(z) and M, M € M! (i.e., the sup cannot be
attained a ¢’ such that £(z, ) < 0 because there exists ¢’ with ||¢/|| = 1 such that ¢(z,¢’) > 0). O

Theorem [5] is used in Section [7] to formulate data-driven problems involving worst-case distri-

butions. Indeed, a direct application of this result to formulation results in

DRO: 2f = inf{sup{é(:c,c): el < 1}(e+6") + Z Wl sup{l(z,c):c€ M}: x € X}.
Memt?

25



An advantage of this formulation relative to the previous one there is no constraint tying cost vector
selections across the CMI, as in (17b]). Thus, for a fixed x € X, evaluation of the objective function
amounts to maximizing the loss function across the elements of the CMI, individually. This feature

can be used to design algorithmic approaches to solving the DRO.

Remark 5. Theorem [5 can be employed the reformulate the ‘full information’ special case when
C® = {c*} for all s € [t] |[Esfahani and Kuhn (2018). In this case the DRO reduces to

. 1 S
2t = 1nf{sup{€(a:,c): el <1} (e+6") + n EZMZ(Q:,C ):x € X}.

6.2 Greedy and optimistic solutions for shortest-path interdiction

Following the optimism in the face of uncertainty principle, we assume that the DM optimizes
under the assumption that u takes a best-case realization within the ambiguity set U! for some
€ > 0. Such a principle has been applied recently in the context of interdiction problems with
incomplete information Borrero et al.[ (2016, 2019, 2022)), [Yang et al.| (2021). In the optimistic case,
the function f(z,c) is given by a revenue function r(z, c). Following suppose that

r(xz,c) = min{cTy ty € Y(x)} ,

with Y (z) € RY compact and non-empty for any # € X. In this approach, the DM solves the
greedy and optimistic optimization (GOO) problem

GOO: w'=sup {sup{E“[r(:):,c)]: W e U:} s € X}

= sup{sup{r(:z:,c): lle|| < 1} (e +6") +M§At Wwhy sup{r(z,c):c€ M}: x € X},

where the last equation comes from applying Theorem [5| with r(-) instead of ¢(-). Note that this
accommodates the network interdiction setting in Example [I| when the DM is interested in maxi-
mizing the length of the path selected by an evader. Indeed, in such a setting r(x, ¢) corresponds
to the cost of the shortest 1-n path in the interdicted network, x are the interdicted arcs, and ¢

the cost vector, i.e.
r(x,c) :min{cTy :By=b,y,>0,y,+1,<1,a€ A},

where B denotes the node-arc adjacency matrix of G and b is such that by = —1, b, = 1,
and b; = 0 otherwise, and = := (x4 : a € A) is encoded so that z, = 1 if the arc a is in-
terdicted, and x, = 0 otherwise. Note that this function has the form in ([18). We consider
X = {af e {0, 1}"4‘ DY aeATa < A}, where A € Z represents a budget parameter.

Let S denote the collection of sets defining the elements of CMI with positive probability in
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the MLPM (which is obtained a sub-product of Algorithm [2), and {wg : S € S} as the solution to
formulation (9). Additionally, define Sy := S U {0} and wg := (€ + ¢*). We can use LP duality to
formulate GOO as follows.

GOO : max Z wg (pg — pf)

SeSo
s.t. p}g—pf < cfj+1—xm~, (i,j) e A, S €8y
pS — S = (e Ty, seS, SeS
P = < o (i,j) € A\B*,s€ 8,58
I = 1 Seds
Zz‘a < A
ac€A

p, p,c>0 xq €{0,1}.

Here, y*® stands for a vectored representation of path P*® and B?® for the set of arcs blocked during
period s, for s € [t]. Note that variable ¢ € I(S) is a cost vector that explains the evader
responses during the periods in S, for S € Sy (here, we understand that I(0)) = R‘fl.) Note that
GOO corresponds to the problem of a DM that faces |S| evaders simultaneously, each of whom
responds to a different cost vector (chosen by the DM), and whose responses are weighted differently

in the DM’s objective function.
7 Numerical experiments

We present numerical experiments to illustrate the convergence of the MLPMs to u°; how the
conservativeness of the proposed DRO evolves over time; how effective is the proposed column
generating approach; and how the size of the CMI evolves over time. In our experiments we
generate the sequence C! based on the rectangular feedback example (Example [2)) and the shortest-
path interdiction example (Example .

7.1 Convergence of MLPM to the empirical distribution and DRO

Robust Linear Assignment. In this section, we illustrate the convergence of MLPMs to the
empirical distribution, as a function of ¢, and study how the value of the DRO in Section
converges to the optimization problem based on the expected value over the empirical distribution.

For this, we consider a DM who solves a linear assignment problem; more specifically, the loss

=D D>

iE[nl] jG[nz}

function ¢(z, ¢) is given by

for given ni,n9 > 1, and the set of feasible decisions is

X = {erl"lX"2 wafl i € [n1], wafl ]E[ng]} (19)

j€n2] i€[na]
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We assume that the actual unknown distribution p° is given by the discrete model introduced in
Section (i.e. we assume that ¢® € {d; : j € [J]} a.s.), and that the elements in C' are given in the
form of rectangles in R™*"2 as in Example [2| Specifically, for s € Z,, we generate C* as follows:
first, we sample ¢® (independently) at random from {d; : j € [J]}; then, for each (i, j) € [n1] x [ng]
we sample Ui ,~U [0,1] (independently across time and components), and set

S P S S S S P S S S
lFji=ciy = U A% uij=c;+ A1 -U),

and C*% = {c ER™MXM2 ¢ € [I7 5, ui ;)i € [m, j € [ng]} for a given side length parameter A®.

Instance generation. We consider ny = ny = 3, J = 20, and generate each d; by sampling
each of its components (independently) from a U]0, 1] distribution. We also consider a side length
parameter A® = 0.5/s7, and generate instances using three alternative choices for 4: 0, 0.2 and

0.5. Note that in the last two cases, the sizes of the C° go to zero as s grows.

For each t € {10, 20, ...,100} we use C' to find the CMI, and then to solve for the MLPM, which
in turn we use to formulate and solve DRO:; for this, we considered ¢ = 0.01 and, because ¢’ is hard

to compute, we use the bound arising from solving the LP formulation in Lemma |5|in its placeE|

Results and analysis. We consider 30 instances generated according to the procedure described
above and report mean values across said instances. All instances were run in a machine with a
3.2Ghz 8-Core Intel Xeon W processor, with 32Gb RAM.

Figure [3] reports the evolution — as a function of ¢t — of the mean across instances of four
performance measures: (i) the upper bound U! in Lemma [5| (i) the size ‘Mt’ of the CMI, (i)
the number of elements nz(w') in the CMI that receive a positive value in the MLPMEl; and (iv)
the value 2! of the solution of the DRO problem.

We observe that independent on the rectangle sizes, the (average) value of UY, and thus of &%,
goes to zero as t increases, and the convergence rate to zero is faster as a function of the rate at
which the length size parameter decreases. When A$ = 0.50/s%2 or A% = 0.50/s%%, such behavior
can be explained by Proposition |5| as the size of the elements in C* decrease. For the case where A*
does not depend on s no such result applies; however, this convergent behavior might be explained
in part by Proposition [3 That is, most of the elements of M? are intersections of a small number
of elements of C!, whereas the elements of M! that contain the {d;,j € [J]} involve the intersection

of a number of sets that grows infinitely often over time.

Figure also shows that the size of the CMIs, | M?|, grow linearly and sublinearly with time thus,
at least in this model, we do not observe an exponential growth (in time) of the CMI. Importantly,
the number of non-zeros of the MLPM weight vector w' grows even slower across all cases, and

there are less than 20 nonzeros across all cases at any given time, which is remarkable as the original

3Note that this is equivalent to using the correct distance 6° but increasing e by U, — §*, where U, is the upper
bound in Lemma
“Because of numerical precision, we report nz(w') ~ |M e Mt @b, > 10*5|.
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Figure 3: Behavior of Uf,, |M*|, nz(w"), and z* as t grows

distribution’s range consists of 20 elements. Finally, Figure[3| also shows how the over-conservatism
of the DRO approach is reduced as more information is available. Indeed, as t grows, the value of
the DROs decreases and converges to the value of the expectation optimization problem that uses

the empirical distribution to compute the expectation.
7.2 Computation of CMI via Column Generation and GOO

Shortest-path Interdiction. In this section we illustrate the efficient computation of a MLPM
via the column generation procedure in Section[f.2] In particular, we compare the size of the partial
set of CMI used for computing MLPM via column generation versus the full size of the CMI. The
results of this section are based on a DM that observes the sets in C' as in the shortest-path
interdiction setting of Example Il In addition, given the C?, we consider that the DM periodically
solves the GOO problem as described in Section [6.2

Instance Generation. We consider a layered graph topology with 3 layers and 3 nodes per layer:
in each layer (except for the last one) each node has an arc directed toward each node on the

next layer; node 1 is connected to each node in the first layer, and each node in the last layer is
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connected to node n. Thus, in this instance, we have that |[N| = 11 and |A| = 24. On each period
s, we generate ¢® by drawing each component ¢ from a UJ0, 1] distribution, a € A, and select a

set B® C A of size A by sampling arcs at random from A, A = 1 times without replacement.

For each t € {10,20,...,90,100} we use C! to find the CMI via Algorithm |1} and solve formu-
lation @ to compute the MLPM. Additionally, we also use Algorithm [2[ to compute the MLPM
and keep track of the partial subset of the CMI found. In both cases, we use formulation (8)) to
solve for V imposing a minimum optimality gap of 1073, In the case of Algorithm [2| we modify
the objective function in formulation , as described in Section and use Algorithm |3[to find
an initial set S. We use the MLPM to formulate and solve GOO; for this we consider ¢ = 0.01
and, because ¢ is hard to compute, we use the bound arising from solving the LP formulation in

Lemma 5| in its place.

Results and Analysis. We consider 30 instances generated according to the procedure described
above and report mean values across said instances. All instances were run in a machine with a
3.2Ghz 8-Core Intel Xeon W processor, with 32Gb RAM.

In Figure [4] (panel on the left) we observe the evolution in time of the mean number of elements
of the CMI as found by Algorithm (1| (noted by CMI), the mean partial number of CMI elements
as found by Algorithm [2[ upon termination (noted by Partial CMI), and the mean number of
elements in the CMI that are assigned a positive weight in the MLPM (noted by Optimal CMI).
We observe that whereas there is an exponential increase in the size of the CMI, the number of
Optimal CMI sets is linear in ¢, as suggested by Proposition [I} this fact suggests that there is room
from improving the column generation procedure, which we observe produces less elements than

the full CMI collection, nonetheless, the increase on its own size also seems exponential in .

The right panel in Figure {4| (bottom) shows the total running time to compute the CMI by
applying Algorithm [T, the MLPM, and solving the GRO; we observe that running times for com-
puting the MLPM and solving the GRO are negligible compared to that required to compute their
input, the CMI. In this regard, we observe that (i) the bottleneck in computing the CMI is the
number of sets that need to be found; and (i) running time for solving formulation remains
quite constant, although a small increase is observed towards the largest values of ¢. Finally, the
right panel in Figure [4] (top) shows the upper bound in Lemma |5, which we observe decreases

modestly with time.
8 Conclusions

In this work, we have studied the problem of non-parametric MLE estimation when, unlike
the traditional setting, random elements drawn from an unknown distribution are not directly
observable but instead are known to lie within observable sets. We provide a formal treatment of
the estimation problem, first identifying structural properties of the ML estimate, namely that its
range lies in a collection of maximal intersections, and then providing a characterization in the form

of KKT conditions. We show that while convergence results available in traditional settings are not
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Figure 4: Behavior of set sizes, bounds and running times as t grows.

available in general, it still occurs when adapting the notions of convergence to this new setting.
More importantly from a decision-making perspective, our work shows how to compute uncertainty
sets, in the context of distributionally robust optimization and greedy and optimistic optimization,
in a manner that is consistent with MLE. In future research, we expect to enhance the proposed
column generation algorithm for it to be closer to the number of non-zeros observed in the optimal
solutions, and to analyze convergence properties in more depth for interdiction problems under

various feedback modes and assumptions on p°.
Acknowledgments

The research of the first author has been supported by NSF (Grant CMMI 2145553) and AFOSR
(Grant FA9550-22-1-0236). The research of the second author has been supported by the grants
ANID PIA/APOYO AFB220003 and Fondecyt 1211407.

References

Agarwal, R., Chen, Z. and Sarma, S. V. (2016), ‘A novel nonparametric maximum likelihood estimator
for probability density functions’, IEEE Transactions on Pattern Analysis and Machine Intelligence
39(7), 1294-1308.

Ahuja, R. K. and Orlin, J. B. (2001), ‘Inverse optimization’, Operations Research 49(5), 771-783.
Anderson, 1. (1989), Combinatorics of finite sets, Oxford University Press.

Araman, V. F. and Caldentey, R. (2009), ‘Dynamic pricing for nonperishable products with demand learning’,
Oper. Res. 57(5), 1169-1188.

Auver, P. (2002), ‘Using confidence bounds for exploitation-exploration trade-offs’, Journal of Machine Learn-
ing Research 3(Nov), 397-422.

Auver, P., Cesa-Bianchi, N. and Fischer, P. (2002), ‘Finite-time analysis of the multiarmed bandit problem’,
Machine Learning 47(2-3), 235-256.

31



Ben-Tal, A., El Ghaoui, L. and Nemirovski, A. (2009), Robust optimization, Princeton University Press.

Ben-Tal, A., Goryashko, A., Guslitzer, E. and Nemirovski, A. (2004), ‘Adjustable robust solutions of uncer-
tain linear programs’, Mathematical programming 99(2), 351-376.

Ben-Tal, A. and Nemirovski, A. (1999), ‘Robust solutions of uncertain linear programs’, Operations research
letters 25(1), 1-13.

Bertsimas, D., Dunning, I. and Lubin, M. (2016), ‘Reformulation versus cutting-planes for robust optimiza-
tion’, Computational Management Science 13(2), 195-217.

Bertsimas, D. and Sim, M. (2004), ‘The price of robustness’, Operations Research 52(1), 35-53.

Besbes, O. and Zeevi, A. (2009), ‘Dynamic pricing without knowing the demand function: Risk bounds and
near-optimal algorithms’, Oper. Res. 57(6), 1407-1420.

Betensky, R. A. and Finkelstein, D. M. (1999), ‘A non-parametric maximum likelihood estimator for bivariate
interval censored data’, Statistics in Medicine 18(22), 3089-3100.

Blanchet, J. and Murthy, K. (2019), ‘Quantifying distributional model risk via optimal transport’, Mathe-
matics of Operations Research 44(2), 565-600.

Blankenship, J. W. and Falk, J. E. (1976), ‘Infinitely constrained optimization problems’, Journal of Opti-
mization Theory and Applications 19(2), 261-281.

Bollobds, B. and Béla, B. (1986), Combinatorics: set systems, hypergraphs, families of vectors, and combi-
natorial probability, Cambridge University Press.

Borrero, J. S. and Lozano, L. (2021), ‘Modeling defender-attacker problems as robust linear programs with
mixed-integer uncertainty sets’, INFORMS Journal on Computing .

Borrero, J. S., Prokopyev, O. A. and Sauré, D. (2016), ‘Sequential shortest path interdiction with incomplete
information’, Decision Analysis 13(1), 68-98.

Borrero, J. S., Prokopyev, O. A. and Sauré, D. (2019), ‘Sequential interdiction with incomplete information
and learning’, Operations Research 67(1), 72-89.

Borrero, J. S., Prokopyev, O. A. and Sauré, D. (2022), ‘Learning in sequential bilevel linear programming’,
INFORMS Journal on Optimization 4(2), 174-199.

Bubeck, S. and Cesa-Bianchi, N. (2012), ‘Regret analysis of stochastic and nonstochastic multi-armed bandit
problems’;, CoRR abs/1204.5721.
URL: http://arziv.org/abs/1204.5721

de Montricher, G. F., Tapia, R. A. and Thompson, J. R. (1975), ‘Nonparametric maximum likelihood
estimation of probability densities by penalty function methods’, The Annals of Statistics pp. 1329—
1348.

Delage, E. and Ye, Y. (2010), ‘Distributionally robust optimization under moment uncertainty with appli-
cation to data-driven problems’, Operations research 58(3), 595-612.

Dempster, A. P., Laird, N. M. and Rubin, D. B. (1977), ‘Maximum likelihood from incomplete data via the
em algorithm’, Journal of the Royal Statistical Society: Series B (Methodological) 39(1), 1-22.

Dong, M. X. and Wets, R. J. (2000), ‘Estimating density functions: a constrained maximum likelihood
approach’, International journal of computer mathematics 12(4), 549-595.

Doob, J. L. (1934), ‘Probability and statistics’, Transactions of the American Mathematical Society
36(4), 759-775.

Esfahani, P. M. and Kuhn, D. (2018), ‘Data-driven distributionally robust optimization using the wasser-
stein metric: Performance guarantees and tractable reformulations’, Mathematical Programming
171(1), 115-166.

Fisher, R. A. (1922), ‘On the mathematical foundations of theoretical statistics’, Philosophical transactions
of the Royal Society of London. Series A, containing papers of a mathematical or physical character

222(594-604), 309-368.

Fournier, N. and Guillin, A. (2015), ‘On the rate of convergence in wasserstein distance of the empirical
measure’, Probability Theory and Related Fields 162(3), 707-738.

Geman, S. and Hwang, C.-R. (1982), ‘Nonparametric maximum likelihood estimation by the method of
sieves’, The annals of Statistics pp. 401-414.

Gentleman, R. and Geyer, C. J. (1994), ‘Maximum likelihood for interval censored data: Consistency and
computation’, Biometrika 81(3), 618-623.

Hanley, J. A. and Parnes, M. N. (1983), ‘Nonparametric estimation of a multivariate distribution in the
presence of censoring’, Biometrics pp. 129-139.

32



Hudgens, M. G. (2005), ‘On nonparametric maximum likelihood estimation with interval censoring and left
truncation’, Journal of the Royal Statistical Society: Series B (Statistical Methodology) 67(4), 573-587.

Kantorovich, L. V. (1960), ‘Mathematical methods of organizing and planning production’, Management
Science 6(4), 366-422.

Kiefer, J. and Wolfowitz, J. (1956), ‘Consistency of the maximum likelihood estimator in the presence of
infinitely many incidental parameters’, The Annals of Mathematical Statistics pp. 887-906.

Laird, N. (1978), ‘Nonparametric maximum likelihood estimation of a mixing distribution’, Journal of the
American Statistical Association 73(364), 805-811.

Loeve, M. (1960), Probability theory, 2nd Ed., Van Nostrand, Princeton, NJ.

Modaresi, S., Sauré, D. and Vielma, J. P. (2020), ‘Learning in combinatorial optimization: What and how
to explore’, Operations Research 68(5), 1585-1604.

Mutapcic, A. and Boyd, S. (2009), ‘Cutting-set methods for robust convex optimization with pessimizing
oracles’, Optimization Methods & Software 24(3), 381-406.

Panaretos, V. M. and Zemel, Y. (2020), An invitation to statistics in Wasserstein space, Springer Nature.

Parzen, E. (1962), ‘On estimation of a probability density function and mode’, The annals of mathematical
statistics 33(3), 1065-1076.

Perlman, M. D. (1969), On the strong consistency of approximate maximum likelihood estimators, Technical
report, University of Minnesota.

Peto, R. (1973), ‘Experimental survival curves for interval-censored data’, Journal of the Royal Statistical
Society: series C (Applied Statistics) 22(1), 86-91.

Pinsker, M. S. (1964), Information and information stability of random variables and processes, Holden-Day.

Prentice, R. (2014), ‘Self-consistent nonparametric maximum likelihood estimator of the bivariate survivor
function’, Biometrika 101(3), 505-518.

Prentice, R. L. and Zhao, S. (2018), ‘Nonparametric estimation of the multivariate survivor function: the
multivariate kaplan—meier estimator’, Lifetime data analysis 24(1), 3-27.

Rahimian, H. and Mehrotra, S. (2019), ‘Distributionally robust optimization: A review’, arXiv preprint
arXiv:1908.05659 .

Resnick, S. (2019), A probability path, Springer.

Rosenblatt, M. (1956), ‘Remarks on some nonparametric estimates of a density function’, The Annals of
Mathematical Statistics pp. 832-837.

Rusmevichientong, P. and Topaloglu, H. (2012), ‘Robust assortment optimization in revenue management
under the multinomial logit choice model’;, Oper. Res. 60(4), 865-882.

Sagara, N. (2005), ‘Nonparametric maximum-likelihood estimation of probability measures: existence and
consistency’, Journal of statistical planning and inference 133(2), 249-271.

Shorack, G. R. and Wellner, J. A. (1986), Empirical processes with applications to statistics, Wiley, New
York, NY.

Sion, M. (1958), ‘On general minimax theorems.’, Pacific Journal of mathematics 8(1), 171-176.

Turnbull, B. W. (1976), ‘The empirical distribution function with arbitrarily grouped, censored and truncated
data’, Journal of the Royal Statistical Society: Series B (Methodological) 38(3), 290-295.

Vapnik, V. and Chervonenkis, A. Y. (1971), ‘On the uniform convergence of relative frequencies of events to
their probabilities’, Theory of Probability and its Applications 16(2), 264.

Villani, C. (2003), Topics in Optimal Transportation, number 58, American Mathematical Soc.

Wald, A. (1949), ‘Note on the consistency of the maximum likelihood estimate’, The Annals of Mathematical
Statistics 20(4), 595-601.

Wang, J.-L. (1985), ‘Strong consistency of approximate maximum likelihood estimators with applications in
nonparametrics’, The Annals of Statistics pp. 932-946.

Wiesemann, W., Kuhn, D. and Sim, M. (2014), ‘Distributionally robust convex optimization’, Operations
Research 62(6), 1358-1376.

Wong, G. Y. and Yu, Q. (1999), ‘Generalized mle of a joint distribution function with multivariate interval-
censored data’, Journal of Multivariate Analysis 69(2), 155-166.

Yang, J., Borrero, J. S., Prokopyev, O. A. and Sauré, D. (2021), ‘Sequential shortest path interdiction with
incomplete information and limited feedback’, Decision Analysis 18(3), 218—-244.

33



A Proofs of Selected and Auxiliary Results

Proof of Lemma First, note that because C! is a finite collection, there is an explicit repre-
sentation of G, i.e.

Gt .= {G G = UJSij’ Gj = I(Sj) N IC(SD, Sj, S; - [t], Sj N SJ/ =0, ke Z+},

where I¢(S) := (N,eq @'\ C*, s C [t], and the {G;} are mutually disjoint and finite.

Now, suppose that the result does not hold, and thus that there is G € G! such that G C I(S)
and G # (). This implies that I(S) N G # (. We can write (w.lo.g.) G = U;<xG;, with G; =
1(S;) N I1¢(S;) disjoint. This implies that

I(S)NG =) _I(S)NI(S;)NI(S)) =D I(SUS)\I(S)).

i<k i<k

(Here the sum of sets stands for disjoint union.) However, note that I(SUS;) = 0 unless S; C S, by
the maximality of S. Because I(S)NG # () we need only to consider j < k such that I(SUS;) = I(.5).
Suppose j < k is such that I(S)\ I(S}) # : because of the maximality of S, it must be that

SN S; =0, in which case I(S) \ 1(S}) = I(S). Summarizing, I(S) N G # () implies that

I(S)NG = > I(S)\ I(S}) + > I(S)\NI(S) + > I(SN S\ I(S))
J:8;CSNSNS;=0 7:8;CSNSNS;#0 j:S;ZS
S S {é(& Sk S €5 508 =0

j:8;CS N SNS;=0

Note that, if I(S) N G # @ implies that I(S) NG = I(S), implying that G = I(.S), contradicting
our assumption that G C I(S). This observation proves the result. ™
Proof of Lemma [2. The fact that P is non-negative and at most one is immediate. Consider

G1,G4 € G, disjoint. Because G1 N Gy = () and the fact that elements of the CMI are atoms, one
has that M! N (G1UG2) = M' NGy + MP N Gy, (here sum stands for disjoint union), thus

PY(G1UGy) = Z W
MCG1UGo:MeM?
= Z wpr + Z wy = Pw<G1)+Pw(G2)
MCG:MeMt? MCG:MeMt!
We conclude that PY is additive, and thus o-additive, because G! is finite. ]

Proof of Lemma [3| Note that the elements in M! are disjoint, and define M := Uy;cpe M. We
have that

p(C®) = > p(C®N M)+ pu(C* N M)

Memt
= X wenm = Y W = Yy
MeMt: MCC's MeMt: MCCs MeMt: MCCs

where the first equation follows as u(C* N M¢) < u(M€) = 0 and the elements in M" are mutually
disjoint, the second because the elements of M! are either completely contained in C* or disjoint



with C®, and the last one because C* "M = M if M C C%. m
Proof of Proposition (1, For any feasible solution w to (4] define g(w) := (¢s(w) : s € [t]), where

Gs(w) = > wy, st

MeME:MCCOs
With this, the KKT conditions can be written as

1

— 4+ Ay +A = 0, MeM
gs(w)

SEt:MCCs
Mrwy = 0, MeM
Zwle war, Ay > 0, MGMt.
MeMt

Let (w',\,(Ayy : M € M) be a solution to the KKT conditions above, and suppose that
|supp(w’)| > t 4+ 1 (otherwise, the result holds true). A key observation is that any non-negative
vector w such that Y, e war = 1, g(w) = g(w’) and wh; = 0 = wyr =0, M € M" is such that
(w, X\, Ay, M € MY)) also solves the KKT conditions. Thus, the result follows if we find such a
vector w with the property that |supp(w)| <t + 1.

Let supp(w’) = {Mi,...,M;}, where M; € M" for some finite J > ¢+ 1. For j < J define
2= (zs set ]> € RY, where zJ := 1{M; C C*}, s € [t], and define the matrix Z := (2t 27).
Consider the (non-negative) polyhedron P defined by

P={weR]: Zw=q(w =1} (A-2)

and note that w’ € P. Define r := rank((lzT)) < t+ 1: from the theory of linear programming, we
know there exists a basic feasible solution w € P such that |supp(w)| < r <t + 1. This concludes
the proof. ]

Proof of Lemma The fact that p' is non-negative and one over ¥’ is immediate. Consider
o-additivity. Let {G;: i € Z,} a sequence of pairwise disjoint elements of G'. We need to prove

that
i) = Z 1 (Gi)

This will follow from the finiteness of M!. Indeed, note that by absolute continuity u(M) > 0 for
all M € M? such that @}, > 0. Thus, we have that

r .
ul(UiGi) = Z 7MU}§W w(U; Gy N M)

= Z Z (G N M)

MeMt:wh, >0 i

— Z Z mwﬁwu(GiﬂM) = Z;/(Gz

it MeMb:wh, >0 H

[

where the third equality follows from monotone convergence. Finally, the fact that p/ and !
coincide over M follows from the definition. m

Proof of Proposition For the sake of clarity, let Df(w) denote the realization of D! under



w € , and let p(w) be the element of Df(w) that attains the inf in (or that is arbitrarily close to)
d(D!(w), iit). Note that

=
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=
o
v
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=
£
=
\_9
-+
=
@
w0
(o3
Q
o
=)
(o}
=
o
B
-+
=
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(=
=
I
(=]
a,
@

where the first equation follows because d( ,
inequality, i.e., d(u(w), i(w)) + d(ji(w), u°) > d(p(w), u°), and the last one from the definition of
§'(w) and p. Therefore, we conclude that

Pt[d(Dt,MO) Z €+5t:| S Pt[d(ﬁt,ﬂo) Z €:|,

and the result follows from Theorem 2 of [Fournier and Guillin| (2015). n

Proof of Proposition |3 Let w' be a solution of and recall that u(M) = @', for any p € D
and M € M!. Let S C [t] be such that I(S) € M" and |S| = m!. Suppose that wy; > 0, as
otherwise the proposition holds trivially. From the KKT conditions and Lemma |3| we have that

1 1 1
st : MNC#0|—(— > Y =) s >m, (A-4)
H(M) SE[t:MNCS#D e) seS w(C?)

where the first inequality comes from noting that u(M) < p(C?®) for all s € [t] such that M NC* # ()
(M is an atom), the second from (), and the third from the fact that x(C*) < 1 for all s € [t].
The result follows from rearranging the terms above. m

Proof of Proposition 4. Note that U; C C¢ if and only if d; € ¥, and that the assumption that
C? contains exactly one d; implies that d; € C* if and only if ¢* = d;. Therefore, we can conclude
that {U; C C*} = {¢® = d;}. Define

1 .
wy, = ls €t =djl, jel)
and w = (wM M e Mt). Note that w is non-negative, and adds up to one. In addition, for

j € [J] and s € [t] such that ¢® = d; we have that

Z WM = Wu;-

MeMt: MNC's#£p

This implies that, for any j € [J],

feey oy Ly
) ZMeMt;MmCs;éw wMm selt]-co=d, wu;

Thus, we have that w, A = t, and A\j; = 0 for all M € M? fulfill the KKT conditions , and thus
we conclude that P* is an MLPM. The result follows from noting that i'|g: coincides with PY,
and thus is in D!, -

Proof of Proposition |5, Since lim;_, ||C?|| = 0 then there exists a o > 0 such that U; € M’
for all ¢ > ¢y and j € [J], and for which each C*®, s > t(, only contains one d;, j € [J]. For t > t
define
¢ {1\s€[t]:cs—dj] if M = U; for some j € [J],
War = N



For j € [J] and s € [t], if U; C C® then for ¢t > t; one has that

Z why > wy; -

MeMt: MNC's#£p

Using the above, for a given j € [J], we have that

Lw,cosy 1
= < L, ces (A-5)
f Ememtmncs 0 W T W, s;[t] ey

Z Liy,ceosy (A-6)

T selt
set]
t
< t >tg: ¢’ =d; A-
_Se[t]:cszdj|(0+|8_oc ]|) (A-7)
to
< -
_t<1+|s€[t]:c5:dj]>’ (A-8)

where the second to last inequality follows because if s > o then ¢ = d; if and only if U; C C*. On
the other hand, let s > ¢y and j € U;. Then U; C C* if and only if ¢® = d;; similarly, M N C*® # ()
if and only if M = Uj;. Therefore,

liy.cos ley.cos
{v;cc) > et (A-9)
sef 2 MeMt: M0 WM seltlo>to 2 MeMt: MCs£0 W
1
2 'I,Ut Z 1{CS:d]‘} (A_l())
Uj s€(t],s>to
t
>tg: ¢’ =d; A-11
to
>t 11— . A-12
( |s€[t]:cszdj|) ( )

We conclude that for any j € [J], if ¢ > ¢, then

to ) 1 1{U CCs} to
1— < - <(1+ .
< el =dil) =t 2 Surean e Wi ( sell]: e = dﬂ)

Because 1%(d;) > 0 for all j € [J], the converse Borel-Cantelli Lemma implies that

t
lim 0

=0 s je|J].
t—oo s € [t] : ¢ = dj , as jell

We can conclude that

ley.cos
lim — Z {ec) =1, as. jelJ].

t—o0 sefl ZMeMt:Mmcsﬂ WM

The above results imply that defining w = w?, A = —t and A\yy = 0, M € M? can be arbitrarily
close to a solution of as t grows. These observations give the desired result. ]

Proposition 8. Let ¢: R — R be a measurable function over (R”,B“) such that sup{¢(c): ¢ €
M} < oo for any M bounded, and such that the supreme is attained by an element of M, for all



M € M. Then,

Sllp{E“[(;S(C)]: pe Dt} = Y @l sup{éle): ¢ € M}
MeM?

Proof of Proposition (8 Note that for any p € D! it holds that:

Pl = Y [ deidue)= Y dhsup{o(o): e M), (A-13)

Mem? Memt

Let ¢M € argmax{¢(c): ¢ € M} and let u* be defined by p*({c™}) = !, for all M € M!. Then
clearly u* € Dt. Moreover, u* attains the upper-bound in the right-hand side of Equation (A-13)),
and the result follows. -

Lemma 6. Let x € X and pu € P(R”,IB%”) be given. Then

1. U(x, A\, €) is lower semi-continuous (lsc), convez, and non-increasing with respect to \, for any
ceR".
2. E(x,\ ) is lsc and conver with respect to \.

Proof of Lemma [6} Regarding the first part of the lemma, convexity follows from the definition
after using the fact that the supremum over a sum is less than or equal to the sum of the suprema.
On the other hand, for a fixed y it is clear that £(z,y) — A||ec — y|| is continuous over A. Lower
semi-continuity follows as the supremum over continuous functions is Isc. The fact that ¢ is non-
decreasing follows from

Uz, N e) = Uz, N, e) < sup {(\' = N)l[e — ][}
yeR”

If X < X then the above supremum is zero (attained when y = ¢), and therefore ¢(z, \,c) <
l(z,N,c), as desired. With regard to the second part of the lemma, the convexity of E follows
directly from the convexity of £. In order to prove that F is Isc in A, let A,, n > 1, be an increasing
sequence of numbers such that lim,, . A, = A. We have that

lim E(z, Ay, p) = lim EX[l(z, \n, €)] = E#[ lim £(x, Ay, €)] = E*[l(x, )\, ¢)] = E(x, \, 1),

n—oo n—oo n—0o0

where the second equation follows from monotone convergence, as {(x, Ay, c) is a non-increasing
sequence in n, and the third equation follows from the fact that ¢ is Isc in A. The result follows
because the increasing sequence A, is arbitrary. ]

Lemma 7. Let x € X and A > 0 be given. Then

1. Dt is convex. Moreover, if Unreas M is compact in R", then D! is compact in (R”,B”).

2. E(z,\, 1) is concave and continuous in fi.

Proof of Lemma [7} Regarding the first part of the lemma, we have that convexity is immediate
from the definition. Compactness follows because D! is a tight set of measures, by the assumption
that (J, /e pq¢ A is compact, and by repeating the arguments of Proposition 2.2.3 and Corollary 2.2.5
of Panaretos and Zemel (2020). With regard to the second part of the lemma, the concavity of
E(z,\, p) follows as E(z, A\, ap + (1 — a)v) = aE(x, \, 1) + (1 — a)G(z, A\, v). For continuity, note
that if ¢, € R™ then

(2, A, ) = Lz, N, ) < sup {A(le =yl = I =y} < Alle = €D,
ye n



and therefore u(z, \,¢) == £(x, A, ¢)/X is Lipschitz continuous with constant 1. Consequently, by
the dual representation of the Wasserstein distance (see Theorem 1.14 in |Villani| (2003))),

/ w(e, \, &) (dpu(e) — dy'(€)) < d(y, 1)
for any p, 1/ € P(R™,B"). In other words,

E(l’,)\,ﬂ) - E(f]f, Avu,) S Ad(/h,ul)’

which implies that E(x, A, 1) is continuous over p, as desired. n

Proof of Proposition [7} Because the suprema in Theorem [4] are taken over elements of M, we
assume hereafter that ¢ € M for some M € M?!. Observe that the sup in the definition of ¢ can
discard elements such that ¢(z,¢) < 0. Indeed, ¢’ = ¢ is a feasible solution that has a non-negative
value in the objective of the sup (by the non-negativity assumptions on Y (x) and M), whereas
any ¢ with ¢(z, ') < 0 gives a strictly negative value in the objective. We can further note that,
because {(z,ac) = al(x, ¢) for « € R, we have that

Uz, N\, ¢) =sup{al(z,c) = N|ec—adll:||d|| =1, l(z,¢) >0, €R", a e R, }. (A-14)

On the other hand, for any ¢’ € R"™ with ¢(z,c’) > 0, define ¢’ = ¢//||c/|| and a = ||/||. Then

(c”, ) is feasible in (A-14]) and attains the same objective function as ¢’. Using these facts, we can
write the rhs of (A-14)) as a nested optimization problem:

Uz, N\ c)= sup{sup{ozﬁ(:r,c’) —ANe—ad|l:aeRi}:||d||=1, l(z,d) >0, € R”}. (A-15)

Fixze X,ceR", A>0,and ¢ € C(z) :={c" e R": {(z,c") >0, ||c"|| = 1}, and define
fla) = al(x,c) - N|ec—ad||, s €R. (A-16)

Note that f(«) is a concave and differentiable function in «. Lemma [§ shows that if there exist

¢ € C(z) such that A < {(x,c) then £(x, )\, c) = oco.

Suppose that there z € X is such that there is no ¢ € C(z) such that A < ¢(z,¢) and let
a*(c’) be such that it attains the inner supremum in (A-15) for ¢’ given (Lemma [§ provides a
characterization.) From Lemma [8 and the concavity of f, if a*(¢) < 0 then it must be the case
that sup{f(a): « € Ry} = f(0) = =\||¢|| < 0. On the other hand, if a*(¢’) > 0, then

sup{f(a): @ € Ry} = l(z,¢)(c¢) — \/(HCH2 —(eTe)P) (N = l(=, )?).

Note that setting ¢/ = ¢/||c|| (which belongs to C(z)) implies that sup{f(«): @ > 0} > 0, thus
¢’ € C(z) such that o < 0 cannot attain the optimal in £. Therefore, we have that

lz,\c) = sup{[(x,c’)(cTc') — \/(HCH2 —(eTe)2) (N2 —L(z,c)?): ¢ € C(x),a* () > 0}.
(A-17)
We claim that the sup in (A-17) is attained at ¢ = ¢/||c||. Indeed, ¢ € C(x) and a*(¢&') > 0.
Moreover, ¢ attains the maximum in both terms of the objective in (A-17)); particularly, for the

first term ¢(z, ¢ )EcTc’ ) = £(z,c). Whereas for the second term, the optimality is clear, for the
first, assume that ¢ € C(z). Then, for any y € Y (), £(z,¢/) < ¢ "y and

Uz, &) Te) < Tye Te<ely.



The last inequality can be proven by using the necessary KKT conditions on the quadratic opti-
mization problem max{c Tyec'¢: [|¢/|| < 1,¢ € R"} and using the fact that yc' is a rank one
matrix whose only non-zero eigenvalue is ¢'t. Because £(x,c')(c'c') < ¢"y for any y € Y (z) and
any ¢ € C(z), it must be the case that £(z,c')(c¢'¢) < min{e'y: y € Y(2)} = £(x,c) for any
cd e C(z).

Note that if A = sup{l(x,c): ¢ € C(x)}, then the stationary point does not exist: in such a
case, from Lemma |8 and the concavity and continuity of f, it is readily seen that sup{f(«a): a €
R, } = 4(x,c)(c"c). Therefore, in such a case £(z,\, ¢) = sup{l(z,c)(c'c): ¢ € C(z)} and,
from above, we know that this sup is precisely ¢(x,c). Therefore, if A\ = sup{{(z,c): ¢’ € C(z)}
then ¢(z, A\, ¢) = {(x, c). n

Lemma 8. Let f be defined by (A-16]). Then

00, if A< l(z,c)
—o00, if A>{l(x,c).

a—0o0

lim f(a) = {

In addition, if X > {(x,c), then a stationary point of f exists and it is given by

o _ T |l = (cTe)?

= . A-1
o cc+ N U(r,O)2 (A-18)

Moreover,

fla*) =Lz, c)(c'e) - \/(HC\P — (eT&))(N = Lz, c)?).

Proof of Lemma |8, Define y. :=y' ¢ and observe that
i Fa) =t (@08) = Alle —0pl])(at(z.y) + e — ayl)
00 00 al(z,y) + Alle — ayl|
0@, y)? = N(lel® - 2ay. + o)
o= al(z,y) + \llel]? - 2ayc + a?)
L@ = N (el Pfa = 2y + )
=00 U(z,y) + A/ [lel?/a? — 2yc/a + 1)
i O y)? =A%) = N(][e]P/ o — 2y)
a0 {(z,y) + Al[el[?/a? = 2yc/a+1)

Note that the last limit goes to oo if A < #(x,y); it goes to —oo if A > ¢(x,y). Note that if
A = {(z,y) then the limit is ¢(x, y)y.. Suppose now that A > £(z,c’): the expression for o* follows
after deriving and setting the derivative equal to zero. The second part follows after replacing o*
in the equation for f(«).

Note that the numerator in (A-18)) is always non-negative: one can check that ||c|| > ¢'¢ for
any ¢’ € C(x). Also, note that the stationary point can be negative because in general ¢' ¢’ can be
negative. [ |
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