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Framework

(V,]|-]]) a normed space of finite dimension and (V*,|| -||,) its dual
C C V a convex compact set
Nature chooses a sequence uy, ..., U,,... € V*
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A stage n+ 1, knowing uy, ..., u, choose x,11 € C
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get payoff (upi1|xnpi1)
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The Case of the simplex

V=V*=RI
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v

n

ZU'I] = > {uklxx)

k=1

E




The Regret

Wish: A strategy ¢ such that:
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Extension to convex losses

» /,: C — R convex loss functions
> Loss: £,(x,)
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Convex optimization

» f: C — R convex function
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A Family of strategies
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Q: Vv — C
y = argmax{(y|x) — h(x)}

xeC
argmax argmax
h: C — R convex
> continous  ~» Qp(y) exists
: . h
> strictly convex ~» Qp(y) is max b
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Xn1 = Qh (nnz Uk) = Qn(yn) 7n>0and \,



Some known strategies and algorithms
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Exponential Weight Algorithm (EWA)
1/+/n-Exponential Weight Algorithm (1/1/n-EWA)
Vanishingly Smooth Fictitious Play (VSFP)
Smooth Fictitious Play (SFP)

Projected Subgradient Method (PSM)

Mirror Descent (MD)

Online Gradient Descent (OGD)

Online Mirror Descent (OMD)

Follow the Regularized Leader (FRL)



Exponential Weight Algorithm
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Projected Subgradient Method

Xp41 = argmin [[x — yal[3
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Interrelations
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The Continuous-Time Counterpart

u: R — V= R — R
+ meas. n + T cont., \,
t —  u; t — m

Theorem
V( ut)tER+,



The Analysis
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Back to Discrete Time
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Qn=Vh"

1
Vh* K-Lipschitz <= h ?—strongly convex

Definition
f is C-strongly convex wrt || - || if Vx,y, VA € [0,1],

A+ (1= X)) S M) + (1= D) = SA0 =)y = x?
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> |-1l5 is 1-strongly convex wrt | - ||,



Theorem
1. h K-strongly convex on C wrt || - ||
2. (nn)n>1 positive and nonincreasing

3. ¢ a continuous and nonincresing interpolation
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log d
EW lunllo < 2 L +an
log d
1/VAEW | ol <1 (% +3n) NG
hmax — Amin _ —
VSFP lunll o, <1 hmax = bmin —a Mn““
n C(1+a)
hmax — hmin 141
SFP ol <1 L
n K
2 250 2
bou T ICIP /2:+ M2 iy o
Zkzl Yk
2 no2
MD VAl <M hmax — Bmin + M /(2K) 370 _1 v
- > kg Yk
06D 1961, < M I /2 M Sy
22:1 Yk
Pmax — hmi M?
OMD VAL, <M Imax ~ Tmin 1
n K
max — B 2
FRL lluall, < M Prmex = Pimin (M7

n K



