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Inclusions
Notation

m H, H;, G, G;: real Hilbert spaces.

m B(H,G) bounded linear operators from # to G.

m A: 1 — 27 a set-valued operator.

m Graphof A:graA= {(x,u) € H x H | u € Ax}.

m Zeros of A: zerA= {x € # | 0 € Ax}.

m Inverse of A:graA~" = {(u,x) e K x H | u € Ax}.

m Resolvent of A:
Ja=(ld+ A)~".

Parallel sum of Aand B: ADB= (A" + B~ 1)~

P. L. Combettes Monotone operator splitting 2/15



Inclusions

Monotone operators

m A: H — 2% is monotone if
(V(x,u) e graA)(V(y,v) egraA) (x—y|lu—v) >0,

and maximally monotone if there exists no monotone operator
B: H — 2" such that gra A C gra B # gra A.

m |f Ais maximally monotone, its resolvent J, = (Id+A)~" is single-
valued, defined everywhere (Minty), and firmly nonexpansive:

[Jax — Jay|? + [|(Id = Ja)x — (Id — Ja)y|® < [Ix — y|/%.
Moreover,

Ja+Jda-1 =1d and FixJs = zer(A).

® H. H. Bauschke and PLC, Convex Analysis and Monotone Operator The-
ory in Hilbert Spaces, Springer, 2011.
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Inclusions

The proximal point algorithm

m Many problems in nonlinear analysis can be reduced to

find x € zerC, where C: H — 2" is maximally monotone.
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The proximal point algorithm

m Many problems in nonlinear analysis can be reduced to

find x € zerC, where C: H — 2" is maximally monotone.
m This inclusion can be solved by the proximal point algorithm
Xny1 = J’yﬂCth (1)

where (vp)nen lies in 10, +oo[ and Y-, 75 = +oo.

B H. Brézis and P.-L. Lions, Produits infinis de résolvantes, Israel J.
Math., vol. 29, pp. 329-345, 1978.
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m Unfortunately, in most situations, (1) is not implementable be-
cause the resolvents of C are too hard to compute.
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Inclusions

The proximal point algorithm

m Many problems in nonlinear analysis can be reduced to

find x € zerC, where C: H — 2" is maximally monotone.
m This inclusion can be solved by the proximal point algorithm

Xny1 = 'ynCth (1)

where (vp)nen lies in 10, +oo[ and Y-, 75 = +oo.

B H. Brézis and P.-L. Lions, Produits infinis de résolvantes, Israel J.
Math., vol. 29, pp. 329-345, 1978.

m Unfortunately, in most situations, (1) is not implementable be-
cause the resolvents of C are too hard to compute.

m Splitting methods: Decompose C in terms of operators which
are simpler (i.e., they can be used explicitly or have easily com-
putable resolvents), and devise an algorithm which employs
these operators individually.

P. L. Combettes Monotone operator splitting 4/15



Inclusions

Splitting methods: Some hard facts of life

m One knows how to split only two operators: 0 € Ax + Bx.
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Inclusions

Splitting methods: Some hard facts of life

m One knows how to split only two operators: 0 € Ax + Bx.
m There exist only only three splitting schemes.
m Yet, we want to solve systems of monotone inclusions such as

find Xy € Hi,...,Xm € Hm such that

K m
z1 € Aixy + Z L4 ((BkD Dk)(z LyixX; — fk)) + Cix1
i—1

k=1

k=1

K m
Zm € AmXm + Z Lim ((Bk O Dk)(Z LyiXi — fk)) + CimnXm,
=1
)+

for instance [inf-convolution: gk Ol y — infr g(t) + Le(y — 1)]

m
min|m|ze fi(x) O4k) Lyixi—r, hi(x;)—(xi| z;)
XiCHy,. Z i JFZ 9k k <Z KiAj k)JFZ i /| /

S XmEHm = =

P. L. Combettes Monotone operator splitting 5/15



Inclusions

Early example: Legendre’s method of least squares

lSetm:1,z1:0,H1:]R<N,Lk1:Id,A1:C1:O,Dk:Id,
and

span {ux}, if (x| uk) = pk; s € K
Bi: x s P W TR O here  lu| = 1
@, it (x| uk) # pr,
pk € R.
Then the problem becomes
m
e 2
minimize X | ug) — )
nimj ,;K | Uk) = P

which is precisely Legendre’s least squares method for solving
the overdetermined system (x | ux) = px, 1 < k < K.
m A. M. Legendre, Nouvelles Méthodes pour la Détermination de
I'Orbite des Cometes. Courcier, Paris, 1805.
m C. F Gauss, Theoria Motus Corporum Coelestium. Perthes and
Besser, Hamburg, 1809.
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Inclusions

Basic splitting schemes for 0 € Ax + Bx

m Douglas-Rachford algorithm: v € |0, +oo].
m zer(A+ B) = JWB(Fix (g((szA —1d) o (2,5 — Id) + Id))).

m lterate
Xn  =dJ8Yn (backward step)
Yoy1 = Jya(2Xs — ¥n) + Yo — Xa  (backward step)

Then y,—y and z = J,gy € zer(A + B) (Lions&Mercier,
1979), and x, — z € zer(A+ B).

m ADMM, method of partial inverses are essentially special
cases.

m There are tricks to reduce m-operator problems to 2-
operator problems in product spaces [Spingarn (1983), PLC
(2009), Briceno-PLC (2011)] and use Douglas-Rachford
splitting.
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Inclusions

Basic splitting schemes for 0 € Ax + Bx

m Forward-Backward algorithm: + € ]0, +-oo].
m B: H — H is B-cocoercive: (x —y | Bx — By) > B||Bx —

Byl[?; v €10,25][.
m zer(A+ B) = Fix (Ja(ld — 9B) ).
m lterate
Yn = X, — vBx, (forward step)
Xnr1 = JyaVn (backward step)

Then x, — z € zer(A + B) (Mercier, 1979)

m There are tricks to use the forward-backward algorithm
(on the dual problem if the primal is strongly monotone,
in primal-dual spaces, in renormed spaces) to solve m-
operator problems; see [PLC&V, (2013)]
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Inclusions

Basic splitting schemes for 0 € Ax + Bx

m Forward-Backward-Forward algorithm: v € ]0, +oo].

m zer(A+ B) = Fix (JWA(Id - 73)).
m B: H — His 1/p-Lipschitzian; 0 < v, < .

m lterate
Yn = Xp — vBXy (forward step)
Pn = JaYn (backward step)
an = pn—vBpn (forward step)
Xn+1 = Xn—Yn+0n

Then x, — z € zer(A + B) [Tseng (2000)]

m There are tricks to use the forward-backward-forward algo-
rithm to obtain fully split algorithms for rather complex struc-
tured monotone inclusion problems, such as...
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Inclusions

Multivariate structured inclusion problem

find X € H such that

z € Ax + Bx (2)
where:
m zcH, A H — 2" is maximally monotone

m B: H — 2% is maximally monotone
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Inclusions

Multivariate structured inclusion problem

find X € H such that

Ze AX+ L*B(Lx —r) (2)
where:
m zcH, A H — 2" is maximally monotone

m B: G — 29 is maximally monotone, r € G, L € B(H,G)
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Inclusions
Multivariate structured inclusion problem

find X € H such that

K
zeAx+ Y LiBi(Lxx — i) )
k=1

where:
m zcH, A H — 2" is maximally monotone

m By: Gk — 29 is maximally monotone, rx € Gk, Lk € B(H, Gk)
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Inclusions

Multivariate structured inclusion problem

find X € H such that

K

ze Ax+ Y Li(BxODy)(Lk — 1kX) )
k=1

where:
m zcH, A H — 2" is maximally monotone
m By: Gk — 29 is maximally monotone, rx € Gk, Lk € B(H, Gk)

m Dy: Gx — 2% is maximally monotone, Dk_1 is vk-Lipschitzian,
B«ODx= (B, + D)™
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Inclusions
Multivariate structured inclusion problem

find X € # such that

K

zeAx+ > Li(BkODy)(Lk — rkx) + Cx )
k=1

where:
m zcH, A H — 2" is maximally monotone
m By: Gk — 29 is maximally monotone, rk € Gk, Lx € B(H, Gk)

m Dx: Gx — 2% is maximally monotone, D;1 is vk-Lipschitzian,
BcODxk = (B,' + D ")

m C: H — H is monotone and p-Lipschtizian
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Inclusions

Multivariate structured inclusion problem

find X3 € H1,...,Xm € Hm such that

K m
z1 € Aixy + Z Ly ((Bk O Dk)(Z LiXi — "k)) + Cix1
k=1 i—1

: ()
: K m
Zm € AmXm + Z L ((Bk O Dy) ( Z LiXi — fk)) + CimXm
i=1

k=1
where:
B z € H;, Ai: Hi — 27 is maximally monotone
m By: Gx — 29 is maximally monotone, rx € Gk, Lk € B(H, Gk)

m D¢: Gy — 2% is maximally monotone, Dk_1 is vk-Lipschitzian,
BcODx = (B, + D ')

m C;: H; — H;is monotone and p;-Lipschtizian
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Inclusions

Multivariate structured inclusion problem
m Primal problem:

find X1 € Hi,...,Xm € Hm such that

m
=

K
2 e am+ 3oL (BOD) (YL - 1) ) + O
N 1
1

k=1

: K
Zm € AmXm + Z Lz ((Bk O Dk)(z Liix; — fk)) + CmXm,

k=1
m Dual problem:

find vi € Gi,...,Vk € Gk such that

m K
—r €= Lu(A+G)”" (Z" - LWk) +B M+ D'

i=1 k=1

; m e
~tk €= Lu(A+C)” (Z’ N ZLLW> + B 'Vic + D ik,

i=1 k=1

m PLC, Systems of structured monotone inclusions: Duality, algorithms,
and applications, SIAM J. Optim., to appear.
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Inclusions
Reformulation in primal-dual space

BH=H1P B Hm G§=G1P - DGk, K=HDG
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Inclusions
Reformulation in primal-dual space

BH=H1P B Hm G§=G1P - DGk, K=HDG

m
mAH— 2H . x ><A,'X,‘, C:H—H: x+— (C,‘X,‘)1<,<m
i=1

K K
mB: G529 vi> XBkv, D: G—29: vis X Dyv
k=1 k=1

m
BELH-G Xx— (Z Lkixi) » Z = (Zi)1<i<m F = (Tk)1<k<k

=1 1<k<K
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Inclusions
Reformulation in primal-dual space

BH=H1P B Hm G§=G1P - DGk, K=HDG

m
A H— 27": X — ><A,'X,‘, CH—H: x— (C,‘X,‘)1<,<m

i=1

K K
mB: G529 vi> XBkv, D: G—29: vis X Dyv
k=1 k=1

m
L-H—G: x— (Z Lk/X,') , Z = (Z,')1<,<m, r = (rk)1<k§K

=1 1<k<K

P: K — 2% (x,v) s (—2 + Ax) x (r + B""v) (max. mon.)

m QK- K:(x,v)— (Cx+Lv,D "v— Lx) (mon. and Lips.)
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Inclusions
Reformulation in primal-dual space

BH=H1P B Hm G§=G1P - DGk, K=HDG

m
A H— 27": X — ><A,'X,‘, CH—H: x— (C,‘X,‘)1<,<m

i=1

K K
mB: G529 vi> XBkv, D: G—29: vis X Dyv
k=1 k=1

m
L-H—G: x— (Z Lk/X,') , Z = (Z,')1<,<m, r = (rk)1<k§K

i 1<k<K

m P K25 (x,v)— (—z+ Ax) x (r + B~ 'v) (max. mon.)

m QK- K:(x,v)— (Cx+Lv,D "v— Lx) (mon. and Lips.)
m Any zero of P+ Qis a primal-dual solution.

m — Apply the forward-backward-forward algorithm to get...

P. L. Combettes Monotone operator splitting 12/15



Inclusions

Splitting algorithm

Forn=0,1,

K
e < < (1 - &)/ (max{ max g, max v} + /S0 S 1Lle)
1<i<m  1<k<K
Fori=1,....m
K .
S1,i,n = Xin — ’Yn(cfxi,n + Zk:1 LZ,'VK,H)
| P1in = Jya(Stin + nZi)
Fork=1,....K
So.k,n R Vikn — %(D,?1 Vion — Doieq kaXi,n>
P2.k,n = S2.k,n — ’Yn(rk + Jﬁ,;‘Bk('Yn_1 S2.k,n — rk))

Q2,k,n = P2,k,n — ’Yn(D;1p2,k,n — 2111 LkiP1,i,n)

L Vk,n+1 = Vk,n — S2,k,n + Q2.k,n
Fori=1,....m

K <
G,in = P1in — Vn(CfPu,n + D k=t L;?/Pz,k,n)
L | Xijn+1 = Xin — S1in+ Qiin

P. L. Combettes
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Inclusions

Open question

m All existing splitting methods are, in the end, an instance of the 3
basic splitting schemes.
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basic splitting schemes.

m In some very special cases, it is possible to devise methods which
cannot be reduced to a 2-operator scheme, for instance if zer(A)N
zer(B) N zer(C) # O, iterate

Xn+1 = (Jao Jdg o Jg)xn— z € zer(A+ B+ C).
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Inclusions

Open question

m All existing splitting methods are, in the end, an instance of the 3
basic splitting schemes.

m In some very special cases, it is possible to devise methods which
cannot be reduced to a 2-operator scheme, for instance if zer(A)N
zer(B) N zer(C) # O, iterate

Xn+1 = (Jao Jdg o Jg)xn— z € zer(A+ B+ C).

m Open problem: Can we devise a genuine (not reducible to a 2-
operator scheme through some reformulation or transformation)
splitting scheme for m > 27
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Inclusions

Open question: possible bad news?

m 34 years have elapsed since 1979.
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Open question: possible bad news?

m 34 years have elapsed since 1979.
B < is a binary relation.
m 2 +# 3. For a proof see:

m J.-B. Baillon, PLC, and R. Cominetti, There is no variational char-
acterization of the cycles in the method of periodic projections, J.
Funct. Anal., vol. 262, pp. 400—408, 2012.
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Inclusions

Open question: possible bad news?

m 34 years have elapsed since 1979.
B < is a binary relation.
m 2 +# 3. For a proof see:

m J.-B. Baillon, PLC, and R. Cominetti, There is no variational char-
acterization of the cycles in the method of periodic projections, J.
Funct. Anal., vol. 262, pp. 400—408, 2012.

m Open problem 2: Can we formally show that any splitting method
for m > 2 operator is reducible to a 2-operator method?
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